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PREFACE

The methods to be discussed in this second volume have been elaborateq by
numerous contemporary astronomists; however, the methods developed by Gylden,
which range among the most perfect known, will be given the largest coverage.

All these methods have one characteristic in common: The various scientists
who conceived these methods attempted to expand the stellar coordinates in
series all of whose terms are periodic and to thus cause vanishing of the so-
called secular terms, encountered in the older methods of successive approxima-
tions in which the time was removed from the sine and cosine symbols. However,
in return, these scientists did not concern themselves with checking whether
their series were convergent in the sense in which the mathematician defines
this term.

Thus, despite the fact that the results derived in my first volume were
established with the entire rigorousness to which mathematicians are accustomed,
the results to be discussed here are valid only within a certain approximation
which is relatively greater the smaller the masses become. It is extremely dif-
ficult to measure, in each individual case, the committed error with absolute
certalnty; however, an upper limit, although quite roughly, can be defined.

The terms of these series first decrease rapidly and then start increasing;
however, since astronomists usually stop with the first terms of the series long
before these terms have ceased to decrease, the approximation is sufficient for
practical purposes. The divergence of these series is inconvenient only if they
are intended for rigorously establishing certain results, such as for example /vi
the stability of the solar system.

In Chapter VIII an attempt is made to explain the cause of this discrepancy
between mathematician and astronomer, including the reason for the fact that
some series called divergent by mathematicians may be of use to astronomists and
the manner in which the conventional rules of calculus may become applicable to
these series. The somewhat protracted methods that lead up to this latter re-
sult have nevertheless the advantage of demonstrating a way for determining an
wper limit of the error; in all other respects, Chapter VIII can be combined
with the discussion at the end of Chapter VII.

In the following Chapters, the simplest of the new methods, namely, those
due to Newcomb and ILindstedt will be expounded. We will show a way to overcome
certain difficulties encountered in attempting to apply these methods to the
most general case of the three-body problem.

These difficulties mainly consist of two: First, so as to render the
Lindstedt method applicable, either in its original form or in the form modified
by me, it is necessary that, in first approximation, the mean motions are not
linked by any linear relation with integral coefficients. However, in the three-
body problem, the mean motions that must be taken into consideration are not
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only those of two planets but also those of the perihelions and nodes. However,
in first approximation, i.e., in the Keplerian motion, the perihelions and nodes
are fixed; thus, their mean motions are zero and the above-stipulated condition,
i.e., the absence of any linear relation with integral coefficients, is not
satisfied. After having explained a process by which the following approxima-
tions can be arranged to avoid this drawback, a second difficulty will be dis-~
cussed which is created as soon as the eccentricities become extremely small.

It will be shown that this difficulty is artificial and that it can be avoided
by starting, instead of from the circles to which the Keplerian ellipses are
reduced as soon as the eccentricities become zero, from the orbits described by
our planets in the case of periodic solutions of the first kind, investigated in
Chapter III. [vii

In the following parts, the first methods by Gyldén will be discussed.
Based on principles which are not without analogy to those discussed here, they
permit overcoming exactly the same obstacles; in addition, many detail diffi-
culties are overcome by artifices that are as elegant as they are ingenious.

A few Sections will be devoted to integration processes applicable to
certain differential equations which Gyldén has considered; specifically, one
of these equations which seems of special interest and whlch numerous other
mathematicians have also considered will be discussed in greater detail.

In studying these methods, we will frequently deviate considerably from the
mode of exposition by their authors. It would have been useless merely to re-
peat what they had done so excellently already. In addition, I have no great
interest to arrange these methods in a form most convenient for numerical calcu-
lators; rather, an attempt will be made to explain the basic essence of these
methods so as to facilitate a comparison.

When the reader has come this far, he will be fully aware that there are
always means for eliminating the so-called secular terms that had been more or
less artificially introduced into the older calculation methods. However,
calculators frequently encounter a much more serious obstacle, namely, the oc-
currence of small divisors as soon as the mean motions come close to being com-
mensurable. The procedures discussed in Part I of this volume become then in-
applicable and it will be necessary to use either the Delaunay method or the
Bohlin method which latter is closely correlated with the former and which will
be covered in a full Chapter. However, even this method is not yet perfect
since it introduces, if not small divisors then at least large multipliers,
which might render the approximation insufficient in certain cases. This left
one more step to be taken, which has been performed by the last Gylden methods
whose discussion will terminate this particular volume. Despite the fact that
also these methods are not yet perfect in the eyes of a pure mathematician, they
are the most perfect ones known to date.
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RECAPITULATION OF NOTATIONS

To save the reader the nuisance of referring constantly to Vol.I of these
books, we will briefly review the significance of certain notations that were
defined in the first volume and that will be used in this portion.

Let us first recall that the body mz is referred to the body mi, the body
ms to the center of mass of the bodies m; and mz. We will put (Sect.ll)

mym, _ (my+ my)my

Bu=_-———-, PBr=

my+ my my+ my <+ mg

such that p is a very small quantity and that B and B' are finite.

