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NEW METHODS OF CELESTIAL MECHANICS
INTRODUCTION

The Three - Body Problem is of such importance in astronomy, and is [L*
at the same time so difficult, that all efforts of geometers have long been
directed toward it. A complete and rigorous integration being manifestly im-
possible, we must turn to the processes of approximation. The methods first
employed consisted of seeking developments in terms of powers of the masses.

At the beginning of this century the achievements of Lagrange and Laplace and,
more recently, Le Verrier's calculations, have added such a degree of perfection
to these methods that until now they have been sufficient for practical use.

I may add that they will suffice for some time to come in spite of some diver-
gences in details. It is certain, nevertheless, that they will not always be
adequate, which a little reflection makes easily understandable.

The final goal of Celestial Mechanics is to resolve the great problem of
determining if Newton's law alone explains all astronomical phenomena. The
only means of deciding is to make the most precise observations, and then com-
pare them to calculated results. This calculation can only be approximate, and
it would be pointless to calculate to more decimals than observation can give
us. It is therefore useless to ask more precision from calculation than from
observation, but neither should we ask less. Furthermore, the approximation
with which we can content ourselves today will be insufficient in several cen- [g
turies. And, in fact, even admitting the improbability of perfecting measure-
ment instruments, the very accumulation of observations over several centuries

will permit us to know the coefficients of the various inequalities with
greater precision.

This era, when we will be obliged to relinquish old methods, is without
doubt still quite distant. However, the theorist must anticipate it, because

his work must precede, and often by a great number of years, that of the numer-
ical calculator.

We must not believe that in order to obtain precise ephemerides over a
great number of years it will suffice to calculate a greater number of terms in
the developments implicit in the old methods.

These methods, which consist of developing the coordinates of the heavenly
bodies in terms of thepowers of the masses, have, in fact, a common character
vhich is opposed to their use for long-term calculation of the ephemerides.

The series obtained contain terms called secular, where time occurs outside the
sine and cosine terms, with the result that their convergence would become
doubtful if we were to give this time t a large value.

The presence of these secular terms is not basic to the nature of the prob-
lem, but only to the method used. It is easy to realize, in fact, that if the
true expression of a coordinate contains a term in

sin o mt,
®Mumbers given in the margin indicate pagination in original foreign text.
1



o being a constant and m being one of the masses, we will find, when we wish to
develop in powers of m, the secular terms

3.3
amt-£2933-+...,

and the presence of these terms would give a very false idea of the true form
of the particular function.

This is a point on which astronomers (including the founders of Celestial
Mechanics themselves) have long agreed: under all circumstances when they
wanted to obtain formulas applicable to long time periods, as for example in
the calculation of secular inequalities, they have had to operate differently [2
and give up the method of development only in powers of the masses. The study
of secular inequalities by means of a system of linear differential equations
with constant coefficients can, therefore, be regarded as related to new
methods rather than old.

All efforts of geometers in the second half of this century have had as
main objective the elimination of secular terms. The first serious attempt
made in this direction was that of Delaunay, whose method is still used, with-
out doubt, to great advantage.

We will also c¢ite Hill's researches on Lunar Theory (American Journal of
Mathematics, Vol. 1; Acta mathematica, Vol. VIII). In this work, unfortunately
incomplete, we are permitted to perceive the germ of the major part of the
progress which science has since made.

However, the scientist who has given this branch of astronomy the most
eminent service is without question Gyldéh. His work touches all parts of
Celestial Mechanics, and it uses with ease all resources of modern analysis.
Gyldén has succeeded in:eliminating entirely from his development all secular
terms, which so troubled his predecessors.

On the other hand, Lindstedt has proposed a method much simpler than that
of Gylden, but of less power, because it is no longer applicable when we are
confronted with those terms which Gyldeén calls critical.

Through the efforts of these scientists, the difficulty arising from the
secular terms can be regarded as finally overcome, and the new processes will
probably long satisfy practical requirements.

However, all is not yet resolved. Most of these developments are not con-
vergent in the sense that geometers understand this word. Without doubt, this
has little importance for the moment, since we are certain that calculation of
the first terms provides a very satisfactory approximation. However, it is no
less true that these series are not capable of giving an arbitrarily close
approximation. Thus there will come a time when they too will be insufficient.
In addition, certain theoretical consequences which we might be tempted to [&
obtain from the form of these series are not legitimate because of their diver-
gence. For this reason they fail to resolve the problem of the stability of
the solar system.



The discussion of the convergence of these developments should attract the
attention of geometers, first for the reasons I have just given, and in addi-
tion for the following: the objective of Celestial Mechanics has not been
attained when the ephemerides have been only more or less approximately calcu-
lated, unless we can account for the degree of approximation obtained. If we
in fact verify a divergence between these ephemerides and observations, we
must be able to recognize if Newton's law is at fault or if all can be ex-
plained by imperfection in theory. It is therefore important to determine an
upper limit for the error committed, a factor with which we have, until now,
perhaps not been sufficiently concerned. Thus the methods which permit deter-
mination of convergence at the same time give us this upper limit, which there-
fore increases its importance and usefulness. No one should be astonished at

the space I will allow them in this work, even though I may not have given the
fullest account.

I have concerned myself with these questions, and I have devoted a memoir
to them which appeared in Volume XIII of Acta mathematica. I have especially
made every effort to display the rare results relative to the Problem of Three
Bodies, which can be established with the absolute rigor demanded by mathema-
ticians. It is this rigor which alone gives some value to my theorems on the
periodic, asymptotic and doubly asymptotic solutions. Here, we can find in
fact, a solid ground which can be confidently relied on, and which will be a

great advantage in all research areas, even in those not restricted to the
same rigor.

On the other hand, it has appeared to me that my results permitted me to
unite, in a sort of synthesis, the greater part of the new methods recently
proposed, and this is what made me decide to undertake the present work.

In this first volume I have had to restrict myself to the study of periodic
solutions of the first order, to the demonstration of the non-existence of uni-
form integrals, and to the exposition and discussion of Lindstedt's methods.

I will devote the subsequent volumes to the discussion of Gyldén's
methods, the theory of integral invariants, the question of stability, the
study of periodic solutions of the second order, of asymptotic and doubly

asymptotic solutions, and finally to the results which I may obtain between
now and their publication.

Moreover, in the following volumes I will doubtless be forced to return
to the materials presented in Volume I. Logic will suffer somewhat from this,
it is true, but it is impossible to do otherwise in a branch of science which
is in the process of formation and where there is continuous progress. I
therefore excuse myself in advance.

One last remark: it is usual to put the results in the form most conven-
ient for calculation of the ephemerides by expressing the coordinates as ex-
plicit functions of time. This procedure obviously has many advantages, and I
have conformed to it as often as possible. However, I have not always done so,
and I have frequently put my results in the form of integrals, i.e., in the
form of implicit relations between the coordinates alone or between the coordi-
nates and time. These relations can first be used to determine the formulas

3



which give the coordinates explicitly. But this is not all; the true aim of
Celestial Mechanics is not to calculate the ephemerides, because for this pur-
pose we could be satisfied with a short-term forecast, but to ascertain whether
Newton's law is sufficient to explain all the phenomena. From this point of
view, the implicit relations which I have just spoken of can serve just as well
as explicit formulas. In fact, it is sufficient to substitute in them the ob-
served values of the coordinates and to verify whether they are satisfied.



CHAPTER 1. GENERALITIES AND THE JACOBI METHOD

Generalities

1. Before beginning my principal subject, I must go into certain prelimi-
nary details and briefly summarize the fundamental principles of Jacobi's ﬂ
"Vorlesungen iiber Dynamik" and Cauchy's theory relative to the integration of
differential equations by series. I will therefore devote this first chapter
to the exposition of Jacobi's method, limiting myself for the most part to
stating some results whose demonstration is well known.

Let us first give some explanations on the subject of notation and defini-
tion which will be used throughout this memoir.

The differential equations with which we will deal will have the following
form

dz, _ dz, _ dz,
a0 =X, ’a—"—xn cey —d-‘—=xa- (1)

Xl, X2, ey Xn being analytic and uniform functions of the n variables x

l’ x2’ LN ] .’
Xxp. As for the independent variable t, which we will consider as representing
time, we will suppose most often that it does not enter explicitly into the
functions X.

System (1) can be considered of the order n since it equals a single dif-
ferential equation of the order n, but if the functions X are independent of t
this order can be decreased by one. To do so, we need only eliminate time and
write equations (1) in the form

Y

n

dny _dny _ | _
Xy Xy T

>

In order to avoid all confusion, we will fix the meanings of the words sol-
ution and integral according to what follows. L8_

If equations (1) are satisfied when we set
Ty = ?l(l), I’=?’(l)' ceey Tp= ?u(l), (2)
wve will say that equations (2) define a particular solution of equations (1).

If a certain function of x, Xy «evs Xy

F(xl, Xpy oees xn),



remains constant by virtue of equations (1), we will say that this function F
is a particular integral of system (1).

It is clear that knowledge of an integral permits reduction of the order
of the system by unity.

In problems of Dynamics, equations (1) are presented in a more special
form, known under the name of Hamiltonian or the canonical form.

Variables are separated into two sets; we will regularly designate by

Xy, X cey X

2’ P

variables of the first set and by

Y1» y2; ) yp

those of the second set, and the differential equations will be written

d.‘l‘[__dF d)’[__ dF .
@ dy @ T dm =) (3)

F being a uniform function of the 2p variables x and y.

These equations admit a particular integral which is the function F itself
and which is known under the name of vis viva integral.

We say that X1 yl, x2, Yos «ees xp, yp form p pairs of conjugate variables.

We will say, from the example set by the English, that system (3) contains
p degrees of freedom. This system is of the order 2p; however, knowledge of the
vis viva integral permits decreasing this order by unity. Time not entering ex-
plicitly into the second members of equations (3), by eliminating time, as we
said above, we can again decrease the order by unity, such that finally a system
containing p degrees of freedom can always be reduced to one of the order 2p-2.

We know, for example, that if there is only one degree of freedom, the sys-
tem can be reduced to the order O, i.e., completely integrated.

Examples of Canonical Equations

2. The simplest case of equations of Dynamics is that where we study the
motion of q free mass points in space. Let m; be the mass of the first of these
points, x,, X5, x3 its Cartesian coordinates; in the same manner let m, be the

mass of the second of these points, xh, X , X, its coordinates, and so forth;

5 76

finally, let mq be the mass of the gq-th point, x3q_2, x3q_l and qu, its coordinates .



Let us project the quantity of motion of point m1 on the three axes: let

yy» y2, y3 be the three projections; similarly let vy, ys, Vg be the projections

of the quantity of motion of point etc.; finall let b
q Y P n,, Y y}q-2’ y}q-l, y}q e

the projections of the quantity of motion of point m .

q
Let Fl’ F2, F3 be the components of the force which acts on m 5 let Fh’
FS’ F6 be the components of the force which acts on m2, etc.; finally, let

F s F , F be the components of the force which acts on m .
50-2" 3q-1° 3q e

We will suppose that the components F depend only on the 3q coordinates. x.
If there is conservation of energy, there will exist a function V of the coordinates
X, called the force function, and such that

4
iTax, *
i

The semi-vis viva T will be expressed as

rXityityd  yi+yleyd T
2y 2my 2mg

and we will be able to write the vis viva equation as
T-V=const.

If I set
T—V=F(-‘l‘|,.‘l‘,, '--lrtq;}'h)’h°'°l.r’q)» /lo

the equations of motion will be written

dr,; dr .dL‘ __dF

@ T 3y di = dr, (i=1,2....,39). (l)

Thus the equations of the motion of q free mass points allow 3q degrees of
freedom whenever the forces depend only on the positions of these points in space
and there is conservation of energy. In particular the Problem of Three Bodies
allows 9 degrees of freedom. We will see below that this number can be lowered con-
siderably.

If our q mass points all move in the same plane, the position of each of these
points will be defined no longer by three coordinates, but only by two. The number
of degrees of freedam will consequently be reduced to 2q.

Thus, when the orbits of the three bodies are plane and all three are situated
in the same plane, the Problem of Three Bodies (which we will then call the Prob-
lem of Three Bodies in a plane) will allow no more than 6 degrees of freedom.



The case where there is only one degree of freedcm being immediately inte-
grable, we will consider throughout the case presented immediately after, that
is to say, the case where there are only 2 degrees of freedom. Most of the re-
sults which follow will only be applied to this relatively simple case.

In many mechanical problems the number of degrees of freedom can, in fact,
be reduced to 2. This is what occurs, for example, when we study the motion of
a free mass point in a plane or, more generally, the motion of a mass point
constrained to a surface, whenever the force depends only on the position of this
point. We will cite among others the well-known problem of the moving body
attracted by two fixed centers, when the initial velocity of the moving point is
in the plane of the three bodies.

But this is & somewhat more complicated case, which will nave greater im-
portance later.

Let there be in a plane two rectangular axes 0O and COT| moving with uni-
form rotational motion about the origin O. Let n be the angular velocity of [}}
this rotational motion. Let P be a point moving in this same plane, whose co-
ordinates with respect to these two axes are called & and T and whose mass will
be taken as unity.

Let V be a function of the forces depending only on £ and on T, such that
the projections on Of and on 0T of the force which acts on point P are, respec-

tively, %g and %%.

The equations of the relative motion of point P with respect to the moving
axes Of and OT| are written

drg dy _dv

ﬁ_”w=@+ﬂ'l (2)
dy o db_dv

an T g = gy ‘

whence we deduce the following integral, called the Jacobi integral,

d:\? [dy\? 2
{8 ()]s Fwirmom.

which is nothing other than the vis viva integral of the relative motion.

I state that these equations can be reduced to canonical form, the num-
ber of the degrees of freedom being equal to 2.

Let us set, in fact,

=y T, = Ty,
d; dy, N
dt Ry, =xyn dt RI=)'

1 . ?
F= ;(_y.+nr,)’+§(y,——nz.)’-—\ — n? (:}+z;);



equations (2) will become
dz, _ dF dry dF dy.___iﬂ"‘ _d_y_,____d_f:'
dt T dy,, dt T dy,, dt " dz,’ dt = dr, Q. E. D.
One of the special cases of the Problem of Three Bodies goes back to the
problem which we have just treated.

Let us suppose that one of the three masses is infinitesimal such that the
motion of the two other masses, being unperturbed, remains Keplerian. Such,
for example, would be the case of the motion of a small planet in the presence
of Jupiter and the Sun.

Let us imagine the eccentricity of the orbits of the two large masses to
be 0, such that these two masses describe with uniform motion two concentric
circumferences about the common center of gravity, assumed fixed.

Let us suppose finally, the inclination of the orbits being zero, that
the small mass moves constantly in the plane of these two circumferences.

The center of gravity of the system, which is the common center of the
two circumferences, can always be assumed fixed: we will take it as the origin;
we make two moving axes Cg and OT pass around this origin: the axis Of will
be the straight line which joins the two large masses; the axis OT will be per-
pendicular to OE.

We see that:

(1) These two axes are moving with a uniform rotational motion;

(2) The two large masses are fixed with respect to the moving axes. We
must therefore study the relative motion of a moving point, in relation
to two moving axes, under the attraction of two centers fixed with re-
spect to these axes. We therefore return to the question we have Jjust
considered.

Thus, in this special case, the equations of the Problem of Three Bodies
can be reduced to the canonical form with only two degrees of freedom.

We now proceed to an equation often encountered in the theory of pertur-
bations, and one which Gylden uses frequently.

Let

d*r
an =/(= 0. (3)

This equation can also be reduced to the canonical form.

In ract, f(x,t) can always be regarded as the derivative with respect to
x of a certain function ¢ (x,t), such that

f= 7‘;.

/12



If we now set {13

d
X =x, 7-::]“ l:)’,,

F= '2! _?(rl’f!)_fiv

equation (3) can be replaced by the canonical equations (3) from the preceding
article with only 2 degrees of freedom. Q. E. D.

I will cite one last example. Let us consider a solid heavy body suspended
at a fixed point, and let us study the oscillations of this body. In order to
completely define this body's position, we must be given three conditions; we
must, in fact, know the three Euler angles formed by a system of axes invariably
connected to the body with a system of fixed axes.

The problem will therefore contain 3 degrees of freedom; however, we will
later see that this number can be reduced to 2.

I have said enough of this to show how many problems of Mechanics lead to
the integration of a canonical system having 2 degrees of freedom and to make
the importance of these systems understood; it is therefore unnecessary to mul-

tiply the examples still more.

First Jacobi Theorem

3. Jacobi has shown that the integration of the canonical equations

dr; _ dF dyi __ dF
Iy dt T dm (1)

reduces to the integration of one partial differential equation

F(z1,2Z1, «-e0 Zpi X000 -2 Yp) = hy, (2)

where h) is an arbitrary constant and where y,, Yo «-e5 ¥

D are assumed to re-

present the partial derivatives of the unknown function.

Let, in fact,
S(z;,z,,‘ eeey ’p; hl) hh ceey h’)

be a solution of equation (2) containing, in addition to the constant h

p-1 constants of integration 12

h’, Il;, ceey ’l’,

yau

such that we have, for any h,
F .dS ds dS
(Iln-‘l'h ceey Tpy ;Zt-l’ 2;;, ceey 71:-)=hl'
P

Jacobi has shown that the general integral of equations (1) can be written

10



ds .
‘—i;-;=)'[ (l:l,ﬁ,-..,p))'

ds

——=’l" (l‘=2,3, “en P),c

o ' (3)
*d—h—l=‘+h|.

The 2p constants of integration are then
hyy hyy ..., hy
Ry, Ry, ..., k.

Another theorem which we will make use of is that of Poisson.

Iet U and V be two arbitrary functions of x and y. We agree to write

i=p
s v du dV dU dv
[°"]“§(azm ~ ai )’

Now let F; and F2 be two integrals of equations (1). We see immediately

that we will express F] as an integral of equationms (1), while writing

[F, Fl] =0.
F2 also being an integral, we will have in the same manner
[F,Fy]=o.

Poisson has demonstrated that the expression EFl, F2] is similarly an inte-

gral of equations (1). It is thus that, in the problem of n bodies, if we
assume that F; and F2 are the first members of the first and second

area equations, [Fl, F2] will be the first member of the third area equation.
Second Jacobi Theorem; Changes of Variables
L. We will not ordinarily retain the rectangular coordinates and the
components of the quantities of motion as independent variables. We will se-
lect those better suited for our purposes, attempting always to retain the

canonical form for the equations.

Let us therefore see how we can change variables without altering the
canonical form of equations (1).

Let
S(ruyy «oos Ypi by Ray o ony k)

2e an Aarbitrary function of p variables y and of the new p variables h.

Let us now set

ds . dS
=g Mea (4)

11
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Equations (4) are regarded as defining the relations which connect the old
variables

Iy, T ..., Tq,.

B S TIEED X PRI )'q
to the new variables

hl) h!, esey hq'

ky, Ry, ..., hy.

Jacobi has demonstrated that if we make this change of variables, the
equations will remain canonical and do so whatever the function S mdy be.

Special Changes of Variables

5. Save for an exceptional case, all changes of variables which do not
alter the canonical form can be deduced from the process in article k.
However, there are some cases where it is simpler to operate otherwise. We
will give two examples.

Let us assume that we have the canonical ecuations

dz; _ dF dn dF
dar d)" de T d.'T‘ ( 1 )

and that we make the change of variables according to

X = QT A T Ty A e b X T,
=31uy) + Brays+ oo A+ Bauya- (2)

How must we choose the constants o and P so that the equations remain canonicsl
when we take x'; and y'i as new variables? ‘

If we designate by
S:lv 81‘21 seny 8~7"Il; sfh 8)", cey 8}',‘

the real increments in x and y, and multiply equations (1) respectively by '
-6x and then add them, it will follow that

dzx; P dy; _a
E(W )’ -_— —dl- 82'[) = OF.

In order for the equations to remain canonical after substitution (2), it
is thus necessary and sufficient that we have identically

2(%{‘:afi—ddt 02‘1) =s‘(da{“}"—£‘1‘or;) (3)

Since dx; depend only on dxi, 6yi on Gyi, dyi on dyi and 6xi on éxi, we must

have identically

T dr 8y, =Xdridy;, Idydz;=Ldy,dz. (L)
Relations (2) being linear, dx, are related to dx}, and éxi to 6xi

12



by the same relations which subsist between Xy and x'i. The same is true for
- A} 1 1 !
ys 8Y'3s Voo Wy Syt ¥y

Relations (U4) will therefore hold when we replace in them dxi and éxi by

x,, and dy, and 8y by y , dx' and 6x' by x' , etc. We must therefore have
i i i i i i i

Lz, y:=Lapy;. (5)
The reciprocal is true ani relation (5) implies relations (3) and (L).

Thus, the condition necessary and sufficient for the equations to re-
main canonical is that we have identically

Er,yi=ZSx;yi.

What is now the condition for these equations to remain canonical and at
the same time for us to have

axi = Br.e?

I will say that a linear change of variables, such as (2), is orthogonal
if we hsve identically

11
N
e
I
t4
o}
)

i.e., if we have

iz=n i=n

Z’li:l ’

i=1 i=1

i ). = O.

™

This definition justifies itself since. in the case where the number of
variables is 2 or 3, and where we can regard x or the x' as the coordinates of
a point in the plane or in space, & similar substitution is nothing other than
a rectangular change of coordinates.

With this stated, if we make a similar orthogonal substitution give way to
x and to y, we will have
Ir}=Xr3, I)}=3Iyy,

S(xi+yi) = (i + i,

whence

Eziyi=Ixiyi.
The equations will therefore remain canonical.

6. The equations will still remain canonical if we make a change of var-
iables depending only on Xy and on ¥y for example, and if we place

= 9(z), V) =900,

13
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and take x'y and y'l in place of X and y, as new variables; these equations

will remain canonical, I say, provided that the functional, or Jacobian, (18
determinant of Xy and Yy with respect to x'l and y'l is equal to 1.

Thus, if we set

z, =yapcosw, y, =y2psinw,

the canonical form of the equations will not be altered and the variables p and
® will be conjugate as were X and ME

7. Above we defined the change of variables

ds

Bz Do=n,
dy; dh;

which does not alter the canonical form of the equations, when S is an arbitrary
function of Y and hi'

Nor is this form altered if we permute Xg with y and if we change F into
-F at the same time.

If, therefore, S is an arbitrary function of

Tyy Ty 200y Ipn hlr "ir ey hp
and if we set
_dS &
ri=gz M=y

the canonical form of the equations will not be altered when we take h and h'
as new variables, and when we change F into -F at the same time.

Nor will it be altered if we change
yl, Yor ces yn and F
into
A A ey A and AF
yl’ y2: P) yn )
A being an arbitrary constant.

Let us therefore consider still another function S of X; and of h, i’ and
let us set

=gz Y diy

The canonical form will not be altered if we take hi and h', as new variables,
i
and if we change F into -AF at the same time. {r9

L



Keplerian Motion
8. Let us apply the preceding principles to Keplerian motion.

In the following portions we always will suppose that the units have been
chosen such that the attraction of the two units of mass to the unit of dis-
tance is equal to the unit of force or, in other words, that the Gaussian
constant is equal to 1.

Let us therefore consider the motion of a moving mass under the influence
of a fixed mass situated at the origin of the coordinates and equal to M. Let
X1y X x_ be the coordinates of the moving mass, and Y12 Yo V. be the com-

2’ 73 2’ 73

ponents of velocity; if we set

F=Xi+ri+ot 2M

——
2 Vzi+ zi+ 73

the equations of motion are written

de_ dF  dyi__ dF (1)
dr = dy;) ot = dm

According to article 3, the integration of these equations is reduced to
-hat of the partial differential equation

(&)~ (&)~ (&) - (2)

where h is an arbitrary constant. Let us set

xy=rsinwcosg, zy=rsinw sing, Z3= rcosw;

the equation will become

(dS)’+_|_(d_S 1 1 dS\* M
dr rt dw) * Fsnte 2;) - 'r_+’h'

We can satisfy this equation by introducing two arbitrary constants G
and @ and making

S _ o/M, (ds)'+ M _ Gy,

P dw sinlw

(%S“),"' G _ am (3)

=-— +12h.

The function S thus defined will depend on r, w, ¢, G, ® h or, what is
the same, on X1 x2, xB, G, @ h, and the general solution of equations (1)

will be written
dS dS dS

=gz Krt=gn e=g45 8=

h', g and 8 being three new arbitrary constants. If we set

15



L= %}', "=_:|I."-’ n=M, ioagam,
we will be able to write
= ....=(h'+t)%!,=n(h'+t)=l.
The integration constants then number six, namely
L, G, 8, I, g 6.
It is easy to see the significance of these constants and to express them

as functions of those which are usually used. If a, e and i designate the
major axis, the eccentricity and the inclination, we have

L=va, G=vya( —e?), 6=Gcosi.

On the other hand, 6 is the longitude of the node, g + § is that of the
perihelion, n is the mean motion and ! is nothing other that the mean anomaly.

If the moving mass, instead of being subject to the attraction of tre
mass M, were subject to other forces, we could, nevertheless, construct the
function S and then define six new variables

LG,0,1,8,8 (L)
as a function of X5 and Yy by equations

—-é £§—[ ds_ ds._o.
"=&' a@=" dc=& =N (5)

L, G, ® g and 6 would no longer be constants.

We can then use the six variables (4) to define the position and velocity
of the moving mass. We will give these variables (4) the name Keplerian var-
iables. It is important to remark that the definition of these Keplerian var-
iables depends on the origin to which the moving mass is related and on the
value chosen for M.

If the moving mass is a planet which is subjected to the preponderant
action of the mass M and to various perturbing forces, we see that these
Keplerian variables are nothing more than what astronomers call the osculating
elements of this planet.

In the particular case when the orbit of the body my is a plane, we can

take _
L = ya, G=yu(1—e?)

as new variables with the mean anomaly t and perihelion longitude g. The
Keplerian variables then number no more than L.

It is important to make some remarks on the subject of the use of these
Keplerian variables: we remark first that the old variables

Ty Ty T3y Yo Yo )

and the position of the body m, do not change when there is an increase in t,
g or ® of 2 m, without touching the other variables. These old variables are

therefore periodic functions of {, g and 6.
16



In the second place, we must always have
L12Gr2e.

Finally, if G = + ®, the old variables and the position of the body m, no
longer depend on ®; and if L = + G, they no longer depend on g. (22

Special Case of the Problem of Three Bodies

9. Let us return to the special case of the Problem of Three Bodies
which we considered above.

Two masses, the first equal to l-p, the second equal to u, describe two
concentric paths about their common center of gravity assumed fixed. The
constant distance of these two masses is taken for the unit of length, in such
a way that the radii of the two circumferences become respectively u and 1l-p,
the mean motion being equal to unity.