Here, F denotes the total energy of the system divided by w; this quantity
can be expanded in powers of u.

We will next define the osculating elements of the first planet, i.e., of
the body mz in its relative motion with respect to the body m .

Here (Sect.8), a denotes the semimajor axis, e the eccentricity, i the in-
clination, and we put

L=yva, PBL=A, G=ya(i—e'), 6=Gcosi

The mean anomaly is denoted by 4, the mean longitude by A, the longitude of
the node by 6, and that of the perihelion by g + © which is also denoted by @.

In addition (Sect.1l2), we are using

t =yV2B(L—-G)cosw, 7, =—y2B(L—G)sinw,
P =v28(G—8)cosh, g = —y2B(G —8)sinb.

The symbols

Bv L, A, G, 6, I, 1}, & 8§ w, sv N Py 9

refer to the motion of the first planet. The same symbols with primes, B',
L', ..., will have the same meaning with respect to the motion of the second
planet, i.e., the relative motion of the body ms with respect to the center of
magss of my and mgz.
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NEW METHODS OF CELESTIAL MECHANICS YA
VOL.II

H.Poincare

In this Volume II of the Methods of Celestial Mechanics,

the methods by Newcomb, Gyldén, Lindstedt, and Bohlin are
discussed in detail, 1nc1ud1ng hlstoncal background, ap-
plication to the study of secular variations, to the three-
body problem, to orbits of low eccentricity, and to ordinary
and libration cases. The difficulties and advantages of the
various methods are discussed and extensions of the pro-
cedures are developed. The Gyldén methods are demonstrated
to be the most precise and best applicable to the orbits of
minor planets perturbed by Jupiter. Methods for overcoming
the various difficulties inherent in the older methods are
given, specifically the elimination of secular terms, the
presence of small divisors when the mean motions are close
to commensurable, etc. The usefulness of so-called divergent
series in astronomy, specitically in the three-body problem,
is indicated. Trigonometric series, of the Newcomb and
Lindstedt form, are derived that formally satisty the equa-
tions that define the secular variations, applicable to the
n-body problem and to the stability of the solar system.

For three bodies moving in the same plane, canonical equa-
tions with only one degree of freedom and integratable by
simple quadrature are given.

CHAPTER VIII
FORMAL CALCULUS

1. Various Meanings of the Term "Convergence"

118. Between mathematicians and astronomists some misunderstanding exists
with respect to the meaning of the term "convergence". Mathematicians who are
mainly concerned with perfect rigorousness of the calculation and frequently
are indifferent to enormous length of some calculation which they consider use-
ful, without actually thinking of ever performing it efficiently, stipulate that
a series is convergent if the sum of the terms tends to a predetermined limit even
if the first terms decrease very slowly. Conversely, astronomists are in the
habit of saying that a series converges whenever the first twenty terms, for
example, decrease rapidly even if the following terms might increase indefinitely.

#* Numbers given in the margin indicate pagination in the original foreign text.

1l



Thus, to take a simple example, let us consider two series that have the
following general term:

1000® 1.2.3...n
and .
1.2.3...n 1000"

Pure mathematicians would say that the first series converges and even that it
converges rapidly since the millionth term is much smaller than the 999,999th; /2
however, they will consider the second series to be divergent since the general
term is able to grow beyond all bounds.

Conversely, astronomists will consider the first series to be divergent
since the first thousand terms increase; they will call the second series con-
vergent since the first thousand terms decrease and since this decrease is rapid
at first.

Both rules are legitimate; the first for theoretical research and the second
for numerical applications. Both must prevail, but in two entirely separate
domains of which the boundaries must be accurately defined.

Astronomists do not always know these boundaries accurately but rarely ex-
ceed them; the approximation with which they are satisfied usually keeps them
far on this side of the boundary. In addition, their instinct guides them and,
if they are wrong, a check on the actual observation promptly reveals their
error.

Nevertheless, it seems useful to bring some greater precision to this
question, which will be attempted here despite the fact that its very nature
makes this rather difficult. So as to avoid any confusion, let us say now,
unless stated differently, that the term "convergence" will always be used here
in the sense of the pure mathematician.

2. Serieg Analogoug to the Stirling Series

119. The first example, which clearly shows the legitimacy of certain ex-
pansions, is the classical example of the Stirling series. Cauchy has demon-
strated that the terms of this series first decrease and then increase so that
the series diverges. However, if the series is terminated at the smallest term,
the Eulerian function will be represented with an approximation that is greater
the greater the argument.

Since then, numerous analogous facts have been demonstrated and I, myself,
have studied earlier (Ref.l), an important class of series that exhibit the same
properties as the Stirling formula.

Let us cite still another example which has some interesting properties /3
and which might be useful in what follows.

Let wo be a positive number smaller than 1.

The series



wh
(s p)=2|+np (1)

converges for all values of w and of u, such that
lw|<we, p2o.
In addition, the convergence is absolute and uniform.

On the other hand, we have

wh

m = xpw"(—l)PnP,.u'.