Let us now suppose that in the plane of these two circumferences there is
a third moving body, infinitely small, and attracted by the first two.

We will take as origin O the common center of the two circumferences, and
we will be able to relate the position of the third mass, either to the two
fixed rectangular axes Ox; and 0x2, or to the two moving axes Of and OT| de-

fined as in article 2. The mean motion of the first two masses being equal to
1, we can suppose that the angle of O and Oxl (i.e., the longitude of the

mass u) is equal to t.

Since the Gaussian constant is assumed equal to 1, the force function
reduces to
V= mll* mi(1—p)

ry Ty
calling m, the infinitely small mass of the third body, ry the distance between
the two bodies my, w and r, the distance from the body m; to the body of mass
l-u, such that

r‘ _71"*‘(5 + - ')’= [1'1—(|—(J-) Slnl]’-f-' [J"l——((— F)COS‘]’,
; (8 + p)t=[2y+ psine]r+ [+ pcost].

The vis viva equation is then written 2L 4 X1 _ v _ const.
amy amg

We agree to call -mlR the first member of this equation, R will be a function ZZQ
of xyp, x2, of yl, y2 and of t, and the equations of motion will be written

dt| d(m,R) dI’ d(M|R)
d‘ 2]‘ ’ dl a'r’ °
Qg= (m,R) d)’a d(mlR)

dt d2| d‘ dz‘,

1T



Let us replace the variables xl, Y., x2, y2 by their values as functions

1
cf the Keplerian variables L, G, l, g, as has been said in the preceding article.
R will become a function of L, G, I, g and t, and the equations of motion will

te written

dL _ dR dl dR dG dR dg dR

di=dl' &t~ dl’ L dp’ At = dG’

Tr.ese equations would already be in the canonical form, if R only depended
on the four Keplerian variables, but R is also a function of t; it is there-
fore necessary to transform these equations, so that time does not enter ex-
plicitly. To do so, let us see how R depends on t.

It is easily seen that R can be regarded as a function of L, G, {, and
- t. If, in fact, we increase g and t by the same quantity, without touching
r.2 other variables, we change neither € nor T, ry, r2, y§+y§, nor consequently

R

2]

Tr.is results in

If we then set

F' will depend only on xi, xé, yi and y' and the equations of motion,

which will be written 2
dz; _dF  dy;  dF
@=Ly AT dy (1)
will be canonical.
It is in this form that we will ordinarily write the equations of this [g&

problem.

When mass u is assumed to be zero, the mass l-p becomes equal to 1 and
is related to the origin; Ty reduces to /k% + x2, the force function V reduces
to ml/re, and we find

1
n:a—a__-——’-z—-—-,—

and et + .
2

When p is not zero, we see immediately that F' can develop in terms of the
increasing powers of u, which allows us to write

F = Fo+ (AFl—'- FIPINEN

18



We see that

is independent of yi and of yé.
In addition, Fl will at the same time depend on the four variables; but

this function will be periodic with respect to yi and yé, and it will not change
when one.of these two variables increases by em.

We observe finally that if xi = +xé the eccentricity is zero and the

motion is direct, and that Fl then depends only on xi, xé and yi+yé.

On the contréry, if xi=_x' , the eccentricity is zero, but the motion is

retrograde, and F, then depends only on x), x' and y'- y'.
1 1’ "2 1 72

Use of Keplerian Variables

10. Let Xy, X5y X be the rectangular coordinates of a point; Yy Yoo

3 2

y3 its velocity components; m its mass. Let Vh be the force function, so that

the components of the force applied to the point are

av dav

m mam Mdm

dz;’
If we set

F= 0t +ri+rh+Y,

the equations of motion for the point will take the canonical form
dz dF = dp__ dF
dt dy,) dt T dz’
In article 8 we defined a certain function
S(J“ Ty, T3, Gp e, L).

We have seen that if we make the change of variables defined by the equa-
tions

ds ds ds ds
dﬂ'[_'r" ;iT;'_g’ ?8"_—0, aL =5

the new variables are nothing other than the Keplerian variables we have just
defined.

By virtue of the theorem of article 7, the equations will retain the
canonical form and will be written

dL__  dF dG _  dF de _ dF
AT BT HZ @D
/) dg  dF dy _ ?
&= da' A= d’ A= @8

19



The force remaining constantly in the Xy x2 plane, the same may be true of the
moving point.

In this case we will constantly have
G =0,

and the function F will depend only on G, L, { and on the perihelion longitude
g+ 06 = CD; we will have

In order to maintain s;mmetry, we will set
G=@=711.

The number of Keplerian variables will be reduced from six to four, namely 26
1, L, w, and t, and the equations become

dL dF dn dF d! dF dw dF

&TTd AT T de’ 4T 4 AT dil

General Case of the Problem of Three Bodies

1l. We come to the general case of the Problem of Three Bodies: let ABC
be the triangle formed by the three bodies; a, b, ¢ the sides of this triangle;
my, M, m3 the masses of the three bodies.

The force function is then written
m
g My “+ mymy + mlm,.
a b c

We will call the force function Vu, u designating an arbitrary constant
which we will determine more completely later.

I will suppose that the center of gravity of the three-body system is
fixed and I will call D the center of gravity of the system of the two bodies
A and B.

I will consider two systems with moving axes:

The first system, always parallel to the fixed axes, will have its origin
in A.

The second system, also parallel to the fixed axes, will have its origin
in D. I will call x,, X5 x3 the coordinates of point B with respect to the

first moving axes; xh, x5 and x_ the coordinates of point C with respect to

6

the second system of moving axes.

20



1
The total vis viva will then be expressed by

mymy (dr} dz} dz} (my+ my)my (dz} dz} d__zj)
my + my ('dt—* tdn Tt ?t—') o+ my + m, ('Jt""" an tdn) "

If we then set

. _mym, r o (my+ my) my _adr: _ g dzy _ g dx;
Bl‘—,n'_'_m” B ~m—|+_—m,+m,’ y'—pdl’ .rl*p—d“‘r J’)-—-s'd—"t
T I+t yl Yl yla ,dr ,dr , dz
F—;—V= ! 2’3 32 “;, )‘—Vg =8 —37" ys=8 'a—;’ )’c=ﬂ—‘—ﬁ-.;
the equations will take the canonical form
dri _ d¥ - dyy __ dF
dt ~ dy;’ dt — 7 dz,’
Let us again take the function
S(‘Tl) Ty, T35 "» Gl 9)
defined by equations (L) of article 8.
Let us construct it first by setting
M =m;+ m,.
Let us then set
ds ds das
=l aw=6 »m=t (1)
Then we construct this same function S by having
M = m;+ my+ my;
we call
S'(z‘, P IC; I-'" G'o 8')
the function thus constructed, and we set
ds’ as’ s’ ., 2
aw=" w=¢& =" (2)
Then let
Z=BS+pSs"

The derivatives of £ with respect to L, G, ® L', G', @ will be, re-
spectively, Bt, Bg, B6, B't', B'g', B'O'.

If in addition we set

J’I'—"-gf—" (3)

————

lTisserand, Mécanique céleste, Chapter IV.
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equations (1), (2) and (3) will define the 12 old variables x and y as functions
of the 12 new variables, which I will divide into two series in the following
manner :
BL, BG, Be, P'L, PG, PO, | (L)
, g o . g o |

The theorem for articles 4 and 7 then shows that the canonical form of
the equations is not altered.

It is easy to realize the significance of the new variables.

Everything occurs as if two masses, equal respectively to By and B'u,
had for coordinates with respect to fixed axes, the first x,, Xo s x3, the sec-

ond X) xs, x6 and as if these two fictitious masses were subjected to forces
admitting the force function Vu.

Then, if at some instant the forces applied to the first fictitious mass
chance to disappear, and if they are replaced by the attraction of a mass my

+ my placed at the origin, this mass would move according to Kepler's laws and
the elements of this Keplerian motion would be L, G, ®, l, g and 6.

Furthermore, if the second fictitious mass were subjected only to the
attraction of a fixed mass my + m2 + m3 placed at the origin, the elements of

the Keplerian motion which it would take would then be L', G', @', t', g' and 8"

Let us observe that F does not depend only on the variables (L), but on
my, My, m3 and on u.

In general, m, and m3 are very small, such that we may set

m2 = deu) m3 = Q’au;

considering u small, and retain finite values for a,, a}, B and B'; F, which can

2
then be regarded as a function of the variables (4) of my, @, oz and of u,
could then be advantageously developed in terms of the increasing powers of u

F=F°+F|p+....

If we set 4 = 0, 1t follows that L
V= ’::H‘"’ a,cm,’ B=a, Br=n,,
and
[] ’.
F=F,.=——'—"—-+-—p-a = : I



F then no longer depends on any of the variables of the second series t, g, 6, ',
g'y, 8'; I will add that, whatever p may be, F is a periodic function of period
2n with respect to those variables of the second series.

Let us say a few words about certain special cases. If the three bodies
remain constantly in the Xy x2 plane, we will have G = @, G' =0@' and F will

depend only on g + 8 and g' + 6', such that we will have only four pairs of con-
jugate variables
BL, BG="Pe =PI, PL, P'G=fe =pIr,

l) 6’+0 =w, .l') g+0’ —m,

as has been said in article 10.

12. Let us again take the notation of article 11 and the equations from
this article. I am going to put these equations in a new form which will be use-
ful to me in the following.

Let us first consider the special case where the inclinations are zero and
vhere the three bodies move in the same plane.

Let us set

BL =\, pn=1\—H, l+o =), v =—Ah, %

L =4, PFO=N—H, l+o'=») w=—4*r. (1)
We have
© d__ dF _ dF __dFdh_ dF _ _dF

dt ~ T d(BL) T d(BM) T T dx dr T d(pm) ~  dil’

d\ _dF _dF  dll _dF dF _ dF
de — dl T dax’ dt ~ dl T dw ~ dk’
We thus see that the new variables A, H, A', H', A\, h, A', h' are still
conjugate, and consequently the change of variables (1) does not alter the canon-
ical form of the equations.

We now come to the general case and resume the notations from article 11.
/30
Let us set
BL =4, BG=A—-n, BO=A—-H-1Z,
pr'Ll= A', plGl= A"'— Hl’ plel=AI_HI_ZI' )
Y= I’+g'+0', h’:—g’—o', (':—0'.

We verify, as above, that this change of variables (2) does not alter the
canonical form of the equations.

This canonical form will not be altered either, according to the note in
article 6, if we make
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V2l cosh = ¢, ;/z—lTsinh=r,,
Vall cosh'=¢', V2Wsink' = v,
/')._Zcos(.:p, ﬁisin(:q.. (3)
Val cos{'=p', aZ'sin}=gq'"

Tr.e equations remain canonical and the two series of conjugate variables
are the following

(&)

Al A" E' E’v Pv P'v
LMo og, v, g ¢

Trnis is tre advantage which the choice of variables (L4) can have.

Tr.e function F, expressed with the help of these variables, is developable
int sof €, €', M, N, p, P', q, Q' as well as the sine and cosine of the
miltiples of Ahand of \',the coefficients depending in any event upon A and A'.

I». fact, according to the definitions of the preceding variables, we have

H=A(—y1—¢%), Z=8G(1— cosi);
e dediuce from this that:

(1) 4 is developable in terms of the powers of e2, the first term of the

developrent beling a term in e2;

(2) e2 is developable in terms of the powers of H, the first term being
in H;
e
() J/H is developable in terms of the powers of H;

(L) 12 is equally developable in terms of the powers of FZG=A_ZH' /31

(5) 1/ /Z is developable in terms of the powers of and consequently

in powers of Z and of H.

llow we hrave ]
. _ ecoshy2 _ esinhy/a _t_ _ icosZy/ _ z'sin(;/;.
Vil 3 ) Vi P q
Trherefore e cos h, e sin h, 1 cos {, i sin { are developable in powers of
£, 1, p and q ; e' cos h', e' sin h', ' cos (', i sin {' are developable in
powers of ¢', N', p', and q'.

However, the form of the development of the perturbative function is well
known.

It is developable in increasing powers of the eccentricities and of the
inclinations and in terms of the cosine of the multiples of A, A', h, h', { and
', and any term of the development is of the following form (Tisserand, Mecanique
céleste, Vol. 1, p. 307)

Netse'aitiTiacos(my ) = ny)’ < myh = moh' + my% + mgl'),
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g being positive integers or zero and my being any integers. Moreover, we have

me=|mi]+ an even number
and, on the other hand,

my - g = M3+ Ny M;+ Mmg.

We can conclude from this that the perturbative function is developable
in terms of the powers of
ecosh, esinh, icosl, isinZ,
e'cosh’, e'sink’, vcosf, Usinl,

and consequently in terms of the powers of

2 R N N A O (5)

I can observe in addition that the development of

ecosh esink  icos{ i'sinl
0 ? ’ ’ ’
s " P 9
contains only even powers of the variables (5); from this I will conclude that
tne development of F will be of the following form

2 NEH: v 'y, Ve pBi gV p'ite @'V ::): (myX 4+ myd'), (6)
I being a coefficient which depends only on A and A'.

The numbers W;» v, are positive or zero integers whose sum
i

P;+V;+P;+V‘+F;+V3+95+Vc

s equal to Iml + m2| + a positive even number or zero.

I have allowed the double symbol cos or sin to remain in expression (6);
wve should take the cosine when the sum

V3 vy + Vg + Vg
is even, and the sine for the contrary case.

From this it results that F does not change when we at the same time change
“he sign of A, of T and of q, and that it also does not change when we change A
and A' to A+ mand A' + 7, and that at the same time we change the signs of §, of

» of p and of q.

The function F enjoys another property to which we must draw attention; it
lces not change when at the same time we change the sign of p, q, p' and q'.

General Problem of Dynamics
13. We are therefore led to propose the following problem:

To study the canonical equations
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f’.t‘, - dl“ dy,_ dF
de T Ay A =TI (1)

it s Panection Bocan be developed in terms of the powers of a very
W 0 the tollowlng manner:
FTJF.+FF|+P’FQ+...,
b L F( deepends only on x and is independent of y, and that Fl’
)
wi. perlodie tfunctions of period 2m with respect to y. 3
Keduction of the Canonical Equations

I, We have seen that integration of equations (1) of the preceding arti-
| . uan be reduceed to the Integration of a partial differential equation

dS dS
F z'.,z‘,,...,z,,;‘-i?l,ar’,...,‘_Z_TS_.)=COML (2)
: P

f4:t, uc imagine that we know an integral of equations (1) and that this
inteprnl to written
Fu(zuzay oo, 235y 030 -0, yp) = const.;

t.hie means that we will have identically
[FvFl]=0~ (3)

I propose to demonstrate that knowledge of this integral permits lowering
the number of degrees of freedom by one.

In effect, equation (3) signifies that there exists an infinity of func-
tions S satisfying at the same time equation (2) and the equation
dS dS S
Fy(xy, 2z, ..., zp; It—.’ dz ‘—;%) = const.

This granted, we eliminate dS/dx1 between equations (2) and (L), with the

result that
dS dS
4’(3'“1'3, ...,z,,;‘-h—_’. "1—", ceey jd‘r_s_)zo'
P

(5)
The value dS/dx1 does not enter equation (5); then nothing impedes regard-
ing Xy no longer as a variable but as an arbitrary parameter; equation (5) then

becomes a partial differential equation with only p-1 independent variables.

The problem is thus reduced to the integration of the equations 2L
dey _de  dy_ _de
- = .a;.‘. & = dz, (i=12,3, ..., p),

which are canonical equations involving not more than p-1 degrees of freedom.
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Thus, if in general we know an integral of a system of differential equa-
tions, we will be able to lower the order of the system by unity; but if this sys-
tem is canonical, we will be able to lower its order by two.

Let us take for example the problem of the motion of a heavy body sus-
pended at a fixed point; we have seen that this 'problem involves three degrees
of freedom; but we know the area integral; the number of degrees of freedom can
therefore be lowered to two.

What will now happen if we no longer know only one, but q integrals of
equations (1)?

Let Fi, Fy, ..., Fq

e these q integrals such that
[F'Fl]:[F)FQ]=-..=[F,F,]=o,

May we, with the help of these integrals, lower by q units the number of
degrees of freedom? Generally this will not take place; to do so, it is required
*hat the q + 1 partial differential equations

F = const., Fy = const., Fy = const., cees Fgq = const. (6)

te compatible; this demands the conditions

[FoFil=o0 (ik=1,2, ..., q). (7)
If conditions (7) are fulfilled, we will eliminate among equations (6)
ds ds ds
d—z_" .d_z‘;, ey ’E’

and we will arrive at a partial differential equation ¢ = O, where these q der-
ivatives no longer enter and which we can consider as dependent only on the p-gq
independent variables /35

Ta+ty Tgety ooy Zpy

wvnile the first q variables

Ty Ty ..., Ty
are regarded as arbitrary parameters.

We will thus be led to a reduced system of canonical equations containing
not more thah p - q degrees of freedom.

We now reconsider, for example, the Problem of Three Bodies, retaining the
notations from the beginning of article 2. We have seen that the number of de-
grees of freedom is equal to 9.

However, we have the first three integrals of the motion of the center of
gravity which can be written
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Fi =y +y+y:; = const.,
Fy = yy+ y¢ + y5 = const.,
F)=}': -+ ¥s 9 = const. (8)

It is easy to verify that
(F2, F3) = [Fy, F] = [F,Fy] = o.

The number of degrees of freedom can therefore be lowered to 6.

If we restrict ourselves to the case of the Problem of Three Bodies in a
plane, the original number of the degrees of freedom is not greater than six.
But there are no more than two analogs to 8. After reduction, there will there-
fore be only four degrees of freedom.

Let us now imagine that we know, other than the q integrals Fl, F2, reey
Fq, another integral Fq+l; could we deduce from this an integral of the reduced

system? This question can be stated in another manner.

We know a partial differential equation

Fg+1 = const.
compatible with the equation
F = const.;
will it still be compatible with the system Zéé
F = const., F, = const., ...y Fg=const.? (6)

We see immediately that the necessary and sufficient condition for this to be so

is that we have
[FyFgu1] =[Fy, Fgry] = ... =[Fg, Fyiy] = 0.

Let us return, for example, to the Problem of Three Bodies and let us con-
sider the three area integrals
F, = Ty Y3 — T3y T;¥6— TeYs+ Ty Yy — Ty ¥ == const.,
F¢ = T3 Y1 — T Y3+ TeYs — Ty Y- T3 Y1 — T1y9 = const.. (9)

Fe =2y ys— Te) 1+ T, 75 — Te ys -+ T3 ys — Ty y7 = consl.

It is easy to verify that we have

[Fi,Fi] =0, [Fy, Fi] = +F;, [Fy,F{]=—F,,
[Fu,Fi]=—F;,  [Fy, Fs]=o, (Fi, Fo] = +Fy,
[Fu Fc]=+Fs- [F:ch]=—F|- [Fa-F:]=0-

We do not decrease the generality of the problem by supposing that the
center of gravity is fixed, i.e., that all three constants which enter into the

last members of equations (8) are zero.

We will then have
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Fi=Fy=F;=o0
znd consequently,
[Fiy Fx] = o (i=1,2.3;k=4,5,6),

wiich shows that the area integrals are still integrals of the reduced system. To
?inish, I am going to attempt to reduce the number of degrees of freedom in the
Froblem of Three Bodies as much as possible, considering at the same time the in-
tegrals of the center of gravity and those of area.

In the particular case where the three bodies move in a plane, we have seen
-rat the number of degrees of freedom could be reduced to 4, considering equations
{?). Tre problem thus reduced still involves one integral which is an area /5T
integral, which permits reducing the number of degrees of freedom to 3.

In the general case, it is easy to see that we have

(FuF]=Fs, [F,F]=F, [Fi,F)=F;.

~e three brackets not being zero, knowledge of three area integrals does not per-
~it reducing the number of degrees of freedom by 3.

However, it is easy to see that whenever a canonical system admits three
‘ntegrals

Fh Fl) F‘!

it will always be possible to find two combinations of these integrals

?(Fl’ F‘! Fl)l
‘l‘(F‘I F’j F‘)'

suich that
(2.9] =0,
wnich permits reducing the number of degrees of freedom by two.
In the case we are concerned with, these combinations are immediately re-
cognized; we need only take Fh and
¢ =F1-.F} =Fj}.
¥e will then have identically
(3.F]=o.
There will thus be, all reduction accomplished, only 4 degrees of freedom.
If we remember that a canonical system containing p degrees of freedom can

te reduced to the order of 2p-2, we must conclude that the Problem of Three

S5odies in the general case contains L4 degrees of freedom and can be reduced to the
sixth order.

In the case of plane motion, it involves 3 degrees of freedom and can be
reduced to the fourth order.



In the special case of article 9, it involves 2 degrees of freedom and
can be reduced to the second order.

Reduction of the Problem of Three Bodies
15. It is first a question of effectively making this reduction. (55

Let us first envision the case where the three bodies move in the same plane.
We have seen that the number of degrees of freedom could then be reduced to 3.
Let us attempt to accomplish this reduction effectively.

We have seen that the equations of motion could be written

dL dF dn _ dF dl' _  dF dir _ dF
@< P’ A& T fde’ At T fdi’ dt T pde’
dl __ dF de _ dr dr _ dF do' - dF
dt — ~ pdL’ dt T T Bdii’  de T T pan’ A T T pdi

We also have dF  dF

de T =™

whence the area integral

n ‘II' =C,
C being a constant. BT+ p

Let us set
Bi=H, PI'=C—H, w—uo =k,

whence (if we replace [l and [I' by their values as functions of C and H)

dF _ dF _ dF dF _dF __ dF
dil “pdii P’ dhT deo  du’ (1)
and the equations of motion will become
d(BL) _ dF  d(pL)_ dF dil _  dF
I T e~ dl’ de T di’
dl __ _dF_ dl' _ dF dh __ dF
dt~ ~ d(BL)’ dt T T d(pLY dt = dil

There are only 3 degrees of freedom.

16. Let us proceed to the general case where the number of degrees of free-

dom must be reduced to 4. The equations are then written 39
dl. dF dG _  dF de _ dF
di~ pal’ dt —  PBdg di —  Bav’
dL'_  dF dG' _ dF e’ dr
G Fal’ &S pdg’ At T g’
dl _  dF dg _ dF a _ d¥
dt — ~ pdL’ dt ~ 7 BdG’ dt~ ~ Bde’
d' _ dF dg'  dF ' dF
dit~ " BpdL’  dit T T pdG’ dt T pde’

Moreover, we have the three area integrals which, if we take the plane of
the maximum of the areas as first coordinate plane, are written

pe+pe'=C, 0=0, PpH(G—0?)=p1(G1--6).
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We then have dF  dF

BT ar =

which shows that F depends on 6 and 6' only by their difference 6 - 6'; however,
as this difference is zero, by virtue of the area integrals, F can be regarded

as no longer depending on either & or 6'.

We find also

0=t
whence
dy _ db
dt — dt’
wnence
dF dF
Bab = g’ (2)
Let us now set
G=rT, G=1r,
whence (3)
ad BO+po=C, pri—grr=C(po—pe)
_C prr:  prrm v C . por _ pt_ri. ()4)
Bo=.+5¢ ~ac’ Fo=3+ aC’
wrence
dF _ dF dG  dF d8  dF do’
dr — dG dI' ~ do dr = d¢' dr
or dF _dF | dF BT  dF T

ar T dG " 48 C " ae fC

or finally, by virtue of equation (2),

d¥ _ dF
dr — dG
and similarly
dF _ dF
dar' — dG'’

The area constant C can be regarded as a given quantity in the problem.

If therefore in F we replace G, G', ® and @' by their values (3) and (L),

F depends only on L, L', 1,
be written

dL _ dF dr dF dL’ dF
dt~  Bdl' 4t~ pdg’ = Far’
dl. _ dF dg _ dF dl dF
dt ~ " EdU AT T gdr’ & T T gL’

and there are now only L4 degrees of freedom.
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Form of the Perturbative Function

17. It is important to see what form function F assumes when we adopt the
variables of the two preceding articles. Let us first suppose that we take the
variables of article 15 and that the three bodies move in the same plane; function
F, depending only on the distances of the three bodies, will be developable in
terms of the cosine and sine of the multiples of t - '+ h; the coefficients of
this development will themselves be developable in terms of the increasing powers
of

ecos!, esinl, e'cosl’, e'sinl',

designating the eccentricities by e and e'; finally, the coefficients of these
new developments will themselves be uniform functions of L and L'.

For brevity, I will set
BL=4A, PL'=4A%

we will then have, according to the definition of H,
e=i/ﬁ:ﬁ, y=$/ﬁtﬂijﬁ_

Let us add that F does not change when ({, ' and h change sign; consequently,
if we develop F in terms of the cosines and sines of the multiples of these three
variables, the development can contain only cosines.

We will therefore finally have
. L4
F=ZA(A? — H)T [A* — (H--C)?J® cos(ml + myl'-i- myh),

P and q are positive integers, m;, my and mz arbitrary integers, A is a coefficient
which depends only on A and on A'. What is more,lma-m I is at most equal to p and

can differ from it only by an even number; similarly, I m l is at most equal to ¢
and can differ from it only by an even number.

Such a development is valid when A - H and A' - (C-H) are sufficiently small;
we see that for

A=H
all terms vanish, except those for which m3 =m.
Similarly, if we have
AN=C-H,
all terms vanish except those for which m3 =-,.

If, consequently, we have at the same time,
A=H, A'=C-—H,

all terms will vanish except those for which m;=m;=— m,,
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such that F becomes a function of I - t'+ h.

If, in one of the terms of the development of F, we make {hz
A=—H, A'::H—C,

this term will still vanish, unless

my =my =—m;.

We might be tempted to conclude that, for
A=—H, A=H-C,

F is still a function of t - t' + h; but this is not so, for the development is
valid only for small values of A - Hand A' - C + H. An analogous reasoning to
the one which precedes proves, on the contrary, that for A = -H, A'=H-C, F is a
function of t - t' - h and not of t - ' + h,.

In the case where the value of A - H is extremely small, it can be advan-
tageous to change the special variables.

We have identically
Al+Hh=A(l+h)—h(A—H);

the canonical form, by virtue of article 5, is not therefore altered when we re-
place the variables

by the following
A, A, A—H,
l+h, I, —h.
Let us now set

l+h=2, Va(A—H)cosh=%t, —y/2(A—H)sinh=n";
by virtue of article 6 the canonical form of the equations remains when we take
as variables
A, A, E,
l', IO, n-.
It is of advantage that function F, which remains periodic in A% and t',

is developable in terms of the powers of E* and T* when these two variables are
sufficiently small.

18. Let us now take the variables of article 16, i.e., /43
BL'—':A, B'L’=A', BP=H, ﬂ'P':H'.
l ’, & &
The variables H and H' are manifestly subject to certain inequalities;
we have
H= AVI —e?,
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whence
Ar > I,

(1)

Similarly,
A't>He,
(2)
On the other hand, we have, by virtue of the area equation,
Hcosé+ H'cosi = C, Hsini+ H'sini =o,

C being the area constant which should be regarded as one of the given quantities
of the problem. From this we deduce the inequalities

IH|+[H'1>!C], \

IH|—|H|<|C|. | (3)

Let us now see how function F depends on our variables.

For the values of H near A, function F is no longer holomorphic with re-
spect to H; it is no longer developable in the integral powers of A - H, but in

those of /A - H.

We can then employ advantageously the following variables. Let us set
l+g=2, VaA—Hcosg=14, vVa(A—H)sing=1",
the equations will retain the canonical form if we take
A, A, B, W,
e, T o, &

as independent variables; in addition, function F will then be developable in
terms of the integral powers of £%* and of T¥.

We would operate in a similar manner if we had to consider the values of
H' very close to A'.

What will now happen if the values of H and H' are very near the limits that

they are assigned by inequalities (3), i.e., if the inclinations are small or
zero?

Let us suppose, for example, that H + H' = C.

We have seen, in article 12, that F is developable in terms of increasing
powers of the variables g, €', T, V', p, P', 9, q' of these sections; i.e., in
terms of increasing powers of

vBL—BG, VL —P'G, VpG—Pe, VPG —p'e,
if the inclinations are zero; we have
G=6, G =6,

and the last two radicals vanish, but it is not at all the same with the first
two; function F is then holomorphic in G,G,/EG—(6, V3G’ — 0.
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But we have seen in article 12 that F does not change when p, p', q, q'
change sign at the same time, or, what is the same, when the two radicals

/BG - PO and /B'G' - B'®' change sign at the same time.

Therefore, for very small or zero values of the inclinations, F is holo-
morphic with respect to G and G' on one hand, and on the other with respect to

/(3G-pe)-(B'G'-B'@").

However, we have

H W o H1— H . HY W
6=F O=% 9“,p(c+ ) O_W(C-f--———

g’ C C
whence
ﬂ?G—ﬁM(WG—ﬂWW=;%VKH—CY—H“HUf—CV—HH
or
— — H "
VEC—FOI(FC—Fe) = T8y eIy (F = c— .
These equalities show that
G, G, V(BG—Be)(p'G'—pe)
and, consequently, F remains holomorphic in H and in H' for H + H' = C. [&2

Invariant Relations
19. In article 1 we considered, with regard to system

dxy
T = X (1)
on one hand its solutions, on the other its integrals. But it remains for us

to speak of certain equations which relate to this system and which can be re-
garded as, shall we say, holding the middle between the solutions and the inte-

irals. I am going to define these equations, which I will call invariant re-
ations.

Let ¢ be an arbitrary function of X15 Xy eees xn; we will have

de do do do
22 = Exl-f-dT’x’-F...-f- d:,, X,..
Let us now consider a system of equations
?l(:lv Ly «.2y Tp) =0,
?I(z" Zgy ooy Tp) =0,
..................... : (2)
?P(zh Ty, ’ rlk)'—ov

and let us suppose that these equations entail as a consequence tne following

d dy; ds;
ifx.-f-gfk,-i—...-‘-—'ix.:o;

we will conclude from this that do
{

dt =

Consequently, if equations (2) are satisfied for an arbitrary value of t,
they will be so for all values of t; this is why we will call system (2) a system
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of invariant relations, and we realize the importance that knowledge of a similar
system can have.

Let us now suppose that the system is canonical and let us return to [Li
system (1) from article 7 and to equation
F (J.'“ Tey. o

dS dS dS )
S ey — = const.,
which is correlative to it.

x ’ y crey
! P'dI| dl'g dz',

(3)
Knowledge of a special solution of this equation (3) will furnish us a
system of invariant relationms.

Let, in fact, S be this solution; let us consider the system
ds ds ds
)’l=¢—E‘;’ .7:—"—‘3—:” ety )’p=aT’, (’4)
I say that this will be a system of invariant relations in relation to the ca-
nonical equations (1).

We find, in fact, by differentiating equation (3), that
dF dF  dtS

daF  dF &S dF &S dF d'S (5)
dr;  dyy drydzr;  dyy dzeydz; dyp dzpdz; 0-
Let us set
ds
U=)i— a—;{

in such a manner as to reduce system (L) to the form (2)

=== gp=o. (2)
We will have
dot _ dos _ .S do; _ dS
A B (£2k), dz; ~ dzidzi’
whence
d?x doc dyx | g dor _2 (ﬁ qF _ de 5&)
d)’* de dz/, dxi dyry  dyg dz
which shows that equations (5) reduce to
dO‘ .
71‘— =0 (&¢=1, 2, .

ey P)e

Thus, this is, according to what we have just seen, precisely the
condition under which system (h) is a system of invariant relations

I will add that in the case where there are only two degrees of freedom
any system of two invariant relations can be obtained in this manner
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CHAPTER 2. SERIES INTEGRATION

Definitions and Various Lemmas

20. The method of Cauchy for demonstrating the existence of an integral of /L8
differential equations has been applied by other geometers to the demonstration
of a great number of theorems. Since this method and these theorems will be use-
ful later, I am here forced to devote a preliminary chapter to it. For this ex-
position, I will make use of a notation which I have already introduced in another
memoir and which will eliminate delay and repetition for me.

Let ¢(x, y) and y(x, y) be two series developed in terms of the increasing
powers of x and of y; let us suppose that each of the coefficients of the series
y is real and positive and greater in absolute value than the corresponding coef-
ficient of the ¢ series: we will then write

oz, y) <y (x, )

or, if it is necessary to display the variebles with respect to which the devel-
opment is made,
o<y (arg.z, y).

We easily see that, if (p(x, y) is a series which converges for certain values
of x and y (consequently representing a function of x and y, holomorphic for x=y=0),
ve will always be able to find two real and positive numbers M and @, such that

M M
(1—-az)(1—ay) < 1—a(z+y)

o(z, y)<

In the case where the function ¢ variables for x=y=0, we can write Zhg

Ma(r + ) Ma(z + y)[1+a(xr+y)

?<|—a(z+yy) <- l-——a%z‘-f—)’) I
Let us suppose that ¢, besides the arguments x and y, which we assume devel-

oped, depends in addition on another variable t: the numbers M and o will be gen-
erally continuous of t; if these two numbers do not cancel for any of the consid-
ered values of t, we will be able to assign them a lower limit; we will therefore
be able to give M and o constant values large enough for the preceding inequal-
ities to subsist.

21. Calculation of the inequalities defined in the preceding article rests
on the following principles, and I will restrict myself to stating them without
demonstration because of their obviousness:

(1) If the series y converges, this will be true also for the series ¢ when-
ever we have
9«14

(2) We can add any number of inequalities of the same sense
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C1- 1% o1 < ¢1. cee Cn i Yn-
(5) If we have an infinite number of inequalities of the same sense,
90 <I% 91, <Y, cery ea<lt%a ... adial.(arg. z,y),

we may write, introducing a new argument, go+Ayi+Mey+... <Y+ A+ Ay+... (arg.z,y, X).
(4) We can multiply two inequalities of the same sense.

(5) If we have
?(Z1, Za.--., Ta) «:"a,(z., Ty, ceey Tp) (arg. z, 2y, ..., Z,)
and, on the other hand,
Sz, ) <0i(z, ), N1(2,5)<0:(z, y),
Ja(2,)) <0a(z,7) (arg. z, ),

in equality (1) in place of xl, x2, ...y X , we will be able to substitute, in the
n

first member fl, f ceny fn and in the second member el, 62, ey en. We may

0?
therefore write eo[/fi(z,y), ai(z,7),-. . Ja(Z XN Y[0:(2,)), 8s(z, ¥) ....0 (2, )] (arg.=, ).
(6) It is permissible to differentiate the inequality
oz y)<Y(z,y)  (arg. 2, ), (1)
with respect to one of the two arguments x and y.
(7) It is permissible to integrate an inequality; but this can be understood

in two ways; we can first integrate inequality (1) with respect to one of the two
arguments x and y, taking zero as the lower integration limit.

We then find x x
S sende< [T yran
° °

It goes without saying that in the calculation of integrals, y must temporar-
ily be considered a constant.

(8) However, it may also happen that the functions ¢ and § depend not only
on the two arguments x and y, but on another variable t, without our regarding it
as developable in terms of the powers of this variable.

Let us assume that inequality (1) is true for all values of t between tO and
tl; we will be able to integrate this inequality with respect to t, regarding x

and y as constants, and to write f?(r..r. l)dl<f¢(z..r. t)yde (arg 7, ),

provided, of course, that the integration limits are included between to and tl'
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22. Let us consider a function

e(z, »¥)

developed in terms of the powers of x and y. We will find that frequently x and
v will depend on a certain parameter p and that we will be able to develop them

in terms of the powers of this parameter. We therefore write {51
T =T+ pTy+ p1zy+..., 1)
Y =Yoo+ pyi+ pglys+.... i (

Let us assume that in the function ¢ we substitute in place of x and y their
developments (1); then ¢ will become a function of u, xo, xl, ey xp, ... ad inf.;

and of Yor Yy» cees Ypr ce- ad inf.; moreover, it will be developable in terms of

the powers of w, such that we will have

? =90+ 1o+ ulog+....
We easily see that (po depends only on X5 and yo; @, on xo, yo, xl, and yl,

..; and in general depends on x X H .
H g s (Pp P o’ 17 ) xp yO’ yl’ ’ yp
Let us now assume that we have
ez, )<Y (=zy (arg. 7, 7).

In y let us substitute, in place of x and y, their developments (1) such that
we have

*:@.-’-Pl.blﬂ—y."\'{"f‘....

We easily see that

%0 < Yo, (arg. 7y, yo),

o1 < ¥y, (arg. xq, yo; T, 1)
........................................... ,
?p<‘{‘p. (arg. 2y, 74, e TP Yoy Yy -ees Pp)-

We realize this in applying the fifth principle of the preceding article,
which shows that

<y (arg. p, Zo, 7y, ... ad inf.; yo, ¥y, ... ad inf.).

For brevity we will agree to write (x ) in place of (x, x, ... :
y) (Pp 1’ Y1 ‘QP o’ l, » X_;
0? yl, vy Y

p
Cauchy's Theorem

23. Cauchy's theorem is found today in all classical Treatises; I would ZQ2
therefore restrict myself to stating it without demonstration, if I did not pro-
pose to complete it in several points.

Let us consider the differential equations
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d: d d:
a‘;:o(zr}'i‘r B), e =?(’».7:‘;P)r i ='¥(1‘.)'.3. Rr). (l)

I assume that the functions ¢ and § are developed in terms of the increasing
powers of the independent variable x, of the two unknown functions y and z and
of an arbitrary parameter .

In assuming that the independent variable t does not enter the second members
of equations (1), I do not decrease the generality, because a system of the n
order, where the independent variable enters explicitly, can always be replaced
by a system of the n+l order, where this independent variable does not enter.

In fact, for example, let

Jdz

a_" = ?(zt Y t),
d
==y 0
it is obvious that these two equations can be replaced by the following three

dr _
’a—" _?(11)’1‘)‘ dz

dy _ dt
ac =Y(z, 7, z),

I propose to demonstrate that there exist three convergent series developed
in terms of the powers of t, u, Xpr Yo 20 which satisfy equations (1) when

they are substituted in place of x, y and z and which reduce, respectively, to
X yo, and zo for t=0.

Thus, instead of only developing, as Cauchy did, with respect to the independ-
ent variable x, I develop in addition with respect to the parameter p, and with
respect to the initial values xb, yb, zo. However, I must first demonstrate two
new lemmas.

24. Let
d:
'd—f =e(z, ), 4 1), "

%’:"=1’(z,r,t,p) s (1)

be two differential equations, where ¢ and § are given series, in terms of the ZEE
powers of unknown functions x and y, variable t and an arbitrary parameter u.

It is easy to verify that there exist two series
S p), fi(t ), (2)
ordered in terms of the powers of t and w, vanishing with t, and which, substi-

tuted into equations (1) in place of x and y, according to the ordinary rules of
calculus, formally satisfy these equations.
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In seeking to determine the coefficients of these series f and f; by the
rethod of indeterminate coefficients, we find that any coefficient of f (or fl)

is an integral polynomial with positive coefficients to the various coefficients
of ¢ and of .

Let us therefore consider other equations of the same form as (1)

dr , dy ,
@9 (zy 8, ), 9%‘ =¢(z, 0,4 1) (la.) :

end which are such that

2<¢ y <Y arg. z, y,t, un);
if the series ¢ v<¢ (arg.7,,4)

St p), S ) (28')

zre ordered in terms of the powers of t and wu, vanish with t and formally satisfy
¢v:ztions (la) when they are substituted in place of x and of y, it is permissible

12 conclude that .
S<f, NH<Si (arg.t,p).

25. Let us again take equations (l) from the preceding article; let us assume
:2t ¢ and ¢ are developable in terms of the powers of x, y and pu for all values ZSL

:f t included between 0 and tl(tl>0) (we will agree to consider only the values of

t included between these two limits). I do not propose, however, that ¢ and Y be
levelopable in terms of the powers of t.

Then there will exist the series

St ), filt,p)
¥iich will be ordered in terms of the powers of w (the coefficient of any power
< being a function of t, which can be nondevelopable in powers of t), which
.1l vanish and which will formally satisfy equations (1).
How can we determine the coefficients of the two series f and fl?

Let X, be the coefficient of u.m in £, and ym be that of p.m in fl. In order

‘¢ determine Xn and y , we then find the following equations
o

a,

?t- -?(IO)J'M Ly 0y , gd'?—;! =4¢(1‘.,)'o, 1,0), e s eseeccateeteceeranan. s ,
iz, do d dr do d. . d e

- =1 ek A =m T 2, - . ! ym _ dy dy

dt dz.‘tl"l" d‘ro.rl v xl) dt dz'.z'"+ d),o)'m f‘-\m, % =%1’|+:—;‘;]|+Yh dt —Ezm"f‘a—Ym-Q-Ym,

xm and Ym being developed in terms of the powers of
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Iy, Y1, Ty Yay -y Tty Ym-1

and on the other hand depending on Xq» yb and t.

Furthermore, in .52,4ﬁ2, fi, ay , X, y and p must be replaced by x , y and
d. Ty d)’o dx [ d)’o 0 (6]

0.
Now let there be some equations
1:—: =9 (%0t ),
&y (1a)
7t =V@ o),
such that

¢<¢, ¢<¢ arg. x, y and u, but not arg. t).
Let .
S p) =74 +pz| +przy 4.,
Siltm)y =y +pyi+ptyy +. ..

be the given series in terms of the powers of pu and vanishing with t, which for-
mally satisfy equations (la).

We will have

d g ’ ’ d ( 1’ ’
% = 9'(24) 0, 1, 0), ’:‘;“0 ={'(x5, 70s 1, 0),
dr'm — d?' ’ d?' ) ey, df'm d'{" ’ d'*'f' ’ .
-d_t-a_':tT.x"'_Ft‘i}T, m ~+ Xin; -dE‘:"i;;zm"‘a_),:.rm""m-
At the origin of times, we will have
Ty =Ty =o, Yo=Jo=o0
and also
lel<e', [¥1<¥)y (2)
whence
d_ﬁl dr, d)’o[ c Yo,
dt dac’ de | de? (3)
xé and yé, for the small positive values of t, are therefore positive and greater
in absolute value than X and yb.
Therefore I write
[zl <2y  [y0] < (L)
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Equalities (4) could not cease to be satisfied without inequalities (3)
ceasing to do so first. But it will not be so, because inequalities (L4), related
to inequalities (2), imply inequalities (3) as consequences. Therefore inequal-

ities (4) will subsist whenever
0<‘<lg.
I assume that we have also demonstrated that
'zl|<z'h |22 | < 2y, veen |Zm-1 | < Ty} ‘
Inl<ryyn nl<r, v N m <Y
and I propose to demonstrate that
|Zm | <Zmy | ym| < Fm-
In fact, we conclude from inequalitites (5) that

dy , de’

Z <z @<z

d—-;:’ ,d)'ol d}’o -ld] d)’o
We must therefore conclude that inequalities

-Izﬂl|<r;nv lym'<ylm
irply the following:

dzm d)’m d}"m
l < - ar < .

dt

A reasoning quite similar to the preceding would then show that we have

1Zm | <Zmy  |m!<ym for o<t<y.
T~ese inequalities can also be written

J<fy, Nh<h (arg. p, but not arg.

26. Let us again take equations (1) from article 23
dz d ds
2-—0(2' r % l‘) '3'::-’—‘?(1'-)'-8. l‘)’ 7;=?(2‘..7.8-P~)-

These equations are formally satisfied by certain series

¥ =118, 2o, ¥, 50, 1),

X -——f[(‘. 3'01]'0» 2o, l")'
3=f"‘. Zoy Yoy S0y l")» }

developed in terms of the increasing powers of t, Xq» yo, zo and u and are reduced

respectively to Xo» yo and zo for t=0.

"X <Xmy | Ym | < Y.

t).

(5)-

(1)

(3)

To demonstrate the convergence of these series, let us compare them to the

series obtained starting with different equations.

We can still find three real, positive numbers M, o and B such that by setting

M

°'=?'=q"='(|—pp)[l-—¢(z-i-y+z)]"
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we have

i<t
?<?' (“'83‘,)',8,}‘).
¢Y<v
let us consider the equations
dz _ .,
a =% )
dy _ .,
&= s (2a)
ds ,
z =Y
which can also be written
dz _dy _dz _ M .
dt —dt —dt T 1—Bp)1—a(z+y+2)) (3a)

We can satisfy these equations by series analogous to series (3), that is a
power series in t, Xor» Yor Zg and p and reducing in the same way to Xos Yo and z

for t=0. 0

The principles of article 24 show that series (3) will converge whenever series
(3a) themselves converge.

Now, equations (2a) integrate easily, and we find that equations (Ba), which
are their integrals, can be written

S=S.+§l—¢(s—vs’—hl)-
y=ryo+ 32 (S— VS —Hh),
5 =:.+~3'—¢(S-«;/S’-—ht).

where we have set, for brevity,

6aM
1—Bu

These series, developed in terms of the powers of u, t, X5r Ygor zo, converge,
provided that

S=l-—a(z.+y.+:.), Rk =

ll, Lely Dlzely 1yl |20l
are sufficiently small.

The same will be true for series (3).

Extension of Cauchy's Theorem

27. The considerations developed in article 26 show the possibility of devel-
oping the solutions of a differential equation in terms of the powers of an arbi-
trary parameter u, but only for values of the independent variable t with a suffi-
ciently small modulus. We will now attempt to free ourselves of this restriction.
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Let us consider the following equations
d. d
'd_.;=?(‘r'.7"v ®), 'a%“—'q’(zrf:‘nl‘)' (l)

Therefore I once more assume that the variable t enters the equations explic-
itly.
Let
x =0(¢, p), y =w(p)
be that of the solutions of equations (1), which is such that the initial values
of x and y, for t=0, are zero.
I assume that for all values of t between O and to the two functions ¢ and ¥
may develop in terms of the powers of
[ ) 5—0(‘,0), .7—-0’(‘-0)
(the coefficients of the developments being any functions of t as well).
This condition can be stated in another manner: when for a certain system of
values of X, y, t and p one of the functionse¢ and y§ ceases being holamorphic, we
say that this system of values corresponds to a singular point of equations (l)

Consequently, we can state the condition which precedes by saying, in rather in-
correct but useful language, that the particular solution

p=o0, =z=0(L0), y=uw(to)
is not going to pass through any singular point.
I say that if this condition is fulfilled, 08(t, u), w(t, p) will for all val-

tes of t between O and tp to be developable in terms of the powers of u (I say of u
and not of t and p), provided that |u| is sufficiently small.

I first observe that we can, without loss of generality, assume that the func-
tions ¢ and y vanish identically when we here make

z=y=p=o

or, which is the same, that we have identically

8(¢,0) =w(¢,0)=o0.

If, in fact, this were not so, we would change variables by setting
=z—0(40), y=y—w(to)

ind we would be led to the case which we have just stated, for the transformed
tquations admit as a solution, for p = O,

z'=0, y=o.

Let us therefore make this hypothesis: the functions of @ and ¥ will be devel-
opable in terms of the powers of x, y and p; but I do assume them developed in
terms of the powers of t.

We will be able to find series (3) developed in terms of the powers of p and
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which, substituted in place of x and y, will formally satisfy equations (1).
Moreover, these series will vanish for

t=0.

To demonstrate the convergence of these series, let us form equations anal-
ogous to equations (2a) of article 26.

The functions ¢ and ¥ are developable in terms of the powers of x, y and u,
provided that

0ot t,.

When t varies from O to t., the radii of convergence of these developments
will vary as well, but we will be able to assign them a lower limit. We will
therefore be able, according to article 20, to find two positive numbers M and
o , such that for all values of t between O and to, we have

e<¢, ¢<¢° (arg.z,7,p)
setting

=y = Mz+y+p)li+alz+y+p))
t=v= 1—a(z+y—g) )

Let us then form equations

d: , d ,
F=% Z=¢ (2a)

We can satisfy these equations by series (3a) in the same form as series (3),
and this will formally satisfy these equations.

According to article 25, series (3) will converge provided series (3a) con-
verge.

Now, if we set

z+y+p=S§,
our equations give
rT=y = S—wu
_)’._.. 2
and
dS aMS(S-+1)
dt~ 1—8§
or
das 2dS
aMde = — ==,
whence, because S=u for t=0,
= S B
e prary Al ey

We will easily verify that S and, consequently, x and y can develop in terms
of the powers of p and that the development converges for all values of t provided
that |u| is sufficiently small, we can conclude from this that series (%a) and /6L
series (3) comverge. Q. E. D
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Applications to the Problem of Three Bodies

28. The results of the preceding article obviously continue to exist when,

in place of only one arbitrary parameter u, we have several. Here is the use
vhich we are going to make of this result! in article 27 we considered only the
rarticular solution for which the initial values of x and y are zero.

Let us suppose we were to consider the particular solution for which these

initial values are and y., and that we were to propose to develop this solution
%o o

in terms of the powers of xo, yb and u.

However, we can go still farther: let us again take equations (1) from the
rreceding article, and let us consider this special solution such that

Z =T, Y¥=Do

fer t=0; let us then seek to develop the values of x and y for t=to+T in terms of

rowers of Xxg, Yor and T.
Let us then set
r=z+ 1, y=y'-e-)"., t=0-"—1;

+ations (1) will become

(I_['_ [£) , , by — \
ar —*go.,_-g?(x""z"-r-"fn‘ ’—., F}’
dy’ th .

= ——

P ’ ’ tov‘t
dr = = (""""-7"‘.7"" & ’}4)

We may regard x', y' and t' as the variables of u, T, X1 yb as four arbi-
trary parameters.

The particular solution which we consider is such that, for t=0, we have

=2, y=y,
and, consequently,

.1."=y = 0.

o+1; i.e., for t'+to.

We therefore fall back on the case studied in the preceding article and we

#e also have to calculate the values of x' and y' for t=t

see that x and y are developable in terms of the powers of Xg» yb, T and u, pro-

/62

7ided that the moduli of these quantities are sufficiently small. For that there
is only one condition: it is the particular solution, for which the initial wvalues

of x and y are zero and in which we assume in addition that u=0, does not pass
through any single point.

Let us apply this to the equations of article 13

dr, _dF = dy,_ _ dF
dt — dy;’ dt —  dz;’
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F=F¢- pFy-— utFy+ ...
ar.l where FO does nct derend on y.

F will te a function of x and y which will cezse teing holomerrhic only in
certaln singilar points. It mzy happen that, if we give x tke following values

— 20 = 0
Iy =7xy, ::_I” ceey :'=:l

tre firction F remains holcomorphic for all the values cf jy.
Iet uz imagline *nat the following protlem is proposed.

Let us cornzlder the particular solution such that, for t=C, we have
=z} + &, zy=z% -~ &, ceey T,=23—§,,
ri=xyl+n, rnNn=yi—m, .., Yp=yh-+7,,
arnd considering in particular the values of the variatles for

=18 +x,

to develop these values according to the powers of w, T, € and .

Tr.is development will bte possible; in fact, if we make at the same time

p=t=k=mn,=o,
the particular solution considered reduces to

=z, yi=nit+y}

dar .

(where ny is the value of EO for xk=xi), and, according to what we have Just
i

assumed, this solution passes through no singular point.

Let us see what happens in the special case of the Problem of Three Bodies
The function F can cease to be holomorphic only if two of the three bodies have.
Just collided. Thne particular solution which we are considering represents in
the case of pu=0, the combination of two Keplerian ellipses described by the,two
emall masses under the attraction of a mass equal to 1 placed at the origin.

order that a shock be produced, the two ellipses must intersect; now, this is w:,[rﬁat
never happens in astronomical applications.
We therefore arrive at this conclusion:
In the Problem of Three Bodies, we will define the state of
the twelve variables defined in article 11. the system by
We are given the values z{ -+ &§;, y! +n? of these variables for t=0, and w
1 e
ask what will be the values of these same variables at the epoch t_+r
o' T
We have Just seen that these values are developable i
of the masses, of the €, of » and of 7. D terms of the Powers
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There is only one exceptional case, the following: let us assume that for

0]

t=0, the initial values of the variables are X5 and yg, and that, the masses

being assumed zero, the motion then continues according to Kepler's laws; if
under these conditions a shock is produced before the epoch to, what we have
Just said would no longer be true.

We would be able to calculate, in this manner, a lower limit of the time dur-
ing which it is permitted to develop the coordinates of the planets as a power
series in the masses; but the limit thus obtained would be much too distant from
the precise limit for the calculation to present any interest.

Use of Trigonometric Series

29. Power series are not the only ones which may serve in the integration of
differential equations; trigonometric series are also used. I want to say a few
words about them here before beginning the equations with partial derivatives. Z6h

It is known that a periodic function of x with period 2m can be developed
in a series with the following form

F(z) =A¢+A;cosZ+ A3 CO8S2Z + ... +Agcos Rz +...
+Bysin z+Bysin2az+...+Bysianz+....

I have shown in the Bulletin astronomique (November, 1886) that if the func-
tion f(x) as well as its first derivatives p-2 is finite and continuous, and if its

Q_l)th derivative is finite but can become discontinuous in a limited number of
points, we can find a positive number K, such that we have, no matter how large
n may be,

|nPALl <K, |nPB, | < K.

If f(x) is an analytical function, it as well as all its derivatives will be
filnite and continuous. We will therefore be able to find a number K, such that

IntA, | <K, |ntB,| <K.

The resultis that the series
|Ae) =+ AL+ Ag |+ ...+ ARl +...
+|By|+|By|+.co+|Ba|+...

converges and, consequently, that series (1) is absolutely and uniformly conver-
gent.

This granted, let us consider a system of linear differential equations
dz,
—d-;- = ?"‘I‘-i- ?l.’-fg-i- P 21,4 %n,
dz,
—2-‘— =91 T1 + 12T+ ...+ 92,8 %n, (2)

dz, -
& P 1Z1t+Pa, 22+ oo+ Qn.nTa-
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The n2 coefficients ¢i K are periodic functions of t with period 2m.
)

Equations (2) therefore do not change when we change t to t+2m. This being
so, let (€5
Ty=9148),  ZTy=Y1a(2). ceer Ta=Y,n(2),

zi=¢a().  T=$a(0). .0 Za=daa(l) (3)

........... N R R IR Y ey IR
’

Ty=Yaa(l), Ta=aa(?) cerr  Ta=Yan(L)

be n linearly independent solutions of equations (2).

The equations do not change when we substitute t+2m for t and the n solutions
will become

=Y (t+am), ..., Za=da(l+27),
Zi=da(t+az), ..., F=dall+ar),
zy =Y, 1(t+27x), ceey Za=Ynn(t +27).

They must therefore be linear combinations of the n solutions (3), so that we

will have
ra (E+2%) = Ag g 1 (8) + Apa a0 (€) + ...+ Ay na (0),
o (0 +27) = Ag g 41 (£) + Agadas(8) = .. o= Ay, Yns (), (b,)

.........................................................

(P,.’;(l - 21:) = An'ﬂh'g(l) + A,..gﬁ‘u'](l)-f- P A,.'nql,."(l)'
values A being constant coefficients.

In addition, similarly (with the same coefficients) we will have
Pra(f4+27) = A @ a(8) + Agadaa(8) +... A ndae(l),

.........................................................

This granted, let us form the equation with S
Aggi—S Ay, I

A‘,', Aaa='S o A | (5)

Au 1 Au,: eee Au'u—s H
Let S, be one of the roots of this equation. According to the theory of
linear substitutions, there will always exist n constant coefficients
Bh B” seey Bln
such that if we set [66
0|'|(t)=B|\=l|'|(t)+B’l=I"|(‘)+...+B,.\:l..1(‘),

and furthermore

05,0(2) = Byd1,0(2) + Bady o(8) + ... + Bada(),
we have

0u,1(2+27) = S,0;,(¢)
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and furthermore
Oy,0( +3m) = S, 0, 4(2).
Let us set
Si=eta
we will have
e et 0, (1 + 27) = Sye-1aTe-aithy (1) = e-aitly ,(1).
This equation expresses that
e—a:¢0 4 (1)
is a periodic function which we will be able to develop in a trigonometric series
Aia(2).

If the periodic functions Py k(t) are analytic, the same will result as from
)
solutions of differential equations (2) and from )‘l,l(t)- The series \; l(t) will
)
therefore be absolutely and uniformly convergent.

Furthermore,
G-‘l'°|"( t)

vill be a periodic function which we may represent by a trigonometric series
M.{(l).

We therefore have a particular solution of equations (2), which is written

2y = G‘I‘Ag"(t), Xy = G.I'lhg(l), cesy Zp=x c‘-‘l,,.(t). (6)

A solution of form (6) corresponds to each root of equation (5).

If equation (5) has all its roots distinct, we will have n linearly independ-
ent and the general solution may be written 6

zy=Cyeat)y, (t) + Cyeathg () + ...+ Caeatd, (2]
Zy = Creafdyq () + Ceedthg s (t)+ ...+ Chedntd 5 4 (2), s (7)

.....................................................

Za=Cyeathy ()4 Cye2sthg n(t) + ...+ Creaat k().

The C are integration constants, o are constants, and A are absolutely and
uniformly convergent trigonometric series.

Let us now see what occurs when equation (5) has a double root, for example,

vhen =y Let us again take formula (7); let us there make 03=Ch=...=0 =0,
n

and let o, tend toward o - It will become

2
Zy= €8 [Cy )y 1 (2) + Cyelai—alt)y (1))

or, setting Cim C —C
1= 17 L1y

Cg = C"

- a!—al’
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it will become

Ty = et [C‘, M,i(e) +CYy el titha ) = huact '].

Gy — a,
It is clear that the difference
Ay, 1(8) — A 1(2)

will vanish for az=al. We will therefore be able to set

2g,1(8) =2y 1 (&) + (23— a2y ) N'(¢).
It will thus occur that
1a,~a 8
Ty = eS! [C" X|'; -+ C', xl.l f—a’_—a“ -+ C’. l'(‘)c(ﬁ"l"] ,

and at the limit (for o:2=al), zy=Cyeatdy + Cjeaf[e); + lim X'(¢)).

We would see that the limit A'(t) for o=
formly convergent trigonometric series.

1 is still an absolutely and uni- /68

Thus, the effect of the presence of a double root in equation (5) has been
to introduce into the solution terms of the following form
eated(e),
A(t) being a trigonometric series.

We would easily see that a triple root would introduce terms of the form

et (e),
and so forth.

I do not stress all these detailed points. These results are well known from
the works of Floquet, Callandreau, Bruns and Stieltjes, and if I have here given
the demonstration in extenso for the general case it is because its extreme sim-
plicity allowed me to do so in a few words.

Implicit Functions

30. If we have n+p quantities ¥y» y2, ceey Y 5 xl, x2, ...y X_among which
there exist n relations n p
/‘(yl’r’) cery Yns Tyy Tyy ..o z,)=o,'
SaOuyn - Yai Ty Ty ey Tp)=o,

.................................... . (7)
fl(.rhrh ceey Iny Ty Tay ooy zp)=°) )
if values f are developable as power series in x and y and vanish together with
these' n+p variables;

if finally the functional determinant of f with respect to y is not zero
when X and y vanish simultaneously;

we will be able to solve the equations (7) for the n unknowns y in the form

of a power series in Xp5 x2, cees Xpo
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Let us in fact consider xl as the only independent variable and Xp» x},

ooy X 88 arbitrary parameters: we will be able to replace equations (7) by the

n partial differential equations

af dy  dfi dy dfi dyn . dfi .
‘l.rl dIl-rd)" d.‘l'| +”'+3)'—,.-Iz—|+zz—‘=° '=lt’l-"|n)'

The problem is thus reduced to the case with which we have just concerned [62
ourselves.

In particular, if f(y, Xy5 x2, feey xn) is a function that can be developed

as & power series in y and x, if for
Y= =Ty3=...=ZTp=0,

We have

=, Y
f—ov .r>

and if y is defined by the equality
Sf= 0,

7 will be developable as a power series in x.
31. This result can be stated in another manner; let us in fact consider
any algebraic equation
Sf(z)=o.
If, for a certain value Xgs of x, f(x) vanishes without its derivative van-

ishing, we say that X5 is a simple root of the equation; on the other hand, it is

a multiple root of the n order if f vanishes together with its first n-1 deriva-
tives.

Furthermore, if we have any system of algebraic equations, three for example,

namel
v Ji(z y, ) =0,
Si(z, y, 3) =0,
f)(zt.ro z)=o,
ve will say that
T = Ty Y =Xo zZ=2

is a simple solution of this system if for these values fl, f2, f3 vanish without
their Jacobian or functional determinant also vanishing.

We can retain the same definition when fl, f2 and f3 rather than being whole

polynomials in x, y, z are holomorphic functions in x, y, z.
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The result of the preceding article can then be stated as follows: if we /T

have p equations (where the unknowns are yl, y2, ey yp)

SiOrvs e o Ypi T4y 20y ooy Th) =0,
Sirury e T 2y, . Za) =0,

Joruyy o Ypi @y 2y, ..., Ta) =0,
whose first members are holomorphic, if, for

Ty =Ty3=...=Zp=0
the system of wvalues
J1=)1=...=)p=0

is a simple solution of the equations, y can be developed as a power series in x.
If therefore we give x sufficiently small values, our equations will admit a real

solution.

Algebraic Singular Points

32. Let us consider an equation (1)

fu" 'T) =o0,
and let us assume that for

Tr=y=o,

f vanishes together with its first m-1l derivatives with respect to y. Then, for
x=0, the value y=0 is a solution of the m order of the equation.

It can be demonstrated that there exist m convergent developments of y in
terms of the positive and fractional powers of x, vanishing with x and satisfying
the equation (cf. the classical works of Puiseux on algebraic equations).

However, these m convergent developments can be divided into groups in the
following manner.

Let
,»1 % £
Y=aZP +ayzP 4 . 4 a,2P (2)
be one of these developments, and let A be a p-th root of unity.

The development .
1 1 n LZ-
Y=o dxP 4 a)\22P . 4 a,hnzP .

will also satisfy equation (1). From the development (2) we will therefore be
able to deduce p-1 other developments which with it will form a group.

I will say that this group is of the order p.

The sum of the orders of all groups is manifestly equal to m.

54



Let us suppose that there are q_ groups of the order p; the sum of their
orders will be qpp, and we will have

qi+2¢1-=. .. pgp—+...=m.

Trne coefficients of the pqp developments belonging to groups of the order p
vill be given by algebraic equations of order pqp.

If Pqy is odd, these equations will have at least one real root and at least
one of the developments will have real coefficients; if pqP is odd, and in addition
v is odd, the corresponding value of y will then be real.

However, if m is odd, at least one of the quantities pqP is odd; at least
cne of the values of y must therefore be real.

If therefore m is odd, equation (l) will then admit at least one real solution
for small values of x.

I add that the number of real solutions for small negative values of x are of
*he same parity as m; I intend to refer to real solutions which vanish with x.

Elimination
33, Let us now consider an equation
Sz, x4, ....1p) 0 (l)

znd imagine that, when y and x are zero, f vanishes together with its first m-1
lerivatives with respect to y, but the m-th derivative does not vanish.

At the beginning of my inaugural Thesis on functions defined by partial dif-
ferential equations (Paris, Gauthier-Villars, 1879), I demonstrated that such an
equation can be transformed into another with the following form ZZZ

?(fﬂ Tyy Tgy o0 oy 3’.)=0,
where ¢ is a polynomial of degree m in y, where the coefficient of y® is equal to

1, and where the other coefficients are holomorphic with respect to the variables
X,

If we suppose that m=1, this equation in x reduces to
y-holomorphic function of x=0,
and we may fall back on the theorem of article 30.
I also showed in this same Thesis (lemma IV, p. 1k4) that: ¢, Por +ees P

are p holomorphic functions in z,, Zoy eeey zp; X1, X ey xp; if these func-

2’
tions vanish when the variables z and the variables x vanish; if the equations
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PI=91=...=G%p =0

rerzin digtinet Wwhen we set all the variables x=0; if finalliy we define the
vaeiznles z ar functions of the variables x by eguaticns
H=@=...= g =0, (2)

+re p functions thus defined zre =zlgetraic; which means, according to the defini-
+ion the thesis cited, that the ecuations (2) can be replaced br p other equations

¢1=0, Qizoo e ?p=0

? *he game form, but whose firs* members are polvnomials in the variables z.
Tnis granted, let there bte two simultaneous equations

o(x, 7, 2)=o,
?(-",.711)=0' (3)

defining y and z as a function of x; I assume that the first memters are holo-
morprnic in x, y and z and vanish with these three variables.

From two possibilities one: the first that the two equations remain distinct
when x=0; we will now be able, according to what we have already seen, to replace ZVZ
the two equations by the two other equivalent ones,

?l(xv Y z)= o,
#’l(z’ Y 3)= o,
whose first members will be integral polynomials in y and z; we may then, between

these two equations which have become algebraic, with respect to the two variables
y and z, eliminate z, for example, and arrive at a unique equation

F(z,y)=o,
or, on the other hand, when x=0, equations (3) will cease to be distinct.

However, a second case is then presented.

We may be able to find a number o such that equations (3) remain separate
when we make x=o.

Then, if we set x'=x<¥, the equations remain separate from x'=0 and we fall
back on the preceding case; we can eliminate z between the two equations (3) and
reduce them to a single equation between x' and y or, what comes to the same
thing, between x and y.

On the other hand, we may not be able to find a similar number «; but that
can happen only if equations (5) are not distinct; except for this exceptional
case, elimination will therefore always be possible.

More generally, let
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(21, 20,...,35;7) =0,
(21, 80,...,3p;T) =0,

(L)

?p(21321,...,2,;Z) =0

te p equations whose first members are holomorphic and which define the z as func-
tions of x; if these equations are separate, we will always be able to eliminate
30t zp among these p equations and reduce them to a single equation of

<ze same form

:2’ 2

F(z,z)=o0. (5)

I assume that equations (L) are still distinct for x=0 and, consequently,
<ret F is not divisible by x.

I assume that P> (92, ey (pp vanish with z and x, such that [:Zh

Hi=%H—...=%p=o0 (6)
s a solution of system (L4) for x=0, and that 2,=0 is a solution of equation (5).
Ir zl=0 is a solution of the m order of equation (5), I will say also that
sclution (6) is a solution of the m order of the system (L).

If the solution is of an odd order, we may affirm that equation (5) and con-
sequently system (4) still admit real solutions for small values of X.

Theorem of the Maxima

3h. Let F(zq, 2,5 «-.) zp) be any function holomorphic with respect to z;

2’
%z know that we will find all maxima of this function in solving the system

dfF dF  _ dF _
"&‘l—a;, ——...—-—a;—o, (l)

tit we also know that not all solutions of this system correspond to maxima.

I say that a necessary but insufficiently well understood condition for a
solution to be able to correspond to a maximum of F is that this solution be of
21 odd order.

This is obvious if there is only one variable z; and only one equation
dF

<5 =o0.

We know, in effect, that there can be no maximum here if the first deriv-
étive of F which does not vanish is not of an even order.
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Let us extend the same result to the general case and, in order to fix these
ideas, let us consider the case of only two variables zq and z,- Let us regard

2y and z, as the coordinates of a point in a plane; we can always assume that we

have taken as origin that point which corresponds to the maximum, in such a man- AC:
ner that this maximum occurs for

33 = 33 = 0.

We will then be able to describe around the 6rigin a very small closed curve C,
such that in all points we have

F(z, 33) < F(o,0).
However, even more,we can assume that this curve has as its equation
F(31,2,) = F(0,0) — 1,

A being a very small constant, and that in the interior of this closed curve C

we have
F(zy,2,)>F(0,0)—13;

as a consequence, when we cross the curve C in going from the exterior to the in-
terior, F will be increased.

What is to be established is that

Z=2%=0

is an odd-order solution of the system
dF dF

a5 T dn %
which is equivalent to saying the following: let
F(zy, 24, p)

be a function of z, and of z2 which reduced to F(Zl’ z2) for u=0.
The system

but we can always choose the function F(z;, z,, w) (vwhich is given us only for

u=0, ahd which remains arbitrary for the other values of #), in such a manner
that for the values of u differing from zero this same system now has only
simple solutions. Thus, what is to be established is that if u is sufficiently
small, there is, in the interior of curve C, an odd number of these simple sol-
utions.

In my memoir, "Sur les courbes définies par les équations différentielles"
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(Concerning curves defined by differential equations) (IVth part, Chap. XVIII,
Journal de Liouville, Lth series, Vol. II, p. 177), I had occasion to study the
distribution of singular points of a system of differential equations and to de-
fine for it the Kronecker index of a closed curve or of a surface closed with re-
spect to this system of differential equations.

The system which we must consider here is the following

dzn  _ _dz
ESHESK (2)
\dzl) d‘,
and, more generally,
dzg dz, _il,.

dF dF\ T T 7drE Sy, ¢
(=) (&) (z)
The singular points of system (2) will be the solutions of system (1).

We must calculate the Kronecker index of the closed curve C with respect to
system (2). We can verify that it is equal to 1 for u=0, and from this conclude
that it will be equal to 1 for small values of u, because it can vary only if one
of the solutions of system (1) happens to cross this curve C.

The number of singular positive points of system (2) situated inside C is
tterefore equal to the number of the singular negative points plus one.

The total number of singular points, i.e., the total number of solutions of
system (1), assumed simple, situated inside C, is therefore odd.

Q. E. D.

This reasoning is applicable without change to the case where there are more
than two variables.

New Definitions

35. For the moment I will not speak of the application of Cauchy's methods [Z[
to differential partial equations, so as not to prolong these preliminary remarks,
although I reserve the right to return to this question later.

I will end this chapter by giving a new extension to the notation € from arti-
cle 20.

Let g(x, y, t), ¥(x, y, t) two power series in x and y, such at the co-
efficients are periodic functions of t, developed in terms of the sine or cosine
of multiples of t or, what amounts to the same thing, in positive and negative
povers of eit.

Let us therefore consider the development of ¢ and y in terms of the powers
of x, y and elt; if each coefficient of y 1s real, positive and greater in abso-
lute value than the corresponding coefficient of @, we will write
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?<$ (arg.z, y,exit),

If the series Y is convergent for

z =]z, ry=Ilxol t=o,

the series ¢ will converge for
T=2To, Y=o t = any real quantity.

I add that it suffices that series y converge when t=0 in order for it to
converge whatever t may be.

If the series ¢(x, y, t) converges and if it represents an analytic func-
tion, the convergence is absolute and uniform, as we have seen in the preceding
article.

We can therefore find a real positive constant o and a function M of t,
periodic and of period 2m, which are such that:

(1) the development of M, in positive and negative powers of elt, has all
its coefficients real and positive;

(2) we have M
< Ta(zwy) (TESE)

We will therefore have a fortiori, whatever t may be, 7

M R
V< iory (BT
M.O being the value of M for t=0.

In fact, let
= 25:0!}:'!:[)!!;

it will follow that
a4
der
This series must converge, by hypothesis, for all real values of t and for
the values of x and y which are within the circle of convergence. Let us assume,

for example, that convergence takes place for

!
3‘=J’=;.

=—ZAptzmynertt,

The terms of the series must be limited in absolute value, so that we will be able
to write, calling K a positive constant,

alll-O-II
A< o K-
If we set
| Kerit
M=z P’ )
it will follow that
M M

?<(|—a:r)(|—1y) < l—:l(.‘t-i-)’).
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CHAPTER 3. PERIODIC SOLUTIONS

%26. Let
dz; .
_d";-__x, ((=1,3, ..., n) (1)

te a system of differential equations where values X are uniform given functions
T X1, Xoy weey X

Now let

Ty =9.(2), Zy= 9y (1), R, Tn =oa(t), (2)

tz a particular solution of this system. Let us imagine that at the epoch T the
» variables X5 take on their initial values, so that we have

9i(0) =¢;(T,.

It is clear that at this epoch we will have exactly the same conditions as
;L the epoch O and, consequently, we will have, whatever t may be,

9i(8) =o0i(t+T).

In other words the functions @ will be periodic functions of t.

We say then that solution (2) is a periodic solution of equations (1).

Let us now assume that the functions Xi depend not only on the x4, but on
“rme t. I imagine, moreover, that values Xi are periodic functions of t and that
e period is equal to T. Then, if the functions ¢; are such that

9:(0) = 9u(T),
%z will still be able to conclude that
e:(t) =9:(t+T),

id solution (2) will still be periodic.

Here is another case somewhat more complicated. Let us assume once again
‘tat functions Xi no longer depend only on x but are periodic functions of the

first p of x, namely X5 Xy oees xp, in such a way that functions Xi do not

tlange X into xl+2n, or X, into x2+2n, sees OT X into xp+2n.

Let us now imagine that we have
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ouUT) =91(0) +2k%, 3(T)=9s(0) +2kyx, .... 9p(T) =9,(0) +2al
2p+1(T) = 9ps1(0), 2p+1(T) = @p+12(0), 9,(T)=9.(0),

ki, k ey kp being integers.

2’
At the epoch T, the first p variables of x will have increased by a multi-
ple of 2m, the last n-p will not have changed;Xi will therefore not have changed,

and we will find again the same conditions as at epoch 0. We will therefore have

(¢t +T)=0c,(t)+2k= (i=1,2,...,p),
9i(t+ T)=o0;(¢) (i=p+1,p+2, ..., n).

We will still agree to say that solution (2) is a periodic solution.

Finally it can happen that a convenient change of variables causes the appear-
ances of periodic solutions, which we would not encounter with the old variables.

Let us again take, for example, equations (2) from article 2

: an 90 = -+ n
Frintt Al
dtv, d: dv
Tﬁ""""?t_'a?{*'"."‘

It is a question, we recall, of the motion of a point related to two moving
axes OE and OT) and subject to a force whose components relative to these two

axes are %% and w In many applications, V depends only on € and on 7| and the 81

an’
equations admit particular solutions such that € and 7 are periodic functions of
t, the period being equal to T.

If we had related the point to the fixed axes Cx and Oy, we would have had

z = Ecosnt -- y sinnt,
y =Esinnt +ycosnt,

and x and y would not have been periodic functions of t unless T is commensurable

with 20
n

A periodic solution may thus appear in passing from the fixed axes to moving
axes.

The problem which we are going to treat here is the following.
Let us assume that in equations (l) functions Xi depend on a certain para-

meter wu; let us assume that in the case of u=0 we have been able to integrate the
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equations, and that we have thus found the existence of a certain number of
periodic solutions. Under what conditions will we have the right to conclude
from this that the equations will still admit periodic solutions for small val-

ues of .

Let us take for example the Problem of Three Bodies: we agreed above (art,ll)
o call aph and a3u the masses of the two smallest bodies, u being very small and
25 and a3 finite. For w=0, the problem is integrable, each of the two small bodies
describing a Keplerian ellipse about the third; it is easy to see then that there
exists an infinity of periodic solutions. We will see later that it is permissi-
tle to conclude from this that the Problem of Three Bodies still admits an infinity
of periodic solutions, provided that p is sufficiently small.

It seems at first that this fact can be of no interest whatever for practice.
In fact, there is a zero probability for the initial conditions of the motion to
te precisely those corresponding to a periodic solution. However, it can happen
<hat they differ very little from them, and this takes place precisely in the case
wvaere the old methods are no longer applicable. We can then advantageously take
“h~ periodic solution as first approximation, as intermediate orbit, to use Gyl-
i‘n's language.

There is even more: here is a fact which I have not been able to demonstrate ZBE
rigorously, but which seems very probable to me, nevertheless.

Given equations of the form defined in art. 1% and any particular solution of
these equations, we can always find a periodic solution (whose period, it is true,
is very long), such that the difference between the two solutions is as small as
ve wish, during as long a time as we wish. In addition, these periodic solutions
are so valuable for us because they are, so to say, the only breach by which we
13y attempt to enter an area heretofore deemed inaccessible.

37. Let us again take the equations

d . .
2?:,\,- (¢=1,2, ..., n), (l)

sssuming that values X, are functions of the n unknowns X1y Xpy eeey X of time

i
t and of an arbitrary parameter u.

Let us assume, in addition, that these functions are periodic with respect to
< and that the period is 2.

Let us imagine that, for p=0, these equations admit a periodic solution of
period 2m

Tp=¢;(t)

in such a way that
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zi(0) =c¢i(2=%).

Let us attempt to see if equations (1) will still admit a periodic solution
of period 2m when u is no longer zero, but very small.

Let us consider now any solution.
Let ¢i(o)+ai be the value of x, for t=0; let cpi(0)+ai+¢i be the valie of x,
for t=2m.
The Vi will be, according to the theorem from art. 27, holomorphic functions
of u and of the Bi’ and these functions will vanish for
p=Bi=f1=...=Bs=o0.

In order to express the fact that the solution is periodic, it is necessary
to write the equations

h=¢1= ... =¢n—o. (1)

If the functional or Jacobian determinant of the §, with respect to B, is not zero 1@2
for u=Bi=0, the theorem from art. 30 tells us that we can solve these n equations

with respect to B and that we find
p" = OI(P),
ei(p} being developable in powers of u and vanishing with w.

We must conclude from this that for values of p sufficiently small, the dif-
ferential equations admit one more periodic solution.

This is true, if the Jacobian of the § is not zero or, in other words, if for
u=0 equations (1) admit the system

as a simple solution.

What will now happen if this solution is multiple?

Let us assume that it is multiple of the order m. ILet m be the number of so-
lutions of system (1) for small positive values of w, and m, the number of solutions

of this same system for small negative values of pu; I intend to refer to solutions
such that B, 32, ...y B, tend to O with .

According to what we have seen in articles 32 and 33, the three numbers m,
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-, and m, are of the same parity. If therefore m is odd, we will be assured that

tzere still exist periodic solutions for small values of pu both positive and neg-
ztive.

If m; is not equal to my, the difference can only be an even number; it can

znerefore result that, when we cause p to increase in a continuous manner, a cer-
tain number of periodic solutions disappear at the moment when pu changes sign (op

. zore generally, when nothing distinguishes the value p=0 from other values of u,

:t the moment when p passes by some u_); however, this number must always be even.
K 0

A periodic solution can therefore disappear only after being fused with an-

. isher periodic solution.

In other words, the periodic solutions disappear by pairs in the manner of
-ne real roots of algebraic equations.

According to art. 33, we can eliminate between equations (1) the n-1 variables
2y Bos 35, ...y B,_1» and obtain a single equation

P(Basp)=0 (2)
“hose first member is holomorphic in Bn and u and vanishes with these variables.
If we consider for a moment Bn and u as the coordinates of a point in a plane,

tnis equation represents a curve passing through the origin; a periodic solution
corresponds to each of the points of this curve,

We will therefore be able to realize all of the circumstances which can pre-
sent themselves by studying the form of this curve in the neighborhood of the
origin.

An interesting special case is the one where, for u=0, the differential equa-
tions admit an infinity of periodic solutions.

Let

zl=?l(¢r,')t .1.‘,-—-?](1,,!), ey zll:?n(‘)l‘)

te a system of periodic solutions containing an arbitrary constant h. No matter
vhat this constant may be, the functions @y are periodic of period 2m with respect

to t, and they satisfy the differential equations when we substitute them there
in place of the x, and make p=0.

In this case, for u=0, equations (1) are no longer distinct, and equation (2)
st be reduced to an identity.

Then the function ¢ must contain p as a factor and reduce to p@l, in such
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a manner that curve (2) decomposes into a straight line u=0O and another curve
@l=0.

A periodic solution corresponds to each point of this curve Ql=0, so that

the study of this curve will allow us to know the various circumstances which may
present themselves.

However, this curve $,=0 does not always pass through the origin.

We must therefore, above all, make use cf the arbitrary constant h in such a
way that this curve passes through the origin.

Another special case which seems to me to be worthy of interest is the follow-
ing: Let us assume that we have found by any means that curve $=0 presents a g5
branch B passing through the origin. A periodic solution will correspond to each
of the points of this branch. Let us imagine, in addition, that we know in any
manner that branch B is not tangent to the straight line p=0; let us assume finally
that the functional determinant of the y with respect to the B is zero. From this
we will conclude that

de _
dia

and, as branch B is hypothetically not tangent to the straight line u=0, we will
have to have

This shows that the curve $=0 presents at the origin a multiple point: con-
sequently one or several branches of the curve other than B will pass through t-c
origin. Save for exceptional cases to which we will return later, at least one of
these branches is real.

There will exist, therefore, apart from periodic solutions corresponding to
branch B, another system of periodic solutions, and the solutions of the two sys-
tems will blend into only one for u=0. Here is a circumstance where this case will
appear.

Above we called

ei(0) + Bs
the value of x; for t=0 and
ei(0) + Bi+

the value of X for t=2m.

In the same way, let us call
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9i(0) + B+ ¢;

the value of X for t=2km, k being an integer.
I suppose that for p,=81=32=...=8n=0 the functional determinant of y§ with

respect to B, which I call A, does not vanish, whereas the functional determinant
of the y' with respect to the B, which I call A', does vanish.

From the fact that A does not veanish, we can conclude that there exists a - /86
periodic solution, of period 2m, which reduces to

Ty= ?3(‘)

for p=0. If we construct the curve
$=0

corresponding to the periodie solutions so defined, this curve will pass through

the origin, and its tangent will not be the straight line p=0, because A is not
zero.

However, a solution of period 2m can be equally regarded as a periodic solution
of period 2km.

Let us therefore seek the periodic solutions of period 2km. To do so, we will
nave to solve the equations

Yi=¥y=...=§p=o.

Be eliminating among these equations Bl, By ..., B , we will obtain a single
equation 2 n-1

@'(p,., m)=o
wiich, according to our conventions, will represent a curve passing through the or-

igin.

We must again find our solutions of period 2m; therefore curve $=0 will be
cne of the branches of the curve $'=0(#' will therefore be divisible by &), and
this branch will not touch the straight line pu=0.

Moreover, since A' is zero, we will have

Therefore the origin is a multiple point of curve $'=0. There exist, there-
fore, solutions of period 2km, distinct from the solution of period 2r and merging
vith it for u=0.
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There are several exceptional cases to which we will return later.

I still have to speak of the case where equations (1) from art. 36 admit an

integral
F(zy, 2:. .... z,, t) = const.

whose first member (which I will for brevity write as F[xi, t])is a periodic func-
tion of t of period 2m. zfii_
I say that in this case equations
h=¢1=...=Us=o0 (1)
will in general not be distinct.
In effect, we will have identically
F[9i(0) + Bi; o] = F[ei(0) + Bi + ¢i; 27] = F[oi(0) + Bi+ i’ o). (2)
Let us therefore consider equation
F[oi(0) + Bi+ i, 0] — F[2i(0) +3s, o] = 0. (3)

The first member can be developed in terms of the powers of wi, B. and u; in
addition, it vanishes when the y; vanish. *

Let us assume that we do not have
dF—
EE;"°
for xi=¢i(0), p=0.

The derivative of the first member of (3) with respect to , does not vanish

for
Y=o, Bi=o, p=o.

Therefore, by virtue of the theorem from art. 30, we will be able to eliminate
from equation (3)

a=0(%n $1, coos Ynmis Buo Bay oo Bay w0
6 being a series developed in terms of the powers of‘yl, ¢2, cee, ¢n-1; Bl’ 52,
-++» B, and p vanishing when we have, at the same time,
fr=Yr=...= Yus= 0.
The n-th of equations (1) is therefore. a consequence of the first n-1,

If we had dF _ dF
dz, =" 45 <°
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for xi=qi=(0), it would be the first of equations (1), a result of the last n-1.

In any case, equations (l) will not be distinct. There would be an exception {88
only 1f we had at the same time

d—?‘ =FI—3=” = ——— =0
or xi= q:i( O), p=0.

We will therefore suppress one of equations (1), for example,

‘l”ll = 0,

=0, to

.o dF .
(lf‘ag ED), and then solve, with respect to B, the system ¢l=¢2=...= -1

n
wnich we will add an n-th arbitrarily chosen equation, for example,

Bi=arbitrary const. or F=C,
(C veinz a ziven constant).

For each value of u there is therefore an infinity of periodic solutions of
teriod 2m; if, nevertheless, we regard the constant C (to which F is equated) as
~lven condition of the problem, there are not generally more than one.

Fad

T instead of one uniform integral, we had two

F (zy, 74, ..., Zn, t) = coast.,
Fy(zy, 24, ..., Zp, t) = const.,

“ne last two equations (1) would be a result of the first n-2, provided that the
Jzccbian

an dZp_y  dzp—y dzy
5 not zero for xi=qi(0), p=0.
We could then eliminate these two last equations
$a-1=¢a=o,
znd replace them by two other arbitrarily chosen equations.
Case When Time Does Not Enter Explicitly Into the Equations

38. 1In the preceding we assumed that the functions Xl, X2, ceay Xn, which 189
enter differential equations (1), depend on time t. The results would be modified
if time t does not enter these equations.

First there is a difference in the two cases which cannot be ignored. We
~al assumed in the preceding that values Xi were Dperiodic functions of time and
that this period was 2m; this gave us the results that if the equations admit
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a periodic solution, the period of this solution would have to be equal to 2m
or to a multiple of 2n. If, on the contrary, values Xi are independent of t,
the period of a periodic solution and be of any duration.

In the second place, if equations (1) admit one periodic solution (and if
values X do not depend on t), they admit an infinity of such solutions.

If, in fact,

Ty =9 (1), Ty Gyl T, =cou(l)

is a periodic solution of equations (1), it will be the same case, no matter what
the constant h is, for

z;‘=?|('-4-’l), 2‘,=9|(l—1—/5), ey Tp= ?,.(l-b-’l).

Therefore, the case with which we first concerned ourselves, and for which,
for w=0, equations (l) admit one and only one periodic solution, cannot occur
if values X do not depend on t.

Let us therefore concern ourselves with the case where time t does not enter
explicitly into equations (1), and let us assume that for w=0 these equations admit
a periodic solution of period T

1= ?l(‘)l Ty = ?l(‘)' EERX) Zn=Qa(l). ()4)

Let q;i(O)+Bi be the value of X for t=0; let cpi(O)+Bi+¢i be the value of X,

for t=T+rT.

The ¢, will be holomorphic functions of , B 52, ..., B_and of r vanishing
n
with these variables.

We therefore have to resolve with respect to the n+l unknowns /90
ph ph crey pn; T
the n equations
¢|=('(’=..-== n = O. (5)

We have one unknown too many; we can therefore arbitrarily assume a value, for
example,

Ba=o.

We will then derive from equations (5) By By coey and Tt as holomorphic
functions of u vanishing with w. This is possible unless ghe determinant
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49 dv  dy dh
diy df d3a-y dr
dyy di, dby  dy,

d3, d3. = d3,_, d«

dyy dis dy,  dy,
diy dBy T dBam, dt

‘s not zero for u..—_c.pi:'r:O.

If this determinant were zero, instead of arbitrarily setting Bn=0’ we would

:¢t, for example, Bi=0 , and the method would not fail if all the determinants con-

)

tained in the matrix

dyy d di,  d
T da B @
diy dls dy di
o R
dya  din dys d¥n
d3, di, =~ di, d:

vere zero at the same time. (It is to be noted that the determinant obtained by
:liminating the last column of this matrix is always zero for k=f,;=T=0.)

Since in general all these determinants are not zero at the same time, equa-
*ions (1) admit, for small values of M, a periodic solution of period T+T.

Let us call @_

-\h A!' ey An, All+l

the determinants contained in this matrix; Ai will be the determinant obtained by
eliminating the i-th column in it.

The periodic solution, which has served us as a starting point and which belongs
t0 equations (1) for u=0, was written, we remember,

zi= ().

]
I designate by . (t) the derivative of this function cpi(t) and here is what
I propose to demonstrate:

If :p'n(o) is not zero, the determinant A, cannot vanish without all the deter-
ninants

Ay, Ay, ..., An Apyy
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vanishing at the same time.

In fact, if we assume that all these determinants are not zero at the same
time and that A is zero, I say that ¢',(0) will be zero.

The differential equations not containing time explicitly will still admit
for w =0 the periodic solution

Zi= ot -+ h),

no matter what the constant h may be.

If therefore we make

T=o0, p=o, pi.—_ 9,([.\_5‘(0)
the ¥ will vanish, no matter what h may be.

This will continue to be true if h is infinitely small, which gives us the

relations
g'%_l ’ d'!Jl' ’ '{'tJf ’
dp'?‘(o)-i- ‘Eg,(o) —.+;?-;?n(0) (6)

(§=1,2,...,n).

These relations (6) first will show that A ,, is zero.

Additionally, there cannot be among the quantities

d, dy,
a3’ =

other linear relations of the same form, i.e., of the form 592

b a9 i dyi _
qup'ﬂ-Ag dp'-f-...-f-A“E-l-A,H.'-d—t =o0

(i=1,2,...,n).

(2)

Without this, in fact, all determinants Ai would vanish at the same time.
We have assumed that A, is zero. However, this determinant is nothing other
than the functional determinant of ¥y, Vo, ..., ¥ and B, with respect to By 62,

ceey Bn and 7. To say that this determinant is zero is therefore to say that we

have among the derivatives of the ¥ relations of the form (2), and in addition that

A]Ep—:-'FA’zgf-F...-l‘An;—:-PAn..., 4—3;":0’

i.e.,



However, here there cannot be relations of the form (2) other than the re-
lations (1). We have therefore

a= 2a(0)
and consequently
oL(0) =o.
If therefore cp'n(o) is not zero (and we can always assume so; for if it were

not so, a change of appropriate variables would suffice to lead us to this case),
it is unnecessary to consider all determinants Ai: considering An suffices.

If A, is not zero, we will solve with respect to the B the equations
fr=th=...=fu=Pa=o. (3)
It appears at first that the arbitrary introduction of the equation B,=0
limits generality and that we can thus find only the periodic solutions, which
wre such that B, is zero for t=0. However, we will obtain the others by changing
* into t+h, h being any constant.

If, on the contrary, A, is zero, we will eliminate Bp, B3, «e+, B, 8and T among
squations (3), and will obtain a single equation /93
*(Pnp)=o

znalogous to the equation of the same form from the preceding article.
This equation may be regarded as representing a curve passing through the ori-
zin, and the study of this curve will permit us to become familiar with all the

sircumstances which might present themselves.

We will meet as well absolutely the same particular cases as in the preceding
erticle.

For example, the periodic solutions, when we make w vary in a continuous man-
ter, can only vanish in pairs, in the manner of roots of algebraic equations.

It might also happen that, if we make p=0 and B, =0, there exists an infinity
of periodic solutions. Then ¢ is divisible by W, and we may write
¢=F°l

in such a manner that curve &0 has two segments, the straight line p=0 and the
turve §1=0. It will in this case be advantageous to replace the equation

4=0
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by the equation
4’] = 0.

It will even happen that some of the functions Wi are divisible by W, in such a
manner that, for example,

hi=pdl,  ha=pdy. =g
wi, Wé, Wé being holomorphic functions of u, of B and T.
It will then be advantageous to replacs equations (3) by the following:
Ba=o, Hi=Hi=¥:i=o, W=hi=..=ta=o.
We will see examples of this in the following text.
If we suppose that there exists an integral

F(zy, Zs, .. ., Ta) = conSst,,

equations (3) are no longer distinct and we replace them advantageously by the
following

Ba=0o, F=2C+p, be==...=¢a =0,

where /oy
C =F[?I(°)t ?!(o)v ---n?u(o)]t
while A is an arbitrary constant.
We will also be able to replace equations (3) by
p,,:o, tT=20, 1!;,:‘,’;,:...=\}4,,=o,
from which there results this important consequen-e: in the general case, for
small values of W there is no periodic solution having the same period T as for
u=0; on the contrary, if there exists an integral F=const., we will be able to

find, providing that p is sufficiently small, a periodic solution having precisely
this value T as a period.

In fact, if we do not have

d¥ =0
dz;
for z;=Qi(0),
the equations
hr=ds=...=¢a=0



itply ¢r1=0 .

Here is another circumstance that we have encountered in the preceding arti-

~le and which we again will find here.

Let Bi be the value of X4 for t=0, Bi+wi be the value of X4 for t=T+T, and
%}Wi ce the value of X5 for t=kT+T, k being an integer.

Let us imagine that the functional determinant of the Wi’ with respect to
31, B2’ ceey By1s T is not zero, but that the functional determinant of vi is
ero.

Let us eliminate B2, 63, ceey Bn and T among the equations

yi=0, Ba=o;
vz will obtain the single equation
*Buu)=o0

wnizh we will regard as representing a curve; this curve has a simple point at
the origin.

Let us now eliminate B,, 63, ..., B, and T among the equations

#2 will have
' (B, ) ~o.
We would see, as in the preceding article, that &' is divisible by ¢. The

murve 3=0 can therefore be regarded as one of the branches of the curve $'=0;
since the functional determinant of §' is zero, we should have

@ _,
s =~

Therefore, either the curve $'=0 has several branches passing through the
origin, or on the other hand, it must be tangent to the straight line u=0.

But already we are familiar with one of the branches of the curve $'=0,

ramely $=0, and we know that the tangent to this branch is not the straight line

u=0. Therefore the curve $'=0 has other branches passing through the origin.

This means that these differential equations admit periodic solutions of

[95

“hich the period is little different from kT, which are distinct from the periodic

solutions of period T for small values of W, but which converge to them for u=0.

™



Application to the Problem of Three Bodies
39. Does the Problem of Three Bodies admit periodic solutions?

Let us again take the notations of article 11 and let us designate the three

masses m, , azu and a3u. If we make u=0, i.e., if the two small masses are re-

garded as zero, the large mass will be fixed and each of the two small ones will
describe about the large one a Keplerian ellipse.

It is clear, then, that if the average motion of these two small masses
are commensurable to each other, at the end of a certain time the entire sys-
tem will again be found in its initial position, and consequently the solution

will be periodic.

This is not all: instead of relating the three masses to fixed axes (or to
movable axes which remain constantly parallel to the fixed axes, as in article 11),
we can relate them to movable axes moving with a uniform rotational motion.

It can happen that the coordinates of the three masses, with respect to the /S~
fixed axes, are not periodic functions of time, although the coordinates with re-
spect to the movable axes will on the contrary be periodic functions of time (cf.

article 36).

Let us assume now that p=0; the two small masses will describe Keplerian el-
lipses; let us assume that these two ellipses are in the same plane, in the plane
of the X1, Xp, for example, and that their eccentricity is zero. The motion of

the two small masses will then be circular and uniform; let n and n' be the mean
motions of these two masses (n'>n).

Iet us assume that the origin of the time has been chosen at the moment of
conjunction, such that the initial longitude of the two masses is zero.

At the end of time-%?:a these longitudes will have become, respectively,

azn awn
n—n and g

and their difference will be equal to 2.

The two masses are again in conjunction, and the three bodies will again be
in the same relative position. The entire system will have turned through an
2

angle equal to nton

If, therefore, we relate the system to two movable axes turning with a uni-

form motion with an angular velocity equal to n, the coordinates of the three
bodies with respect to these movable axes will be periodic functions of the time

an
of period ;'-n -

From this point of view, and according to what we have said at the end of
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article 36, this solution can still be considered as periodic.

Thus, in the limiting case where u=0, the Problem of Three Bodies admits
n2riodic solutions. Do we have the right to conclude from this that it will still
z4mit them for small values of u? This is what the principles of articles 37 and
= will permit us to decide.

u(

\

The first periodic solution which has been indicated for the case where p=0
is that discovered by Lagrange and where the three bodies describe similar Kep-
lerian ellipses, while thelr mutual distances remain in a constant relationship /97
(-f. Laplace, Mecanique celeste Book X, Chapter VI). This case has been too well
studied for us to repeat it.

Hill, in his quite remarkable researches on lunar theory (American Journal of
“zthematics, Vol. 1), has studied another one, whose importance is much greater
‘rom the practical point of view.

I again took up the question in the Bulletin astronomique (Vol. 1, p.65) and
I hzve be=n led to distinguish three types of periodic solutions: for those of
the first type, the inclinations are zero and the eccentricities quite small; for
tmcse of the second type, the inclinations are zero and the eccentricities finite;
Tinally, for those of the third type, the inclinations are no longer zero.

For these as for those, the mutual distances of the three bodies are periodic
Tinctions of time; at the end of a period, the three bodies again are found in the
izme relative position, the entire system having turned only by a certain angle.
Tt is therefore necessary for the coordinates of the three bodies to be periodic
functions of time, that they be related to a system of moving axes moving with a
iniform rotational motion.

The speed of this rotational motion is finite for first-type solutions and
2ry small for those of the two latter types.

First-Type Solutions

ko, I am going to reproduce here what I have already presented on the sub-
izt of these three types of solution. I will begin with those of the first type,
“aich contain, as a particular case, that of Hill.

let us again take up the notations from article 11. ILet A,B,C be the three
~asses, which I will assume to remain constantly in the same plane. Let D be the
nter of gravity of A and of B. Iet xj, and x5 be the coordinates of B with re-
fpect to the fixed axes having their origin in A; let x3 and xh be the coordinates
¢f C with respect to axes parallel to the fixed axes and having their origin in D.

Let us adopt the variables from article 12, i.e., the variables /98

A, N, 8, PP,
l: 1') n o, ¢ ?'-

Here, the motion occurring in a plane, we will have

[



p=p=9=q=o.

The mutual distances of the three bodies and the derivatives of these dis-
tances with respect to time are fun:tions of

A, A, Ecosh—nysind, Esin) + 7 cos}, (1)
8 cosk’—q/sind’, Esind’ -7 cos)

and Of X' 'Xo

In order for the solution to be periodic, it is therefore necessary that at
the end of a period the variatles (1) resume their initial values and that A'-A
increase to a multiple of 2m, that is, A'-A will increase by 2m.

If we have u=0, the motion is Keplerian; let us assume that, moreover, the
initial values of A,\', €, T, €', T' are zero; then the motion will be circular

and uniform.

If the initial values of Ay and A'g of A and of A' are chosen in such a man-
ner that the mean motions are n and n', the solution will be periodic of the

period

n'-n

Let us no longer assume now that u is zero, and let us consider an arbitrary
solution; we will be able to choose the origin of time at the moment of a con-
junction and to take for the origin of the longitudes the longitude of this con-

junction.
The initial valuesof A and A' will be zero.
Let Ay+By, Ay+B, be the initial values of A and A'.
Let go, ﬂo, gé, ﬂé, be the initial values of £,TM, and €', T'.
These will also be the initial values of the four last variables (1).

Now let 2rr+1,';0 te the value of A'-A at the end of the period

ar
- .
n—n

At the end of this same period, let

A+ B+, Ap+Bi+
be the values of A and A', and let /o0
fo+da, Mo+, Ko +dss Mo+ b

be the values of the last four variables (1).
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o+ vy

In order for the solution to e periodic, it is necessary that
hh=ti=h=di=h =9 =¢ =o.
These equations are not distinct; the differential equations of motion admit
2t two integrals: the vis viva integral and the area integral. The Jacobian
nese two integrals with respect to A and A' is not zero for
p=o0, E=n=¥¢=1%"=o0o.
The equations \Lrl=\1;2=0 are therefore a consequence of the other five.

e therefore have to solve the system

bo=ta=di=db =Y =o0, (2)

> which we will adjoin the vis viva equation F=C, where we consider the constant
: ~iven condition of the problem.

It is therefore necessary that we consider the functional determinant of the

“irz= members of these six equations with respect to the six variables

ply p!) Elv LT 5;, 7"0

:~% that we demonstrate that this determinant does not vanish for

p=fi=Pf=b=n1=% =1, =o0.

.zv, for u=0, we have

’

F=F,= Y Y
Fo= v Y oo

vznd y' peing constants depending on the masses,

=g Zg [ (e R) = (1))

) o
s = fo(coske —1) —mesindy, ¢ = Eosindy + me(cosy —1),
$s = &y (cosXy —1) — 7, sin Ao, de=¢%, sindy + Ne(cosdy —1),

¥rare

1

Cen

o= ot (.l+-£—')_’, 2\, = 3"_1:1! ('_'__p_',)-. ,

n—n

and X(') therefore designating the values of the two longitudes at the end of the

2riod, in such a manner that

,1:+¢°=X'.—)s..
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Wz whuc zee snzt for =T, Foand y. dspend orly on B and B3 ¥, and ¥y on 3.,

3 P P I I3 » T
=Zr.2 T -y O = EBLZ Jg on 69, :,! and .
- o - = J -
.r functicrzl determinant is therefore the product of three others:
(1) ‘izt of F- and y- with respstt B and B,;

(2) +*rat of 73 ani ., with respect to £ and

tr.eze three dsterminants vanishes crnly feor AC=A6, n=-n', this

becauce if it vanishes, instead cf adicining to the vis
L ere ary other ejuation arbitrarily

io matter what it may te, the czse cof n=-n' presentins

.
—

|
-

a2 diverse nature and having no importance from the point of view
, we will leave it aside.
(2) The zecond determinant reduces to
(1—cos),)t —+ sin?),.

It therefore can vanish only if XO is a multiple of 2.

For
§|=.3:=Eo=7.o=50=7.;=~0
we have
2n=
A .
° n'—n

Our determinant therefore will vanish only if n is a multiple of n'-n.

(3) In the same way, the third determinant will vanish only if n', and con-
cequently n, is a multiple of n'-n.

As a consequence:

For all values of the vis viva constant C, which is equal to
RSN
(5) = (3)'"

and for small values of W, the Problem of Three Bodies will admit a periodic sol-
ution of the first type whose period will be

n'-n

There will be an exception only if n is a multiple of n'-n or if n=-n'.
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There is a four-fold infinity of periodic solutions of the first type; we
-an in fact, if u is small enough, arbitrarily choose:

(1) the perlodno iy T;

(2) +the constant C;

(3) the moment of conjunction, which we had taken in the preceding calcu-
lation for the origin of time;

(4) the longitude of conjunction, which we had taken for the origin of the
longitudes, such that we have, for each value of B, = periodic solutions.

We can obtain these solutions in the following manner.

Let us assume that at the origin of time we have

K:l':'q:?.':o;

‘he three bodies will be in conjunction and their velocities will be perpendicular
to the straight line which joins them; this straight line will be the axis Axl,

vhich at this instant becomes the same with the axis Dx From this symmetry of

30
the position of the three bodies at the instant O the following consequences result
irmediately:

The values of the vector radii, at instant t and at instant -t will be the
same; the values of the longitudes at instant t and at instant -t will be equal
and of opposite sign.

We will then say that at the epoch O the three bodies are found in symmetrical
ronjunction.

We have assumed that there is symmetrical conjunction at time O and that at
this moment the common longitude of the three bodies is zero; we have thus deter-
~ined four of the osculating elements A, A', T, T|'. We will dispose of them in

T
such a manner that at instant > there is again symmetrical conjunction and that

the common longltude of the three bodies 13 2" , or, more exactly, that we have z102
(calling v and v' the true longitudes)

nw nw
;, Il’ o= ﬁ+t'

o =

It is therefore not a problem, properly speeking, of a symmetrical conjunction,
tut of a symmetrical opposition.

In order that there be symmetrical conjunction (or opposition), it is neces-

sary, as we have just seen, to have four conditions; we will therefore have four
equations to determine our four elements, which have remained arbitrary. These
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four equations may be resolved if the corresponding functional determinant is not
zero; now, this is nottrue in general: it is, as we would see by easy calculation,
completely similar to the one which precedes and which it is useless to reproduce

here.

Thus, the vector radii have the same value at the epoch t and at the epoch
-t; the same value still at the epoch t and at the epoch T-t (since there is still

symmetrical conjunction at epoch«%-. As for the difference of the longitudes, its

values at epochs t and -t (or still at epochs t and T-t) are equal and of opposite
sign. Therefore the mutual distances of the three bodies are periodic functions
whose period is T. These solutions, which present alternately symmetrical conjunc-
tions and oppositions are therefore periodic solutions.

We might believe that the periodic solutions thus defined are less general
than those when existence we had first demonstrated. This does not matter;
there is also a four-fold infinity of these for we can arbitrarily choose the
epoch of conjunction and opposition, and the longitude of the three bodies at
the moment of this conjunction and of this opposition. Therefore there remain
four parameters, which shows that all the solutions of the first type are in-
cluded in this same category. If we conveniently choose epoch O, there is for
all solutions of the first type a symmetrical conjunction at the beginning of
each period and a symmetrical opposition in the middle of each period.

We can make this clear in the following manner:

It is always permissible to assume that the origin of the times has been ;i;
chosen in such a manner that the initial values of A and A' are zero. It suf-
fices here to take the epoch of a conjunction as origin of the times and the
longitude of this conjunction as origin of the longitudes.

On the other hand, the equations of the Problem of Three Bodies present a
symmetry such that they do not change when we change t to -t, or when we change
simultaneously A to -\ and A' to -A'.

If therefore there is periodic solution when the initial values of the var-
iables A, A', A, A', €, T, €', T' will be A6+Bl, A6+32, 0, 0O, €0 nO’ g&, né,

there will still be periodic solution when these initial values are
Ao+3'n A’o"'p:. o, o, Eo: — 7o, 53—7.3

Equations (3) therefore do not change when we change Tb and TB into -Tb and
-Tl'
00

Now these equations (3) have only one solution; we must therefore have

N =T =0,

which means that at the origin of time there is symmetrical conjunction.
Q. E. D.
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The «F periodic solutions of the first type are related one to another by
zimple relationships. We can pass from one to the other: (1) by changing the
:rizin of time; (2) by changing the origin of the longitudes; (3) by changing si-
maltaneously the units of length and time in such a manner that the unit of
lenzth is multiplied by k*’? when that of time is multiplied by k. All these
cnanges do not alter the form of the equations and, consequently, can only change
these periodic solutions into the others. There is therefore, in reality, only
sre simple infinity of truly distinct periodic solutions; each of these truly dis-

]
“inct solutions is characterized by the relationship né-n , or, which is the same,
0
w7 the difference between the longitude of a symmetrical conjunction and that of
~~e opposition which follows it.

Hill's Researches Concerning the Moon

L1. There is a particular case where the solutions of the first type are Zth
simplifiied: it is the one where one of the masses, the mass m, for example, is

irfinitely small. The motion of C with respect to A then remaining Keplerian,
~nere can be a symmetrical conjunction there only when C passes at the perihe-

_ongitude of a symmetrical conjunction should therefore differ from the longitude

:f the symmetrical opposition which follows it immediately by an angle which should
nl

2z a multiple of m. Now this will not be true unless ? is integral, a case
n'-n

waich we have precisely excluded. We must therefore conclude that the motion of

C is circular.

The simplicity is greater if we assume that the mass of C is much greater than
that of A and that the distance of AC is very great (which is the case in lunar
trecry). If we assume AC infinitely large and the mass of C infinitely large, such
thst the angular velocity of C in its orbit remains finite; if, at the same time,
we relate the mass B to two moving axes, namely to an axis AE coinciding with AC
1d to an axis AT perpendicular to the first, the equations of motion will became,
s Hill has demonstrated,

=z
(

5

N

o ,
d—‘f—:n%+(£—3n*)§=o
v (1)
-‘m—znz-i-r.ri:o;
~. designating the angular velocity of C.

Periodic solutions of the first type still subsist in this case and they are
those whose existence Hill first recognized, as I have said above.

They include symmetrical conjunctions and oppositions which can only take
Dlace on the axis of g. However, they include still other notable situations
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which we could call symmetrical quadratures; under these circumstances BAC is the
right angle and the velocity of point B with respect to point A is perpendicular /125
to BA.

In fact, the equations include a symmetry which does not change when we
change € into -€'; neither, therefore, should the periodic solutions change when
we change € into -£. If, therefore, we consider the relative trajectory of point
B with respect to the system of movable axes Af and A7, this trajectory is a
closed curve (since the solution is periodic), which is symmetrical at the same
time with respect to AE and with respect to AT.

If, on the contrary, assuming the motion of C circular and taking for the
axis of € the straight line AC, we had not assumed the distance AC infinite (if,
in other words, in constructing the lunar theory, we had taken account of the
Sun's parallax in continuing to neglect the inclination of the orbits and the Sun's
eccentricity), this relative trajectory would still have been a closed symmet-
rical curve with respect to the axis of €, but it would no longer have been sym-
metrical with respect to the axis of T.

Equations (1) admit an integral which is writtan
1 /dE\t 1 /dn\* p 3 _
2(@) (@) -t -ime=c

Hill has studied how the solutions of the first type vary when we increase
C; he recognized that the relative trajectory is a symmetrical closed curve, the
form roughly approximating that of an ellipse, of which the major axis would be
the axis of the 7. When C is very small, this type of ellipse differs very little
from a circle, and its eccentricity increases rapidly with C. TFor large values
of C, the curve begins to differ greatly from an ellipse, but the relation of the
major axis to the minor continues to increase with C. Finally, for a certain
value of C, which I will call C,, the curve presents two points of regress sit-
uated on the axis of 7. Hill terms this the orbit of the "Moon of maximum lun-
ation." His calculation, based sometimes on the use of series, sometimes on the
use of mechanical quadratures, is much too long to find a place here; I will
state only that Hill has exactly constructed the curve point by point for various
values of C, and in particular for C=CO. He can have here, therefore, no doubt

whatever concerning the exactitude of his results. /108
It is easy to realize the significance of these points of regress. I assume

that at any instant the relative velocity of mass B with respect to the moving
axes becomes zero such that we have at the same time

af _dn _
P77kl

it is clear that the relative trajectory will present a point of regress.

This is how he arrived at his "Moon of maximum lunation."

Hill expresses himself as follows:
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"The Moon of the last line (i.e., the Moon of maximum lunation) is, of the
class of satellites considered in this Chapter, that which, having the longest
lunation, is still able to appear at all angles with the Sun and then undergo
211 possible phases. Whether this class of satellites is properly to be pro-
longed beyond this Moon, can only be decided by further employment of mechanical
quadratures. But it is at least certain that the orbits, if they do exist, do
not intersect the line of quadratures and that the Moons describing them would
rake oscillations to and fro, never departing as much as 90° from the points of
conjunction or of opposition.”

There is here, on the author's part, only a simple intuition not resting on
zany calculation or reasoning whatever. Simple considerations of analytical con-
tinuity permit me to affirm that this intuition failed him.

We first wonder if the solutions of the first type still exist for C>C,, or,
r. other words, if the class of satellites studied by Hill can be prolonged be-
ond the Moon of maximum lunation. Let us assume, to this end, that at the origin
of the times mass B (i.e., the Moon) is in quadrature (on the axis of the T\),
zand that its relative velocity with respect to the moving axes is perpendicular to
‘ne axis of the 1.

I call §, &, Ty T the initial values of [, % —F, 5 and Z'=n . In

de

the case of Hill's Moon of maximum lunation, we have &e=¢§, =7, =0,
and I call 1g the corresponding value of Tb

At the end of a time T, equal to the quarter of a period, this Moon will be /107
fourd in symmetrical conjunction, and we will have

Let us consider now another particular solution from our differential equa-
tions, and let

o. £ T ©
te the initial values of
3 & w7,
in such a manner that at the origin of the times one is in symmetrical gquadrature.

Let us consider the values of T and of &' at the end of time T+T; and let

1)=/'|(T+‘C, E:h-'io)z
§=/(T~+ =8, 70)
The values fl and f2 are developable in terms of the powers of T, §O and Tb-

Tg, and vanish for
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If we have
fl=j’=°1 (2)

one will be, at the end of the time T+T, in symmetrical conjunction, and the sol-
ution will be periodic of period LT+hT.

We can extract from equations (2) T and T as functions of €', and T and T_
are developable in terms of the powers of SO. 0 -

There would only be an exception by virtue of article 30, if the functional
determinant of fl and f2 with respect to T and ﬂo vanished precisely for

— i — 50
t=f=0, TmM=713.

It is extremely improbable that this will be true; some doubts may still sui-
sist, however, if Hill's mechanical quadratures do not clearly prove the contrary.
Here is, in fact, how Hill proceeded to determine . He calculated, for dif-
ferent values of T and of ﬂo, th= functions

/-

Ji(T,0,70), f1(T,0, %),
and he then determined by interpolation the values of T and of nj’ for which thes=
two functions vanish. If the functional determinant of fl and of f2 vanished pre-
cisely for these values, interpolation would have become impossible by ordinary pro-
cesses. We must therefore conclude that the class of satellites discoverad by Hill

can be extended beyond the Moon of maximum lunation.

What therefore becomes the form of the orbit beyond this Moon? The values
of € and of T/ depend on time t and on parameter Eé , because the other initial

value ﬂo is given as a function of 56 by equations (2).
If §6 and t are sufficiently small, € and T can be developed in terms of the
powers of these two variables. In addition, by reasons of symmetry, € will only

contain odd powers of t, and T will only contain even powers of t. We therefore
will have

" v
=':+JH+5iﬂ+m
e Eo 6 120 )

g(()n) being the initial value of the n-th derivative of E.
If 56 and t are sufficiently small, I may, without substantial error, reduce

m
€ to its two first terms; in addition, §0 is developable in terms of the increasing
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powers of €'; but, since 56 is very small, I may reduce 58 to the value which
T "5
tnis quantity take for §5=0. Now, for §6=O, we have

w —2rn
8= wn,

°T (i’
we therefors have

=t — gl o

(3)

for the Moons considered by Hill and of which the lunation is less than that
:f the Moon of maximum lunation, £' is negative, the two terms of the second mem-
czr of (3) are of the same sign, and £ cannot vanish for very small values of t,
if it is not for t=0.

On the contrary, for the new satellites in question and which we encounter

:fter the Moon of maximum lunation, 55 is positive and £ vanishes for 109

t=o, ¢=i7‘=

2

wn’

There are therefore three very small values of t for which § vanishes, i.e.,
“tree quadratures having very closely related epochs.

The relative trajectory for C>CO therefore presents the form represented by

Jigure 1.
/\/E\/'\
\/\:/\J]

Figure 1.

In the course of a period, mass B is found in quadrature six times, for its
relative trajectory intersects the axis of 7| in two double points and in two sim-
tl= points.

Thus Hill errs in assuming that this type of satellite will never be in quad-
rasture; on the contrary, there will be three quadratures between two consecutive
iyzygies.

It is not that there do not exist any periodic solutions for which mass B
:an never be in quadrature: we will study them later, in article 52; but these
solutions are not the analytical continuation of those which Hill so authorita-
Tively studied in the American Journal.

The same results are still true when we do not neglect the Sun's parallax,
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except that the symmetry with respect to the axis of the T disappears.
Application to the General Problem of Dynamics
42, Now, before instituting the study of second and third kinds of periodic
solutions, we are going to study the periodic solutions of the equations of Dy -

namics in a more general manner. 11¢

Let us return to the equations of article 13

dz; dF é][ dF (1)

Xy d s dn

and the hypotheses of this article. The function F is developed in terms of the
powers of a very small parameter u, such that

F=F¢+ F-F’-F P-’F|+-...
Here F is a periodic function of y; FO is a function only of x. I will assume,

to establish the ideas, that there are only 3 degre=s of freedom. It is easy to
integrate these equations when p=0 and when F=FO.

In fact, FO not depending on y, these equations reduce to

dry _ o dy__ dFe_
dt ’ dt —  dzr; "

Values x; and consequently n, are therefore constants.
Thus, equations (1) admit the solution, when p=0,

Ty =a,, Iy = Qay, Z3= a,,
Y11= nit <+ wy, 2= Nyl 4+ ©,, Y= n3t + w,,

@ and ® being integration constants, and n being functions of «a.

It is clear that if

nT, nT, ny T

are multiples of 27, this solution is periodic of period T.

Let us now assume that p ceases to be zero, and let us imagine that in a
certain solution the values of x and y for t=0 are, respectively,

zy=ay+ By, Zy=ay + B, -‘l’a=as+pn
ri=wm+Pb, r=w+p;, yi=wy+ bi.

Let us assume that in this same solution the values of x and y for t=T are /

it
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Ty=a+ 3y + ¢,
Ty=ay+ By + ¢,
Hn=a+f +{,,
Nn=w+nT+ B+,
1=+ n, T + B+ ¢;,
Yi=wy+ nyT + B+ ¢q.

]

condition for which this solution is periodic of period T is that we have

.
oy
®

hi=ti=ds=d¢y == §s=o. (12)

> six equations (12) are not distinct. In fact, as F=const. is an integral

POt

»Y equations (1) and in addition F is periodic with respect to y, we have

F(ai+ 8w + 3irs) = F(ai+ B+ $i, wi+ 1T + Bins+ Yivs)
=F(a;+ Bi+ $i, ©i+ Biva + Yinsy).

Tt will suffice us therefore to satisfy five of equations (12). I will
z:ztume, in addition,

m,=,3;=o.
For this it suffices to choose the origin of the time in such a manner that
q is zero for t=0.

It is easy to see that the \Vi and the V¥ are holomorphic functions of w

i+3
znd of B, vanishing when all these variables vanish.

It therefore is a question of demonstrating that one can determine from the
last five equations (12) the B; as functions of .

Let us note that, when u is zero, we have identically
h={:1=¢=o.
‘onsequently, \lfl, Vo and \l;3, developed in terms of the powers of p and of B, con-

tzin u as a factor. We will isolate this factor p, and consequently write the
five equations (12) which we have to solve in the form

.2 J T S
il hh={s=g¢=o. (13)
For pu=0, we know the general solution of equations (1); we therefore easily /112

¢.=—T;-;-‘ F.(a,+ pj, as+ ph as + p’))

find

Ys=— T;;" Fo(3y+ Bi) a3+ By, a3+ By),
Ye=— T‘%" Fo(a;+ By, as+ By, as+ Ba)-
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The functional determinant of WM’ W5 and W6 with respect to Bl, 52 and 63 is

therefore equal, to within a factor -T3 to the Hessian of F with respect to x.

\4
I now propose to express.ﬁk We

and ¢3 functions of Bh’ B
p=0 and at the same time ]

and B,, assuming
n m 2 6

Now we find
from which

or, for p=0,

Y. [TdF,
. Stae
U (2)
Since we assume p=0 and at the same time
pl=pa=pa=0-
and if we remember thatco=Bh=O, we must, in the second member of equation (3),
replace X5 x2, x3, MERLY y3‘by respectively
ay;, Gy a3 M, nt+wy+ 3, Rt + v+ By
Then =1 becomes a periodic function of t
We can write
Fy=ZAsin(myyy+ myyy+ my y; + h),
m, m X m being positive integers, whereas A and h are functions of the inde- fll
pendents x of y.

We then have

dF dF
Fy=ZAsinw, F: =ZAm; cosw = E,

where we have set, for brevity,

w=t(myn,+ myny+ Myny) + h + my(wy+ By) + my(w;+- 8¢
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Fl thus becomes a periodic function of t of period T; it is equally a periodic

function of period 27 with respect to ®2+B5 and to ®3+B6.

I will designate by [Fl ] the mean value of the periodic function Fl’ such
that

T
(Fi]= %[ F,dt = SA sinw,

the sign S signifying that summation must be extended over all terms, such that
myn; -+ myng+ Mmyn; = o.

We then have

¥ _ pdlF] 4 (E):Ti’.[f_'_].
B o ' diges \ p dv; do;

From this we conclude:

(1) that it is always possible to choose W, and 03 in such a manner that
the equations

=€
Il
=&
I
o

are satisfied for B5=B6=O'
In fact, function[Fl], which is finite, is periodic in W, and W3: it there-

fore admits a maximum and a minimum; we will have, for this maximum or this mini-
um,

dw dﬂ, =0

d(F,] _ d[F,]
3

and consequently,

-

3

4
B

=

Q. E. D.

(2) that the functional determinant of-‘l{—2 andB » with respect to B_ and /114
b W 2

2
B» is equal to T multiplied by the Hessian of [Fl] with respect to @p end 3.
From this it follows that we can choose the constants 6)2 and ('53 so as to
satisfy equations (13). It remains, in order toestablish the existence of periodic

91



solutions, to show that the functional determinant of these equations, i.e.,

(’L’s ‘L” L XU ‘h) »
9(B1, Bay Bay Bus Be) ’

is not zero.

Now, for u=0, Wh’ V_ and w6 depend only on Bl, 62, 63 and not on 65 and £36.

5

This functional determinant is therefore the product of two others

¥ ¢
o(B.4) ang 9% b b
d(ph 3() d(ph .eh p!)

Now we have just calculated these two functional determinants, and we have
seen they are equal, to within a constant factor, one to the Hessian of [Fl] with

respect to ®2 and to ®3, the other to the Hessian of FO with respect to the x.

Therefore, if neither of these two Hessians is zero, equations (1) will ad-
mit periodic solutions for small values of u.

We are now going to seek to determine no longer only the periodic solutions
of period T, but the solutions ofa period differing but little from T. We have
taken for a point of departure the three numbers ny, Ny, N3; we would have been

equally able to choose three other numbers, n n' 5 n3, provided that they are

1
1}

commensurable among themselves, and we would have arrived at a periodic solution

whose period T' would have been the smallest common multiple of 27, 2% 2% |
n

1 Ry Ry
If we take in particular

ny=n(1+¢), Ay=ny(1+¢), ny=a,(1+0),

the three numbers ni, ns, né will be commensurable among themselves, since they
are proportional to the numbers Ny, O, and n3.
They will therefore lead us to a periodic solution of period
T

1+¢

T+=z=

’

such that we will have

zi= (¢, p,¢), Yi=qi(4, p,¢), ( L)
l .

the ¢i and the wi being functions developable in terms of the povers of p and of
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€, and periodic in t, but in such a manner that the period depends on e
If in F we replace X5 and vi by their values (14), F must become a constant

independent of time (since F=const. is one of the integrals of equations (1)).
zut this constant, which is called the vis viva constant, will depend on W and
¢ =nd can be developed in terms of increasing powers of these variables.

If the vis viva constant B is a given quantity of the problem, equation

F(ue)=B

zn perhaps be regarded as a relation which unites € to p. If therefore we have
wosen B arbitrarily, there will still exist a periodic solution, no matter what
<72 value chosen for this constant; but the period will depend on € and consequent-

S
on M

A more particular case than the one which we have just dealt with in detail is
<nzt where there are only 2 degrees of freedom. Then F depends only on four var-
izzles, xl, Y15 Xps Yoo and function [Fl] depends only on a single variable ®2.

c:lations (6) then reduce to

aF]_, (15)
dm,
a . d[F,] . . .
zrd the Hessian of [F1] reduces to ot from this we conclude:
2

To each of the simple roots of equation (15) there corresponds a periodic
sclution of equations (1), which exists for all sufficiently small values of W.

I might even add that the case is still the same for each of the roots of 116
223 order.

The existence of periodic solutions once demonstrated, it remains to show
tnat these solutions can be developed in terms of the powers of u and can be
*ritten

zy=0;0(8) + 0 s (t) + p20,4(2)+... (f=1,2,...,n),

8 (), 8:4(¢), --., being periodic functions of t which are developable in terms of
re sine and cosine of the multiples of

ane
T +=

According to the theorem from article 28, we will have

z;=H[t — ty, p, ] — 4(0). 2§ — @a(0), -.., T8 — 9a(0)],

if 29,23, ..., %5 are the initial values of %, %2 +-+»Zu for t=0.

93



it

The value Hi is developable in terms of the powers of
t—t;, p et z!—9i(0),
if u is sufficiently small and if ¢ is sufficiently close to t; and xg to @;(0).

We will take

In addition, we will take
z} — (o) = Bs
We will choose the Bi and T so as to obtain a periodic solution, i.e., to
satisfy equations (9). We have just seen that, if T and B; satisfy these equations
(9), we will be able to develop T, By, Bo, ..., B, in terms of increasing powers
of pu, and that T and the Bi will vanish with p.

We will therefore have

= H((i.‘r—ti ) ph ph eeey pl) = Ki(p),

Ki being a function developed in terms of the powers of u.
does not depend only on p, it depends also on ty; we will therefore write /11
’ 1

= K:(‘l) l"’).

remembering, nevertheless, that Ki may be developed in terms of the powers of u,
but not of those of tl.

This granted, when we increase tl to T, we increase t to T+T, and since we have

arranged to obtain a periodic solution of period T+T, X; may not change; we have
therefore

Ki(ty+ T, p) = Ki(ty, ). (10)
Since Ki is developable in terms of the powers of u, we can write
Ki(81,pt) = 04,0 + O,g pt + B 0p22 + ...,

8:0,8,0,93, ..., depending only on t Identity (10) then shows that 6, 4 does not
)

1.
change when we change t, into t1+T. Therefore Gi k is a periodic function and can
)

be developed in terms of the sine and cosine of the multiples of
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Case Where the Hessian Is Zero
43. There can be difficulty when the Hessian of FO is zero.

This is how it is permissible, in a rather large number of cases, to over-
ome the difficulty.

Let us assume that the Hessian of FO with respect to the variables x is

xero, but that we may find a function of F,, which we will call w(F ) and whose
Jessian is not zero.

We are going to transform equations (1) in the following manner.

These equations admit the vis viva integral which is written
F=C.

If ¢' is the derivative of the function ¢, we will have for F=C
¢'(F)=¢'(C),

znd ¢'(C) will be a constant which may be regarded as known, if we assume that /118
tte initial conditions of motion are given and permitting, consequently, the cal-
ulation of the constant C.

Equations (1) can then be written

(I.r; d[Q(F)] dy; d[o(F)]

o' (Cydy:’ dt = T 9(Cydz;
Tney retain the same form, but function FO is replaced by w(F ) whose Hessian
is not zero.

For example, let us take the particular case of the Problem of Three Bodies
studied in article 6, the one where one of the masses is zero and where the other

o move circularly.

In this case, we have found

Fo ;;T. + T2,
vz therefore have !
d'F, _ _d'F, _
dz} dzydz,
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Our Hessian is therefore identically zero; however, if we take

2
9(F°)=F3=3j‘rf:-+;—g+ri,
the Hessian of (F) is equal to .
T}

and is different from O.

Thus, all the preceding is applicable to this particular case of the Prob-
lem of Three Bodies which possesses periodic solutions for small values of u.

Let us, on the contrary, consider the general case of the Problem of Three
Bodies treated in article 11.

We have found that this problem could be reduced to the canonical form, the
two series of variables being

BL, BG, Be, pL, gG, pe,
l' g' ot rt g:' 0.

The function F can be developed in terms of the powers of p

F=F¢+F|}!+FQP~’+.-'.,

g /11

and we have g
Fo= 38Ty * 2Ty

If, to take up again the notations used in this chapter, we designate the
two series of conjugate variables by

Ty, Tg, F3y Tu, T3, T,
PATIED A TIIS £ TR A TR £ TR 4 T
such that

z,=ﬁl,, .‘l:‘5=p'l,.

we will have

the Hessian of FO will be manifestly zero.
If we consider any function ®(F,), this function will still depend only on

X, and x) and its Hessian will still be zero. The artifice that we used above is
therefore no longer applicable, and the arguments of the present article no longer
suffice to establish the existence of perioaic solutions. &

This is the origin of the difficulties which we will attempt to overcome in

articles 46 to 48.
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These difficulties are still the result, as we have Jjust seen, of the fact
that F, depends only on x; and x), i.e., because we have

dFe _dFy _cF. _dF,
d.t,-a-d.r;—a':‘_o'

or even, if u=0,

These equations signify only that in Keplerian motion.the perihelions and
nodes are fixed.

Now, with any other law of attraction than that of Newton the perihelions
:nd nodes will no longer be fixed.

Therefore, with a different law from the Newtonian, we would no longer en-
ounter, in seeking periodic solutions of the Problem of Three Bodies, the dif-

ficulty which I have just indicated and to which articles 46 to 48 will be devoted.

Direct Calculation of Series

L4, We have Just demonstrated that equations (1) from article 43 admit
eriodic solutions, and that these solutions can be developed in terms of the
sowers of u.

Iet us now attempt to effectively form these developments, whose existence
:nd convergence we have thus demonstrated in advance.

I begin by observihg that we can introduce an important modification into
the calculation of these developments. Above we introduced three numbers:

Ry Ry, n,,
such that

nT, n,T, n,T

zre multiples of 2m, and consequently commensurable among themselves. These
three numbers characterize the periodic solution considered.

I say that we can always, when studying a particular periodic solution,
zssume that

ny=n;=o.

Let us assume, in fact, that this is not true. We will change variables by
s2ting
Nn=ayitays+ay;, = azi+ bz + 17,
n=PRyi+ B+ By, Fi=azi+bz+1a,,
N=Nnri+ 00+ 05, Ty = a2y + By 2y + 1375
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The equations (with the new variables x' and y') will retain the canonical
form.

If, in addition, @, B and vy are integers and their determinant is equal to
1, function F, periodic with respect to y, will also be periodic with respect to
y'.

If we call n!, né, n! the transformed values of the three characteristic num-

1 3
bers ny, n,, ng after the change of variables, these three numbers will be given /121

us by the equations
Ry = &R}y + 230y +ayn},
Ry = Byn + Bany + B3n;,
Ry = Y Ry 4 Tany + Ya R

since ny, Np, N3 are commensurable among themselves, we can obviously choose the

integers @, B and y such that

It is therefore permissible to assume

Ry =n3 =0,

“which is what we will do hereafter.

We are therefore going to seek to satisfy equations (1) by making

Ty =2y + pr{ + przl +...,
ZTy=2+ prj+ ptzri+...,
Zy=2zy+ px] + purz} +...,
n=ryi+wl+ert+...,
ri=yi+pri+plyi+...,
Yyi=ryi+pri+piyi+...,

(2)

k k 0
xi and yi being periodic functions of time of period T. The values xi are con-

stants such that

A Fy(at, 28,2 = —ni,  ma=m=o,

dz}
and, on the other hand, we have

yi=nt+wy,

from which

7! =1, y3=muvs,
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o) and 033 being constants that we reserve for later, more complete determin-

ation.

The origin of time remaining arbitrary, we will be able to choose it such
that y1=0, whatever p may be for t=0. From this it follows that yl, y%, yi,

... Will be zero at the same time for t=0 and ®1=0.

In F, instead of x and y, we substitute their values (2) then we develop
F in terms of the increasing powers of WL, as was stated in article 22. It
follows that

F=%®+ pd;+ p*dy+ ..

and we will have
@ = Fo(24, 4, 7}).
It will then follow (if we remember that g:;; = —n; and that n2=n3=0) that
@ = Fy(2}, 23, 28,0, 3, 73) — my 7} (3)
More generally, we will have

¢k=9k—n|xf=6k+sz—r; 4.3:51%. +zt -:—:;o-,

and @k will only depend
on I:, on I}, “ee a.nd on zf",
0 H .. -1
on Yi* on Y - and on X7 *
With respect to the yg, it is periodic of period 2.

This granted, the differential equations can be written, by equating the
terms of the same powers in u,

dry dx§ dz} _ dyy _ dy§ _ dy}
@ T T A T T T @ =M g =M
We then find
dr} _ dF, dz} dz} _ dF, (l&)
dt — dy de d_r, dt ~— dy}

dt T T dzy’ de —  dzy’ dt ~  dzy’



and more generally

dzf _ d% (&)
dt "~ dy}
and
dyf  de _ de. , d'Fy  , d'Fy _ _, d'F,
9T T dmy T T dmb | Vdabdry ' drydel | deyds (5")
. . . . 0 0 0 -~
Let us first integrate equations (4). 1In Fl we will replace Yi» Yoo y3 by 2z

their values

nt, vy, ;.

Then the second members of equations'(h) are periodic functions of t of per-
iod T; these second members can therefore be developed in series in terms of the

sine and cosines of the multiple of 2%3. In order for the values of xi, x;, x;,

taken from equations (h), to be periodic functions of t, it is necessary and suf-
ficient that these series are not composed solely of given terms.

I may in fact write

Fy=ZAsin(m, 8+ my yt+ my yt+ h),

where m m2, m3 are positive or negative integers and where A and h are functions

l}

o 0 0 . .
of X5 X5 x3. I write, for brevity,

Fy = ZAsinw,
setting

w=myy}+ mgyd+myy}+ A.

I will then find

dF, dF, dF
m:zAm,cosw, m:ZAm,cosw, W;:XAm,cosu)

and
“=‘m|n|+h+m,m,+m,w,.
Among the terms of these series, I will distinguish those for which
ml=0

and which are independent of t.
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Fl being a periodic function of t, I will call |'_Fl] the mean value of this

function and I will have

[Fi]=SAsinw, (my=o, w=li+m,ta,+m,m,),

r° summation represented by the sign S extending to all terms of F for which 124
coefficient of t is zero. We will then have

4
=)
o

d[F,]

- d[F,] _
dm, = SA mycCosw, _T{!;!,— = SA mj3cosw.

_f, therefore, we have

— = — =

dm, dm; - (6)
it follows, since moreover my is zero, that
SA mycosw =o, SA mycosw =o, SAm;cosw =o. ("{)

1%, therefore, relations (6) are satisfied, the series T Am.cos ® will not be com-
tsed solely of given terms, and equations (%) will give us

z{=2A.smw+C=’ z}=2Am,smw '

ny mgny
=y Amine g,
A 1 . . .
D 02 and C5 being three new integration constants.

It remains for me to demonstrate that we can choose the constants w5 and EB so
=5 to satisfy relations (6). The function [Fl] is a periodic function of 6)2 and
1'7_, which does not change when one of these two variables increases by 2m. In
zddition, it is finite; it will therefore have at least one maximum and one mini-
zuw. There are therefore at least two means of choosing Oy, and % so as to sat-

isfy relations (6).

I could even add that there are at least four, still without being able to
state when the number of degrees of freedom is greater than 3.

I shall now attempt to determine, with the help of equations (5), the three
finctions y% and the three constants C]i- .

1
We can consider x(i) and y(i) known; x]i' are also known to be constants near Ci'

I can therefore write equations (5) in the following form
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dy}

T=H1—CI il C} F,  _F.

drids} P dzydz} O dzydzy’ (8)

where Hirepresents entirely known functions developed in series in terms of the le

sines and cosines of multiples of amt . The coefficients of Ci, C;, Cl are con-

T 3

stants which we may regard as known.
In order for the value of yi obtained from this equation to be a periodic

function of t, it is necessary and sufficient that in the second member the com-
pletely known term is zero. If, therefore, H? designates the completely known

term of the trigonometric series Hi’ I must have

d*F,

| &F,
dz{dz]

diF, _
+ C! dz:dz} =H!. (9)

? dzydz!

+ C}

The three linear equations (9) determine the three constants Ci, Cé and C;.

There would only be an exception if the determinant of these three equations
were zero, i.e., if the Hessian of Fo with respect to xg, xg and xg were zero;
we will exclude this case.

Equations (8) will therefore give me
'd)’; 1
Y= -——d‘+ki
xi “[ de
or
yi=al+kl,  yi=wi+k, yi=ai+k,
ni being completely known periodic functions of t and ki being three new constants

of integration. It follows moreover, from the equations which I have just written,
that =n23=‘q% for t=0.

Let us now come to equations (h') by here setting k=2 and i=1,2,3 and let us
attempt to determine, with the aid of the three equations thus obtained,the three

functions x? and the three constants ki.

It is easy to see that we have

d¥ dF
6y =01+ 7):.5 +7i 3},—3' +7}

dF,
2
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, depends only on the xg, y(i) and x]i' and where we have, as above,

drF,

— =ZAm;cosuw.
dy}

fquations (4') are then written 126
d-l‘“ - dgg @F(
@ = o} " 2 M Gia

d;‘i =H] — ki ZAm m;sinw —k} EAmym;sinw — &} EZAm;mysinow, ( 10)

~Il being a periodic function of t, which we may regard as entirely known. In
irder for us to be able to extract from this equation x? in the form of a periodic
“nction, it is necessary and sufficient that the second members of equations (10),
ieveloped in trigonometric series, possess no completely given terms. We must
“herefore choose the quantities k-} so as to eliminate these completely given terms.

vz would thus be led to three linear equations among the three quantities ki‘; how-

ever, since the determinant of these three equations is zero, there is a slight
lifficulty and I am forced to go into some details.

Since we assumed above that yi=0 for t=0, we will have
ki=o0;
7e will have only two unknowns, k;' and k;', and three equations to satisfy; but these
three equations are not distinct, as we shall see.
Let us 1in fact call E. the completely known term of Hl ; these three equations

are written (if we remember that the summation sign S refers to terms such that
%0)

E =o,

a,:nSAm;siw + ki SAmymysinw, _
11
=k;SAm,m,sinw+k§S&m}sinw; ( )

the latter two of equations (11) might also be written
._,g,___qdl_"nl + &} ;d’ll’il,

1 dw,

d’[Fn d’[Fn]

=4k}, + &}
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From these two equations we obtain ké and k;, unless the Hessian of [Fl], 127

e W

with respect to ub and GB, is zero. If we give k. the values thus obtained, the

two latter equations (lO) will give us x2

5 and x3 in the following form

z}=81+C} zl1=§1+Cl,
g? being the completely known, periodic functions of t and the C? being the inte-
gration constants.
In order to find xi, we can, instead of using the first of equations (lO),
make use of the following considerations:
Equations (l) admit an integral
F=B,

B being an integration constant which I will assume developed in terms of the
powers of u when writing

B=By+ uB;+ p!By+...,

such that we have
=B, @,=B, &,=B8,,
BO, Bl’ B2, ... being so many different constants.
The first member of the equation
®, = B,

depends on xg, yg, xi} yi, xg and xg, which are continuous functions of t, and on
xi which we have not yet calculated. From this equation we will therefore be

able to obtain xi in the following form

z}=§1+Ch
gi will be a periodic function of completely determined t and Ci is a constant

2 3
o Cp and C3.

We can conclude from this that the first of equations (11) are not distinct,

which depends on B

Let us now take equations (5') and here make k=2; we will obtain three equa-

tions which will permit us to determine the constants Cl CE and 03 and from
which we will furthermore obtain y2 in the form 12

Cn
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7 being entirely known periodic functions of t and k being three new integration
constants.

Let us then return to equations (4'), making k=3; if we assume ki=0, we will

c2 able to obtain from the three equations thus obtained first the two constants

[

2
z, and k§, then )?1 in the form

zl’ = 5:+ C’r
f teing known, periodic functions of t and Cz being three new integration constants.

And so forth.

There is a process to find the power series of p, periodic of period T with
respect to time and satisfying equations (1). This process would fail only if
the Hessian of FO with respect to the x<1) was zero or if the Hessian of [Fl] with

respect to ‘632 and (‘13 was zero.
Direct Demonstration of Convergence

45, It might be useful to be familiar with a direct demonstration of conver-
zence of the series which we have just formed and whose existence and convergence
w¢ had previously demonstrated in article 28. I will first give this demonstration

in a particular case.

Let
(1)

a
g"; +uf(=,7)

te a differential equation; we have seen in article 2 that this equation (con-
sidered by Gyldén and then by Lindstedt in their researches on Celestial Mechanics)
tan be regarded as a particular case of the equations of Dynamics with only 2

degrees of freedom.

I will assume that f( X,y) can be developed in terms of the increasing powers
of y, and that we have

S=Lh+hiy+hHryr+...,

f ... being functions of x which I will assume to be periodic and of /129

‘o Ty T
period 2mt. I will assume in addition that the mean value of fo is zero:

[fe]l=o.
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This granted, I am going to attempt to develop y in terms of the powers of p,
such that

ryErnp+rpt+. o yapt+....
By substituting this value of y in ¢ it follows that
P = Qo+ PP +...+ i +...,
and the differential equations will become

dy, dy

(. 1 _ d* d
=% T =t Fhmw . Fee

We want Yyr Voo oe- to be periodic functions of x. This will be possible pro-
vided the mean values of the second members are zero, i.e., that we have
[eddJ=0, [p1]l=0, ..., [gs]=o0.
The condition is satisfied by the first member, because we have
e=Jto, [o]=[fo]=0.

On the other hand, it follows that

Pa =0+ f17a,
en depending only on Yo Yoo vees ¥ q-
Let [yn] be the mean value of Yy and let us set
Ya=na+[ra),
such that T\n is a periodic function of x, whose mean value is zero.
This granted, let us imagine that we have determined by previous calcula-

tion ﬂ

N2y N1y ecey MNay !
(73, [73), «-es [atls (2)

and consequently also yl, y2, oo ’yn-l’ and that we propose to calculate nn-l-l
and [y 1
The relation [cpn 0 can be written
[0%]+[fina] + [Aillra] =o.
In this equation [en Jand( fl‘ﬂn] can be regarded as known, because the quantities

(2) are known; [fl] is a given constant; we can therefore obtain [yn] from it.
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We then have

If I set

Pa =z Agnpcosmz +z Bmsinmz,

it will follow that

Tas1 = —2 % cosmzx —2% sinmxr.

vzlues T [y] and y can therefore be calculated in this way by recurrence.

There results from this that if § is a periodic function of x, such that we
nave, taking on the notation from article 20 completed in article 35,

<, (srgesr)
w¢ will have a fortiori
1<y, (argeT).
We will write in the following

S=f—So—Sir=Lar+Lars+...

such that

ROyt ity 4. )= 0 pt - Oud -+ O ...
This granted, let f' be a function of x and of y in the same form as f', i.e., 131
such that

F'=Lo+Liy+Larr+...,

?, f']'_, fé, ... being periodic functions of x, and let us assume additionally

that we have S <[ (argy, exix).

If we then set

S+ @i+ pys+...) = o)+ po) +...+ BoN+...,

it will follow that
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Pn <Pu(argY1, Yoo .oy Yy esix),

We will similarly set
V=S —So=S17»
V(e + s+ @iy + . ) =0+ 0t 4 AT

from which
0, <0,

We will finally write

1
——= =\
|7l
Now let y', TI' and z be three unknown functions connected by the relation
yl-___ "."i‘:

and developed in terms of the powers of p, such that

yY=pyi+pyi+...,
n'=pny +piny .,
E=p3 +plz +....

Let us define these functions by the following equations

7= ',l.f(t, 7+ 3)
2=0f17%+N(z, n'+3); ’. ()

we will first find

=9

and since we have, on the other hand, le:

dr

T =
we will conclude from this

n1 <7y (argesi=).

We then find

=L 7,
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and, on the other hand,

[-r|] = [7-—_:] [flnl]»

from which

[.rl]<‘h
71<y}-
It then follows that
T2 = 91(2, })
and, on the other hand,
dr
_‘?r,’, =o1(z, yy)
from which
N <7}y

then
83= ) fi7y + My (=2, y})

and, on the other hand,

nl= &'] [fama)— iTlJ (0,1,

from which
(7] <3, 71 <)5,

and so forth; the law being manifest, we will have

Ia<ya (arger's)

and
Y <Yy (argp, exix).

If, therefore, the series

Y=pri+ s+ ey 4.

converges, the series

ry=py+uys+...
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converges a fortiori. It remains, therefore, for me to establish that the series

y' converges, or, what is the same, that equations (3) can be solved with respect /13
to T' and to z.

Now the functional determinant relative to these equations (3) can be written

o' —pf', s—0f,v'— 28"
a(n, 5)

and its value for T'=z=p=0 is equal to 1. It is therefore not zero, and conse-
quently according to the theorem from article 30 equations (3) can be solved.

Therefore series (4) converges. Q. E. D.

The equations treated in this article represent a particular case of those
which were the subject of the preceding article. A direct demonstration completely
analogous could be given in the general case. We will return to it later.

Examination of an Important Exceptional Case

46. According to what we have just seen, the principles of article 42 are
found to be faulty when the Hessian of FO with respect to x is zero.

Let us therefore examine the case where the Hessian is zero, and more par-
ticularly the case where Fo is independent of any of the variables x.

I will assume, to fix the ideas, that there are four degrees of freedom, that
two of the variables Xy and x2 enter into FO’ that the two others x3 and X) do

not enter, and finally that the Hessian of F,. with respect to x, and to x, is not

0 1 2

. . . . dF dF
zero (the Hessian with respect to X1s Xo x3 and x), is zero, since a?:=a7:=o) .

For =0, the general solution of the differential equations is written

zy =z}, zy =2z}, Ty=zxy, xT=2zx) yi=nit+w,
N=R4w,,  yi=w,;,  yo=mw,, (l)
dF dF,
nf=—‘F;' n§=—‘71_—;, ng=n2=o,

xg and U& being constants.

If xO and x0 have been chosen such that ngT and n

0 .
1 5 T are multiples of 2m, the Zli

2
solution will be periodic of period T, and this will be true no matter what the
s 0O 0O

initial wvalues x3, X, ui, o) 05 end W, .

Let us consider any arbitrary solution for any arbitrary value of u and
let
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zi=2z{+8; yi=w+B} (2)

tz the initial values of xi and of ¥ for t=0. Let
=2+ B+, yi=nlT i+ i+
:z the values of Xy and Vs for t=T.

In order for the solution to be periodic, it is necessary and sufficient
“hat we have

h=h=bh=d=o ‘

Yi=di={= ¢, =o.

(3)

I will note:

(1) that I may always choose the origin of time such that the initial value
1 is zero, as well for the periodic solution (1) as for the solution which

zrresponds to the initial values (2) We will therefore have
w; =3, =o0;

(2) that F=C is an integral of our differential equations and that dF is

dx;

2t zero (% is equal to ncl)) Equations (3) are therefore not distinct, and I
T2y suppresslthe first from among them,
1=o0;
(3) that for u=0, one has identically
h=b=b={=¢,=0;
izt consequently ,32, h{»’*]'." é, ¢'5, \“1 are divisible by p. I may therefore re-

tizce system (3) by the following

—y =% _ ¥ _
bi=¢{3= ‘—%—0- ()4.)

I propose: 135

(1) to determine

zy, =), w;, w, and @

(x; and xg are already assumed determined and ml is assumed zero), such that
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equations (4) are satisfied for
p=o, Bi=o, Pi=o0;

(2) to inquire into whether tlie functional determinant of the first members
of system (4) is zero, or, in other words, if for u=0 the solution

is a simple solution of this system, or at least a solution of odd order.

To do so, it is necessary for us to determine what equations (l&) become for
u=0.

We have

T T
dF
= = —d
'#, ~/°. d.’l' s I d)” ot

or, for u=0,
Oy T dF,
-—= -— d .
[ ~[ dys b (5)

for u=0, we have
Zy=z}+ B,  yi=mt+3+B),

_ dFo(-’?-‘- 9:. 3+ 2y)
d(z! + Bs)

n = Ry = n, =0.

Let us substitute these values of the Xs and of the y, into the second member of
equation (5). 1

0
If we make, in addition, Bl=82=0, n, and n, reduce to ng_) and Ny, and the func- Z_l‘
tion Fl becomes a periodic function of t of period T; it 1is besides, a function 8,,

of wa+ wy+P;, m,+ 2, which is periodic and of period 2m; finally it still depends

on x Zi+ Pand Z,+ 2,. We can write
Fy=ZAcos(myy + Mmyys+ myys+ myy, ~ k),

m,, m,, rrL5 and m, being integers, A and k being functions of X; - In fact, the
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function Fl is by hypotheses periodic of period 2m with respect to ¥y

After substitution, it follows that

Fy=ZAcos(at+ B)

a =mynt+ mynl, PB=k+ my(wy+ By)+ my(@;+ B3 )+ my (v, + ).
Among the terms of the development of Fl’ I distinguish those for which «a is
zero, and I call R the combination of these terms, such that
R = ZA cosB,
the summation being extended to all terms for which we have
mynY+ myng=o.
The function Fl is a periodic function of time of period T, and R is nothing

other than the mean value of this function, such that we have

T .
TR =f F|d‘,
(]

or, by differentiation with respect to @2,

tut we have

Equation (5) therefore becomes

b _ 4R
® dw. T’
we would similarly find
b 4R h_ dR
[ - dw, T’ 13 - zw—b T

We find, by a completely similar calculation,
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or, for p=0,

*_'}= - 'Z_z dt=—T ;‘T“
and similarly
On the other hand, it follows that
nt'l‘+q;"=—~/:.r;—i:—'l dt
or, for u=0,
ng'r-.-e,',:—‘-i(—x‘;ifp')'l‘. ¢ =(m—nt)T.

Similarly we find
We first want, for

that system (4) be satisfied. Now, if we have Bl=32=0, ny and n, reduce to ng,

'1'3'_ and ¢é reduce to O, such that two of equations (4) are themselves satisfied.
System (4) reduces simply to

dry ~ @&} " dw, ~ dw;  dw, = (6)
Thus, in the function R, let us cancel Bi and Bi; let us then consider R as a

function of zj, z}, s ®;, wy; 1f this function admits a maximum or & minimum and one

0 _ . .
gives to the variables Xy and ®; the values which correspond to this maximum or to

/138

this minimum, we will satisfy equations (6).
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Does this solution of system (6) lead us to periodic solutions which exist
2111 for small values of u?

For this it suffices that the functional determinant of equations (h) not
vznish for

p=B8i=Bi=o.

S gy and *2 depend (when we make p=0) only on Bl and 82, for FO and its two div-
i _ . 0 0

lzers -ny and -n, are functions only of xl+Bl and x2+82.

This functional determinant is therefore the product of two others:

(1) of that of ¥] and y) with respect to B, and B, (but this is nothing other

s72an the Hessian of FO with respect to x
.

1 and X5 which we assume different from

(2) of that of

2T T TOLT WY
W o w e e (1)

+ith respect to
B Bu B By Bl
~w quantities (7) are functions of
zy+3s i+, w+ By, w+ By wi+ Bl
The derivative of any one of the quantities (7) with respect to Bi or to
"1 is equal to its derivative with respect to x(i) or to w, -

The determinant sought is thus the functional determinant of quantities (1)
w.th respect to

x§, z}, w,, w; w,. (8)

iowever we must calculate the values of this determinant for

2, when B and B' cancel, quantities (7) reduce to the first members of equa-

tions (6).

Our determinant is therefore nothing other than the Hessian of R with re-
spect to the variables (8).

If the Hessian is not zero, our differential equations will still admit per-
isdie solutions for small values of . 139
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This result can still be stated in another manner.

There will exist periodic solutions for small values of u, provided that
equzticns (6) zdmit 2 simple solution. But there is mcore: there will still exist
sricdic sclutions provided that equations (€) admit a solution of odd order.

Lol

However, accordinz to article 34, to a maximum of the function R there will
z.wzy s correspord a soiuticn of odd order of equations (6).

Therefore, if furnction R admits a maximum or a minimum our differential equa-
tions will admit periodic sclutions for small values of .

Szlution of the Seccnd Kind

LT. Let us apply the precedinz to the Problem cof Three Bodies, assuming
first that these three bodies move in the same plane, and let us attempt to de-
termine the periodic solutions of the second kind.

Let us adopt the variables of article 15, i.e., the variables

BL =A, ﬂ'l.' =4, H.
I 5

A solution will be periodic if at the beginning of a period, A, A' and H
have resumed their primitive values, and if 1, 1' and h have increased by a mul-
tiple of 2.

The function F is equal to

Fo+puF,+ u'Fyu...,

and Fo depends only on A and on A'.

If therefore we assume p=0 and call
Aoy Ay, H,,
l.o rﬂ ’l.

the initial values of our six variables, four of these six variables, A, A', H
and h will be constants and we will have

A=\, A=\, =1, h = bl

If in addition we set 14
dF. » dF.

R= — ———) n=———9

di, dA,

we will have

l=nt+ 1, I=n't+1,.
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Therefore, for w=0, if lb and A(') have been chosen such that nT and n'T are

rmultiples of 2m, the solution will be periodic of period 2m, whatever the constants
]
HO’ lo, 3 o’ h0 may be.
Here is the question which we present:

Is it possible to choose the constants H t'  and h  such that, for

o ‘o to 0

small values of W, the equations of motion admit a periodic solution of period T-
and which is such that the initial values of the six variables are, respectively,

Ao+ By, X+ By, Ho + B,
’0+ph r.+plt h0+ph

Bi being functions of p which vanish with p?

In order to resolve this question, it suffices to apply the principles of the
preceding article.

Value Fl being periodic in t, t' and h, we are able to write
Fy=ZAcos(mil+ myl' + m3h + k),
4 and k being functions of A, A' and H.

Let us replace in Fl the six variables

'\07 A’.) HO:
l.,+nt. l.+n", ’lo ;

it will follow that

Fy=ZAcos(at + ),

where

ea=mn-+myn', B=4Ak+mly+ myly+ myh,
Fl is a periodic function of t; let R be the mean value of this function, such

that
R =ZA\cosB,

the sumation being extended to all terms, such that
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e=o0, or myn+ mgn’'=o.

According to the principles of the preceding article, we will find the sought ZIM.

1 .
values of HO’ 10’ 10 and ho by solving the system

dR 4R _ dR _dR

= = = o = 55— =O0.

We can always assume that the origin of time has been chosen such that 1O=O.

On the other hand, according to the definition of the function R, we have

nﬂ+n' drR _
dl, an =

We can, therefore, replace the preceding system by the simpler system

dR _ dR _ dR (1)

dH, ~ dl, ~ dh,

It can occur that not all solutions of system(l) are suitable; but there are
solutions which will certainly be satisfactory: they are those whose order of mult-
iplicity is odd, and particularly those which correspond to a true maximum or mini-
mum of R.

In order to establish the existence of these solutions of the second kind, it
is sufficient for me to show that the function R has a maximum.

Now, this function R is essentially finite; in addition, it is periodic in

16 and hO: it still depends on Ho; I will add that it can be developed in terms of

the powers of

VAI—H} and VAg—(H,—C), (2)

C being the areal constant.
The function R will therefore be real only if we have
Hi <AL  (Ho—Cr<ay, (3)
and Ho must always lie between these two limits. I may always choose a variable ICEE

¢ such that H, and the two radicals (2) are doubly periodic functions of (8

0

Thus R is a uniform function, periodic and finite, of only three variables
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(since AO’ Aé and C are considered as given, and 1=0), namely of l(') s hO and
o

This function therefore admits at least one maximum and one minimum, such
that there are always at least two periodic solutions of the second kind.

We know that the development of the perturbing function Fl contains only
tosines, so that the quantity which we have just called k is always zero.

If therefore we make

lo=l,=hy=o0,
ve will have
_d_l_{ _ dR _ |
ar, <~ an, =%
it will remain to satisfy the equation
L
dn, =°

where, what comes back to the same thing,
dR

—— =0.

dz
This will always be possible, for R is a periodic function of ¢ which must
have at least one maximum and one minimum.

There therefore exist always at least two solutions of the second kind, for
shich

If u=0, the initial values of t, t' and h are therefore zero, which amounts
i0 saying that there is symmetrical conjunction.

By a completely similar reasoning to that of article 40 (p.T"{ ), we might con-
tlude that there is again symmetrical conjunction for small values of p, and that
if at the beginning of the period we have symmetrical conjunction, it is the same
ir the middle of the period.

Among the periodic solutions of the second kind, there are always some which
2dmit symmetrical conjunctions (or oppositions) at the beginning and at the middle
:f each period.

143

One difficulty might, nevertheless, present itself, and I am obliged to say
& few words concerning it.

Function R depends on 1, ho, HO’ since we will consider AO and A(') as given
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quantities and we choose 10 to be zero.

1

The function R is periodic in 10

and in ho; in addition, the third variable

HO is subject to certain inequalities, for example, to the following

Ao > H,.

From this we have concluded that function R always admits a maximum and a
minimum.

But we can wonder what would happen if this maximum were precisely attained
when Ho reaches one of the limits assigned to it by inequalities (3).

Would the conclusions from article 46 still be applicable?

We might doubt this, for, if R reaches its maximum for H Ab’ for example,

the derivative{%%- is not zero, it is on the contrary infinite.
0
It is true that for the Problem of Three Bodies we could without difficulty

verify that the maximum of R does not take place for this value of HO; however,

as this case might present itself with other disturbing forces than those which
we consider in the Problem of Three Bodies, it is not without interest to examine
it more closely.

Let us assume, for example, that we consider the values of H., very close to

0]
AO; we will be able to adopt the variables of article 17, i.e., the variables
A! A'l E.’
) S A AR

Let us then call
AO"' ph A'.-f- ph E‘ -+ plv
Ag+Bs, Li+Bs %+ B

the initial values of these six variables and let us attempt to find if we can
choose these initial values such that the solution is periodic, the B will be
functions of p which will have to vanish with p.

To do so, we have seen, it suffices to choose
PHER L 1
such that R is a maximum or minimum; we know, on the other hand, that 1\.o and A6
must be regarded as given values and that we can always assume that t! is zero.

0

If R reaches its meximum for AO=H with the new variables, this maximum will be
attained for
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ficwever, this time there is no more difficulty, because R is a holomorphic func-
ticn of gg and of Tlg developable in terms of the powers of these variables, while

ire difficulty arose from the former variables for which R ceases to be a holo-
zirpaic function of HO for AO=HO being developable, not in terms of the integral

wwers of A0=Ho, but in powers of /KE- Ho.

The results of the present article would therefore subsist even though the
mction R would attain its maximum for AO=HO, or more generally when HO attains

¢

nz of the limits which are assigned to it by the inequalities (3).
Solution of the Third Kind

4L8. Let us now attempt to determine the periodic solutions of the third kind,
i.2., those for which the inclinations are not zero.

Let us adopt the variables from article 16, i.e.,

i, r, & 8-

Let us first assume that =0 and let

AM A'M Hh H'u
ey T & &

t« the initial values of these eight variables. If AO and A6 are chosen such
ozt

— dF, ren dF,
AT =— ‘dToi “T——Tm

/145

zre rultiples of 2m, the solution will be periodic whatever the six constants
zzy be

HO) H'ov ’01 ’,o) ‘.o K;-

Can we choose these six constants such that, for small values of u, the
fiuztions of the Problem of Three Bodies admit a periodic solution of period T
“hich is such that the initial values of the eight variables are functions of p
w.ich reduce to

Ao, A, H,, Hjy,
’0: "0! ‘0: ‘.0'

or =019
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We will operate as in the preceding article. We will first assume that the
origin of time has been chosen such that to=0.
Then we will form, as in the preceding article, the functions Fl and R.

According to the results of the two preceding articles, we must determine
the five constants HO’ Hé, t('), 8o g(') so as to make R maximum or minimum.

A periodic solution will correspond to each maximum or each minimum R.
Value R considered as a function of tc')
period 2m. On the other hand, H, and Hj are subject to certain inequalities (3)

» 8g and gc') is a periodic function of

which I will write, as in article 18,

(3)

140 >[Hel, [1A51>|HY|, t
[Hol—|H{l < C <[|Hy|+|H{].

The two variables Ho and Hé can therefore only vary in a limited field.

The function R is therefore forced to admit one maximum and one minimum to
which periodic solutions must correspond.

One difficulty can, nevertheless, present itself, as in the preceding article.
Might it not happen that function R reaches it maximum at the moment when the Q

variables HO and Hc') reach the limits which are assigned to them by inequalities

(3)? What will then happen?

Let us assume first that the maximum is reached for

H.= A..

We will then adopt the variables of article 18, i.e.,
A, N, E.’ H,
AR A £

We will set, consequently,
M=h+ge Ei=vVa(Ao—Ho)cosgs,  n3=Va(A— Hy)sing,.
We will then see that R reaches its maximum for

ti=ns=o0,

and, as R can be developed in terms of the powers of gg and T the difficulty
will be removed. 0

If, therefore, the maximum is reached for Hy=A,, it will not be less true
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taat a periodic solution will correspond to this maximum; it will still be the
szme for the same reason if the maximum is reached for H6=A(').

It remains to examine the case when the maximum would be reached for values
f HO and H(') satisfying the condition

i this case is one where the inclinations are zero; if therefore the maximum

s reached for similar values of H0 and H('), we fall back on the case of the so-
2tions of the second kind studied in the preceding article. A periodic solution
vill therefore still correspond to a similar maximum.

To summarize, we have demonstrated that function R always admits at least one
zximum and one minimum and that to each of these maxima and minima there corre-
itonds a periodic solution; however, one difficulty still subsists.

The solutions of the third kind which we have studied here include as a par- Zlh'T
sizular case the solutions of the second kind whose existence we demonstrated

YN
aldve.

We can wonder if there exist others; this is what a more exhaustive examin-
:tlon is going to teach us. We will see that function R has other maxima and
rinima than those which are produced when the inclinations are zero, and conse-

iently there exist solutions of the third kind distinct from those of the second
¥ird.

For this purpose, let us examine more closely the form of function R. We have
10 satisfy, on the one hand, relations

4R _dR _dR _ . (&)
dl, ~ dg, ~ dg, o

i1 the other, relations

dR _ dR _
aH, = ar, = (5)

=

I say that we will satisfy conditions (4) by making

ly=gv=g,=0;

fuch that we will have only to satisfy equations (5), i.e., to seek the maxima

and minima of R considered as a function of HO and HC') only.

I in fact observe that R is of the following form (if we ass“me, as we do,
lé=0) e=0"' ),
R=ZAcos(11ly+ 1180+ 12 £0),
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A depending on AO’ 6, HO, Hé

If therefore we assume

we will have at the same time

Let us imagine that we change variables by taking for new variables the eccentric-
ities e and e', and the inclinations i and i', i.e., by setting 14

(1)

%=c.=x,.m, Gy=L,/i—¢i= %

0= Gy cosi, 0, = G{ cos?,

such that one of the areal equations becomes

BLevVi—etsini + 'L, /1—etsini =o, (6)
and the other
BLoy1 —ecosi+ B'Lyy/i — eTcosi =c. (7)

It is now a question of seeking the maxima of R considered as a function of
e, e', i and i', these four variables being assumed connected by the areal eguations
(6) and (7) We can therefore write the equations to which we will be led and
which, joined to (7), must determine e, e', i and i' in the following form (where
k designates an auxiliary quantity):

JR ecosi
de =kBLs 5 ‘/._c
dR
—kﬁL.smy/l-—e’, (8)
dR arye € COST
e =P =
JR

FF = k3 LysinCy/1— er.

Is it possible to satisfy these equations? To determine this, let us examine
the form of function R. I observe at the outset that this function depends on i
and i' only by their difference i-i', such that we have

R __dR _
;T or =©

Then R will present itself, in the form of a series developed in terms of the
increasing powers of e, e', i and i', such that the general term of the development
will be in the following form (to within a coefficient depending only on LO and.Lé)
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exie it ' cos (i lo + Yaly + 1280+ 14 &0)-

In addition, we will have to have, as I said above,
AYi+n'yi=o0
znd, on the other hand,
I+ Y2l < ay+ ay + a3 + ay,
a >+l @a>[ra+ Tl
I say that the terms of R for which Y, and Yo will not be zero at the same
time will be of the third degree at least with respect to the eccentricities and
-t
%z the inclinations, unless n is a multiple of 2; .

In fact, let there be two integers Yy and Yo which can be positive or neg-

stive, but which are not zero at the same time and which satisfy the equalities

’
RYy+ R Y3 =0, lY]+'fg|=0, lor'l.
I7 we set
Ti+T1=t¢, ce=o*1 Ort"'
*2 will have
=t n’ — R
NEta T Nn=2 Ty

I see first that ¢ cannot be zero without 21 and Yo being zero at the same
time. Because, on the other hana, Y1 and Yo must be integers, and since € is

z1ual to £l or to #, the number n%z-, ‘would have to be integral, which means that
n-n'
2

Therefore, in order to calculate R up to terms of the second order inclu-
iively, it suffices to make in Fl’ yl=y2=0, i.e., to retain in Fl only the so-

r would have to be a multiple of . This is what we will not assume.

czlled secular terms.

Now the calculation of these terms was done long ago by the founders of Cel-
estial Mechani'cs. I wﬂ;l therefore restrict myself to referring,for example, to
Tisserand's Mecanique Celeste (vo1. 1, p. 4LO6). We then find
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R=}A® 4 !BW[et 4 et — (¢ —7)] — §BWee’ cos(ge— £4) + 2.

(O), B(l) and B(2) which depend only on Lo and Lé are de-
fined in the cited work of Tisserand and (1 designates a combination of terms of 15

the third degree at least with respect to e, e', i and i'.

The coefficients A

The question is therefore to render this function R a maximum or minimum,
when assuming that e, e', i and i' are joined by the relation

BLyV1— et cosi+ B'Ly, Y1 — e cosi' = C. (1)

Equations (8) can then be written (assu.ming, as above 1c')=go=g<')=0),

{BWe —{BWe'4 D, = k(BLye + Dy),
$BU(7— i)+ D, = k(BLyi + Dy), (9)
BLo¢/t —etsini+ 'L, y1— e sini’ =0,
$BWe' — }B®We 4+ D, = k(3'Ly ¢’ + Dy),

the Di designating a group of terms of at least the second degree with respect

toe e',i and i’.
As for equation. (7), it will be written
BLo(e?+ ) + PLy (1 + 1)+ Dy = ¢, (10)

p2 designating a positive constant equal to

afL,+28'Ly,—2aC
and D9 designating a group of terms of at least the third degree with respect to
e, e', 1 and i’'.

From equations (9) and (10) we can determine e, e', i and i' as series de-
veloped in terms of the increasing powers of p, and this in six different ways.

Let us, in fact, set

g

e=sp, €=1¢p, i=1p, T=Vp;

let us substitute in equations (9), which we will divide by p, and in equations
(10), which will divide by p2. The two members of these equations will there-
fore be developed in terms of the increasing powers of k, €, €', +, ' and p.

I will add even that the two members of these equations may be developed in

terms of the powers of s ¢—t¢ ¢ —€o—1,, — ¢,k — ko(if these gquantitites are suf-
ficiently small in absolute value), whatever the constants e, €, t, 4, ko may be. 15
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For p=O, these equations reduce to

§BWe — 1BW¢ = kBLye,
{BW ¢ — { B¢ = kP'Lyc,
*B“’(l -— |)= ka. [} ( ll)
BLet+P'Lyv=o.
BLo(83 4+ 13)+ B Ly (s34 17) =1,

Equations (11) contain six solutions, namely:

- =v=o, 1=Pk

k——B‘(B—l:;—F,—Lv.-)r t=e¢=0, 1= ‘.'
c="Bb, AL VFLLEL P,

P e _PL,,

i oy (l)(r F—) t=e=0, t T (12)
e==fl, A /LGOS, *
k= ky, t=1=o0, t= g, ¢= ),

=—k, 1=V=0, t=-—¢, =—1¢,
k= k, t=t=o, e= ¢, = ¢,
k= ky, t=v=o, t=—1y, ¢=—1j,

Each of these six solutions is simple, from which we can conclude, according
s what we have seen in article 30, that we can develop €, €', i, and ,', and
sonsequently e, e', i1 and i', in six different ways in terms of the increasing

rowers of p.
We therefore will be able to write
e=fir(p),  ¢=hap)  i=hap)  T=Liilp) (13)

“zere A will be able to take on the values 1, 2, 3, 4, 5 and 6; we will take
=1, when we take for a starting point the first of solutions (12), we will
’ake A=2, when we choose as a starting point the second of solutions (12), and
o forth.
From the six developments (13), the last four must be rejected, for they give

i=i=o0,

wd the periodic solutionsto which they would lead do not differ from solutions 152
¢f the second kind studied in the preceding article. However, the first two can

te retained and lead to new periodic solutions for which the inclinations are not

2ero, and which we can call solutions of the third kind.

The two developments do not lead, however, to two truly distinct periodic
solutions.

We have studied more specially the solutions for which we have
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lo=ge=g\;

these equations express that there is a symmetrical conjunction at the beginning
of the period in the case of u=0.

One argument, quite similar to that of article 40, would show that for all
values of p there is still symmetrical conjunction at the beginning and in the
middle of each period.

This does not mean that there do not exist just as well periodic solutions of
the third kind for which there is no symmetrical conjunction; it might occur, in
fact, that function R admits other maxima or minima than those which correspond to
the case of 16=go=g'=0. There will therefore be room to return to this question.

Applications of Periodic Solutions

L9, It is, as we have said, of infinitely small probability that in any prac-
tical application the initial conditions of motion would be found to be precisely
those which correspond to a periodic solution. It seems then that the consider-
ations set forth in this chapter must necessarily remain fruitless. Nothing of
the kind; they have already been useful to Astronomy and I do not doubt that as-
tronomers will often have recourse to them in the future.

I will show in the following chapter how we can take a periodic solution as
a starting point of a series of successive approximations, and thus study the
solutions which differ very little from them. The usefulness of periodic solutions
will then appear obvious.

However, I want, for the moment, to place myself at a slightly different
point of view. ZlS

Let us assume that in the motion of an arbitrary heavenly body a very con-
siderable irregularity appears. It may happen that the true motion of this heavenly
body differs extremely little from that of an ideal heavenly body for which the
orbit corresponds to a periodic solution.

It will then occur rather frequently that for the considerable irregularity
of which we have just spoken we will have practically the same coefficient for the
real heavenly body as for this ideal heavenly body whose motion is simpler and
whose orbit is periodic, but this coefficient will be much more easily calculable
for the ideal heavenly body.

It is to Hill that we owe the first application of this principle. In his
Lunar Theory, he replaces this satellite in a first approximation by an ideal
Moon, of which the orbit is periodic. The motion of this ideal Moon is then that
which was described in article 41, where we spoke of this particular case of per-
jodic solutions of the first kind, the knowledge of which we owe to Hill.

It then occurs that the motion of this ideal Moon, like that of the real

Moon, is affected by a considerable irregularity well known under the name of
variation; the coefficient is approximately the same for the two Moons.
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Hill calculates its value for his ideal Moon with a large number of decimals. It
would be necessary, to pass to the case in nature, to correct the coefficient
thus obtained by taking account of the eccentricities, inclination and parallax.
This is doubtless what Hill would have done, if he had completed publication of
nis admirable memoir.

Here is another case which will present itself often and to which I would
_ike to direct attention. We have seen above that the periodic solutions of
the first kind cease to exist when the ratio of the mean motions n and n' is
z;ual to

; beinz an integer; that is to say, when 52:5 is equal to an integer j.

1
However, if the relationship 52:5, without being integral, is very close to

:. integer, the periodic solution exists, and it then presents a very considerable
rrezularity. If the actual initial conditions of the motion differ but little 154
rom those which correspond to a similar periodic solution, this large irregularity
#ill still exist and its coefficient will be appreciably the same; we will there-

Jire be able to calculate its value advantageously by consideration of the periodic
zlutions.

This is what Tisserand did (Bulletin astronomique, Vol. III, p. 425) in the
tudy of the motion of Hyperion (satellite of Saturn). The relationship of the
z2zn motion of this satellite to that of Titan is, in fact, very close to 3/&.

The same considerations are applicable to those of the small planets whose
. z2zan motion is approximately double that of Jupiter, and which have been the ob-
.ect of a noteworthy work by Harzer, and to the minor planet Hilda, whose mean
nction is approximately equal to 3/2 times that of Jupiter.

Tisserand reports, in addition, in the work which we cite the case of Uranus
:nd Neptune where the relationship of the motions is near 1/2. In all these cases
‘nere exists an important irregularity and the study of this inequality can be
facilitated by consideration of periodic solutions of the first kind.

On the contrary, periodic solutions of the second and third kind have still
tot received practical applications; everything indicates, however, that this
w“ill one day come about, and this is what would happen if the conjectures of
S2uss on the subject of Pallas came to be confirmed.

Satellites of Jupiter

50. However, the most striking example is furnished us by Laplace himself
zrd by his admirable theory of the satellites of Jupiter.

There exist, in fact, true periodic solutions of the first kind when, in-
tead of three bodies, we consider four or a larger number. Let us consider, in
'act, a central body of large mass and three other small bodies of zero mass

w

K]
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circulating about the first in conformity with Kepler's laws. Let us imagine

that the eccentricities and inclinations are zero, such that the motions are

circular. Let us assume that there is, among the three mean motions n, n' and

n", a linear relation with integral coefficients 155

an+ Bn'+ yn'=o,
a, B, Yy being three integers, first among them, such that

¢+p+7=o;

we will then be able to find three integers A, A' and A", such that

al + B+ yA"=o

and we will have
n=1A+B, n'=2A+B, a"=2A+B,
A and B being arbitrary quantities.

At the end of time T, the longitudes of the three bodies will have increased
by

AAT + BT, )AT+BT, )°AT + BT,

and the difference of longitudes of the second and third satellites with the first
will have increased by

(A —X)AT, () —2")AT.

If, therefore, we chose T such that AT is a multiple of 2m, the angles formed
by the radius vectors led from the central body to the three satellites will have
resumed their primitive value. Thus the solution considered for p=0 is periodic
of period T.

Will the problem still allow a periodic solution of period T when we take
account of the mutual actions of the three small bodies, and their motion will no
longer be Keplerian, or in other words, when we no longer assign to the parameter
g the value O, but a small finite value instead?

An analysis very similar to that of article 40 proves that it is effectively
true; there is a periodic solution of period T analogous to the solutions of the
first kind and where the orbits are almost circular. The three small bodies are
as much at the beginning as in the middle of each period in symmetrical conjunc-
tion or in opposition.

Laplace has demonstrated that the orbits of the three satellites of Jupiter Z}ié
differ very little from those which they would follow in a similar periodic sol-
ution, and the positions of these three small bodies oscillate constantly about
positions which they would have in this periodic solution.
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Periodic Solutions in the Neighborhood of a Position of Equilibrium

51. The periodic solutions which we have discussed until now are not the
only ones whose existence it is possible to demonstrate. Thus the Problem of
Three Bodies contains periodic solutions of the following nature: the two small
todies describe around the large body orbits very little different from the two
Keplerian ellipses E and E'; at a certain moment, these two small bodies pass
very close to each other and exercise on each other considerable perturbations;
they then separate again and then describe orbits which closely approach two new
Keplerian ellipses El and Ei, very different from E and from E'. The two small

ddies diverge very little from the ellipses El and Ei, until they again find

themselves very near each other. Thus, the motion is almost Keplerian, except
:v certain moments where the distance of the two bodies becomes very small and
#here very considerable but very short-lived perturbations are produced. It can
ccur that these types of collisions are reproduced periodically and such that
it the end of a certain time the two bodies are again found on the ellipses E
rd E'. The solution is then periodic. I will later return to this type of

teriodic solution which differs completely from those which we have studied in
‘kis chapter.

I will equally reserve for another volume the periodic solutions which I
tave called those of the second kind and which I have defined in my memoir of

Volume XIII of Acta mathematica, but whose study cannot precede that of inte-
tral invariants.

It is, nevertheless, a category of periodic solutions the theory of which
resembles that for the solutions of the second kind, but of which I want to say
several words here, free to return with more detail at the proper time and place.

Let 157

d"‘[ d:r dz »
-E-=xn 7;=xh ceen —‘?f:X. (l)

be a system of differential equations. I assume that Xji can be developed in

terms of the increasing powers of Xyy Xy eeey X and of a parameter p.

I assume in addition that for
Ty =Zy=...=ZTn=0
e have at the same time (and no matter what p may be)
X=Xy =...=Xa=o.

Then system (1) will admit as particular solution

ceey  Zmx=0,



A, TN Re. - S AR A ==

and as the values of xl, x2, ey xn are constants, this solution may be regarded

as an arbitrary periodic solution.
I propose to study the periodic solutions which differ very little from them-

Let Bl, 82, ooy ﬁn be the initial values of xl, X ooy X

2’
32, ooy ¢n+ﬁn be the values of these same variables for t=T.

n let V. +B, V +

y wees B

We can develop "l’ q;g, ceey *n’ in terms of the powers of Bl, 62 n

and u.

Let us consider the following equation in S

X _g 4% dX,
dz, dz, " dra
X,  d% _ dX,
dr’ dz’ e d,z. . o,
dX, X, d¥a_
dzx, dzy  dza

where we assume that we have made

R=T1=T93=...=Ta=0.

If this equation has no multiple root, I will call Sl’ 32, ceey Sn its n roots. /15

We then verify the functional determinant of y with respect to B, when we
here make

p=Bi=Bi=...=Ba=0o,

become equal to

A=(eHT—1)(eSsT—1)...(e8aT—1).

In order for the considered solution to be periodic of period T, it is necessary
and sufficient that we have

Yi=d=...=¢a=o0. (2)
This system contains a solution which is obvious and which is the following:
Bi=Br=...=8a=o. (3)
This teaches us nothing new, since we already know this can be regarded as
a periodic solution of equations (1). Beyond this obvious periodic solution, do

these equations admit others which are distinct from, but differing from this
one by only very little? In other words, can equations (2) be satisfied when we
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tstitute in them functionsqof o instead of B, which, without being identically
wrm vanish for p=07?

If the determirant A is not zero, solution (3) is for p=0 a simple solution
7 system (2); therefore, aside from solution (3), system (2) will not be able to
: satisfied by functions B vanishing with p.

If, on the contrary, the determinant A vanishes, we will be able to find in
2 or several manners convergent series ordered in terms of the fractional powers

>

i1 4 vanishing with this variable and which, substituted in place of Bij, will
':isfy equations (2) This is what a special discussion, to which I will return

2zse series have their real coefficients, they define a new category of periodic

izlutions which exists for small values of p and for which xl, x2, ..., and x
izver take anything more than very small values. n

In order for A to vanish, it is necessary and sufficient that one of its z159
z2tors vanish, i.e., that we have

ST =,
3ibeing one of the roots of the equation in S. In order for this to be possible,
 is necessary that Si be imaginary; the equation in S will then admit the i-
zzirary conjugate root %J and we will still have
eSiT=1,
izich shows that two of the factors of A will cancel at the same time.
Moons Without Quadrature

52. As application, let us again take the equations

8 —sndp (5 -sw)e—o|

[ D an BB,

(1)

-1sse equations are satisfied if we make

7, =0, E—\/an,- (2)

(D

e that € and 1 are then constants; equations (2) can be regarded as de-
ling a periodic solution of equations (1).

) It is easy to perceive the astronomical significance of this solution. The
“iation TkO signifies that the Moon is constantly in conjunction or opposition,
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and the second of equations (2) signifies that the distance from the Moon to the
Earth is constant. This periodic solutiqp is therefore nothing other than that
which Laplace defined in his Mécanique céleste, Book VI, Chapter X.

However,we propose to determine the periodic solutions which differ very
little from it by applying the principles of the preceding article.

To do so, let us begin by assuming that the unit of length has been chosen
such that

3% =1, 1 =3n1,
and that the unit of time has been chosen such that
B.=l+!,
o being a very small parameter.

If we set €=1+x, system (1) can ve replaced by the following, which is ana-
logous to system (1) from the preceding article

%:z’ %’;= 2(!+¢)n'+3(l+¢)’(t+l)(ﬂ—'-.—l),
%‘ =v %’:—' = —2(1+¢)z’+3(l+¢)":'—_;.

If we then form the equation in S from the preceding article, we have

St—2aS8t—37 =o.

This equation admits two real roots and two imaginary roots

Si= V=ivvas—,,
Se=—vV=1VVa8 —1.
If we then take
T=—2 _,
Vv28 —1
we will have
5T — 8T —

The determinant A from the preceding article is therefore zero.

We can therefore form series ordered in terms of the fractional powers of
W (nere these series would be ordered in terms of the integral ers of /p.)
and which, substituted in place of the Bi’ satisfy equations (2) from the pre-
ceding article.
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We would verify (and I will return to this later) that the coefficients of these
series are real.

Equations (1) of Hill admit therefore periodic solutions differing but little
rom solution (2). In the solutions T remains very small and the Moon, conse- /161
pently, is always almost in opposition (or in conjunction). Hill therefore had
r2ason to state that we can imagine a class of satellites which will never be able
tc be in quadrature; only the process by which he had thought he could arrive at
aresult, which he had, shall we say, guessed, was in no way capable of leading him
2 it; for this class of satellites is not, as he had believed, the analytical
»ntinuation of that which he had first studied in such an exhaustive and brilliant
zzmer.

I will add that, in this category of periodic solutions, the Moon is found
-1 symmetrical opposition at the beginning and in the middle of each period.
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CHAPTER 4. CHARACTERISTIC EXPONENTS

Equations of Variation

53. It is very improbable that, in any application, the initial conditions Zlé?
of motion are exactly those which correspond to a periodic solution; but it may
occur that they differ thereby very little. If then we consider the coordinates
of the three bodies in their actual motion, and, on the other hand, the coordinates
which these three same bodies would have in the periodic solution, the difference
will remain very small for at least a certain time and we can, in a first approx-
imation, neglect the square of this difference.

Let

%_k, (é=1,2, ..., 0) (l)

be a system of differential equations where Xi are known functions of Xy X
ey X o
n

2)

Let
=) Zm=a(l), ..., Za=ga(r) (1a)

be any solution of these equations which we will call a generating solution.
Let
= (8)+81, Ta=qa(8)+ b, ey Za=ea(t)+Ea (lb)

be a solution differing little from the first.

‘
If we neglect the squares of €, we will be able to write

dE‘ E|+dxlfa+ +::‘ A (i=1,13, ..., n). (2)

Equations (2) will be what we will call the equations of variation of equations Zléi
(1). We imagine that we may in a first approximation use these equations of
variation to determine E.

The preceding suffices to make the importance of these equations of variation
understood.

We are therefore going to make a detailed study of them, insisting especially
on those of the equations of Dynamics.

54. Let us again take equations (1) from the preceding article and equations
(2) which are their equations of variation.
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When we know a solution of equations (l) containing a certain number of
wroitrary constants, we can deduce from them particular solutions of equations

i)
Let us assume, in fact, that equations (1) are satisfied when we set

zy "'-"?l(‘v "lt "h ey hp)t )
Ty = ?!(‘) hl’ "h ey hp)'

(3)

ware hl’ h ooy hp are p arbitrary constants.

2)
It is clear that equations (2) admit the p particular solutions

=22, g o 9 don
=@ hEay v ey
dQ[ d?’ do.

gi= = — . Pl
(1) dh, Ea d’l,, ’ E._d’l,,

sseeessey  seesesas » sy 00 ccccony

e do, don
elz'd_";’ E’—d—h;’ ceey E.= ‘—ih—P.
d
It is understood that in these derivatives % after the differentiation

“ make the substitution
A=hy=...=h, =0.
£t us assume now that we know an integral of equations (1), and let
F(z\, 23, ..., Zo) = const.
2 this integral.
As solution (1la) we will have
Flo1(2), 9a(2), ..., 0a(t))=c¢,
=d for solution (1b)
Flou(e)+51, @a(8)+ &, ...y 0n(t)+Ea] = ¢,
tand ¢' being two numerical constants.

If we assume that values € are very small, it will be the same for c'-c
2d, if we neglect the squares of these quantities, it will follow that
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s, "t I '+"'+.b,, Er = ¢'— ¢ = const. (;4)

In the partial derivatives az;
entiation to make the substitution

it is, of course, necessary after differ-

Ti=o(d), T=ci(t) ..., za=ga(¥).

Equation (4) then gives us an integral of equations (2); it is important to ob-
serve that this integral will generally contain the time explicitly.

Thus, if we know an integral of equations (1), we can deduce from it an
integral of equations (2).

Application to Lunar Theory

55. I spoke above, in article 53, of the possible applications of equations
of variation and of their usefulness for Astronomy. A striking example is fur- [&g
nished us by Hill's admirable Iunar Theory.

I said in article 41 how this astronomer and scientist, after having formed
the equations of motion for the Moon, studied in detail a particular solution of
these equations which differs but little from the solution corresponding to the
true initial conditions of motion. This solution is periodic and belongs to those
I designated in the preceding chapter under the name of solutions of the first
kind.

Holding to this solution, this comes back to neglecting at the same time not
only parallax and eccentricity of the Sun, but inclinations in the orbits and ec-
centricity of the Moon.

Nevertheless, this first approximation permits us to know rather exactly, as
I said in article 49, the coefficient of one of the most important inequalities of
the Moon known under the name of variations.

Now let

Zy=¢1(l), Ty=094(t), Ty=o(t)=0

be the coordinates of the Moon in this particular periodic solution.

Let

Iy= ?l(')+ Ei

be the true coordinates of the Moon.

In a second approximation, Hill neglects the squares of E and therefore ar-
rives at a system of linear differential equations. In other words, he forms
equations of variation taking as a generating solution the periodic solution
which he had first studied.
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llevertheless, this second approximation gives him some of the most impor-

it elements of lunar motion namely the motion of the perigee, that of the node

12 the coefficient of the evection.

Actually the results published concern only the motion of the perigee (cam-

bridze, U.S.A. 1877, and Acta mathematica, Vol. VIII), but the number obtained

is extremely satisfactory.
Equations of Variation of Dynamics

S6. Let F be a function of a double series of variables

Ziy Tyy ooy Zay
Yis Yy - v Fa

w1 of time t.
Let us assume that we have the differential equations

do_d¥  dy __ dF
dt ~ dy,, dt = ~ dz,

Let us consider two infinitely close solutions of these equations, the first,

Ty, I, ecey Ta, .rl) .rh cvey Ymy

wiich will serve as generating solution and the second,

zl"'Eh zt+5h ce -"n'*‘fn, ]l+rllr .r!+rn) ceey .rl+75ly

(1)

/166

zues € and T being sufficiently small for us to be able to neglect their squares.

Values E and T will then satisfy the linear differential equations

:l_E_! dF da*F
at = 2,, Tyida; +2‘.-——dy, dys
ﬂ! - a&*F t _2 da*F
dt xdzidz; * kdzidy; P

wiich are the variational equations of equations (1).

Let 51:.’ T]'i be another solution of these linear equations,

& d'F , d&F
de — 2&' d]lzk G +2k d]['a_rg Nk
M L S v
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