One could thus be tempted to equate ¢(w, p) to the double-entry series
ZaZpwh(—1)Pnops,
However, this series does not converge absolutely.
Arranging the terms in ascending powers of W, we obtain
Ao—Arp+ Ayt — AP+, (2)
or

Ag=Swa, Ay=Znws, Ay = Zntws, Ay=Znlws,

The series (2), arranged in ascending powers of p, diverges. Assuming that w
is positive-real so as to define the concept, we obtain

kkwk < Ap < (—I-_—'—W)".

It is obvious that the series
Z(—kwplt

diverges and that this is a fortiori true for the series (2). However, on con-
sidering the series

(—u)i!

(—wp’

it will be found that, if T L is very small, the first terms decrease /L
rapidly despite the fact that the following terms increase beyond all bounds.
Does this series (2) approximately represent the function ¢(w, p)?

To answer this question, let us pose

Op(Ww, B) = Ag— A jp+ Agpt—.. .22 A, pP,



We state that

limT—% =, for ®=o.

In fact, this yields

.?_._?" =(—|)’§|P nP+tewn

uP

It is easy to see that the series
np+igwn
2 1+nAp
converges uniformly; thus, for p = O, we have

lim '—:% =Znrvtwr= finite quantity

and, consequently,
lim% =o.

Q.E.D.

3. Calculation of the Serieg

120. This leads to a relation of an entirely new nature which is able to
exist between a function of x and p, denoted by ¢(x, 1), and a divergent series
arranged in powers of u

So+phi+pifait+. ..+ ppfo+..., (1)

where the coefficients fo, f1, ... can be functions of x independent only L
of p (which would happen in the above example) or else depending simultaneously
on x and .

Let us put
ep=So+pfi+ptfy=—...4 prf,.
If we have
Iim?_T?' =o0, for p=o,

we state that the series (1) asymptotically represents the function ¢ and write
oz p)=Lfo+ phi+tptfire. . (2)

The relations of the form of eq.(2) will be designated as asymptotic equalities.
It is obvious that, if p is very small, the difference ¢ - ¢, will also be

very small and, despite the fact that the series (2) is divergent, the sum of
its p + 1 first terms will, very approximately, represent the function ¢.
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Astronomists would say that this series is convergent and represents the
function .

Astronomists have always continued to look for series that formally satisfy
the proposed differential equations, without much concerning themselves with the
convergence of these series. This procedure, at first glance, seems entirely
illegitimate but nevertheless will frequently lead to success.

To explain this fact, it is necessary to study the question in more detail,
which will be done below.

Let us introduce some new definitions.
Let us consider a system of differential equations

dd_‘r“=xl (é=1,13, ..., n). (3)

We assume that Xy is a uniform function of t, of x;, x2, ..., Xp, and of a
parameter p as well as that the series can be expanded in ascending powers of u.

Let us now consider n divergent series which will be written as follows:

Si=foa+pfia+ptfia+...,
Sy =for + pnfia +ptfas+...,

Sa =f0.n+ l‘fl.n"" l‘-’fa.n +....

Let us suppose that the quantities fy, are known functions of t and u and, in /6
addition, that these functions can be expanded in convergent series in ascending
powers of p.

Let ¢y be the sum of the p + 1 first terms of the series Sy,. We state
that the series S, Sa, .., Sy formally satisfy the differential equations (3)
if, on substituting

Ppay Ppdr c:cy Ppmr
for

Zy Zyy -y Za,
the difference -%%1- - X; becomes divisible by wPtl

After having made this definition, we propose to establish the following:
Let us consider a particular solution of egs.(3), namely, a solution which is
such that

Y=g =...= Tg=0
for t = 0.
Let



Ty = °I(‘r P')v Ty = ol(‘v P')r ce.y Ty = °l(‘1 P')'

We will assume that the functions fy; all vanish for t = C.
We state that the following asymptotic equalities will be obtained:
0, (¢, p)=S,, ot(‘o B)=S,, [XET) 0.(t, p)= Sa. (Ll»)
In fact, let us put

3’|=,’,|+F’*|£|, Ty= ?,_3-0’,.’#‘&,, ceey z‘.=?’..+”p+|£..
Substituting these values of x into egs.(3), these equations become

d% _ d?p.l
W g =X =g

After the substitution, X; will became expandable in ascending powers of u, of
P""En F""En soey l"*'tﬂv
where the coefficients of the expansion are known functions of time.
An exception to this exists only if the particular solution /7
zy=04(¢, 0), zy = 8,(t, 0), ceey  .xa=0,4(¢t,0), p=o0
for one of the values of t to be considered here, would pass through one of the
singular points of the differential equation (as in Chapt.II, Sect.27, we will
denote by this the systems of values of x;, X2, ee¢e, X, t, and p for which the

terms X; cease being holomorphous functions).

As demonstrated in Section 27, it is thus possible to obtain two positive
numbers M and @ such that

_ dea M

Y=g < I—aa oL o) e ).

However, by hypothesis, the series S, Sz, ..., S, formally satisfy egs.(3).
This means that, if we set

bhi=b=...=f=0,
whence
Ty=9Pp.l»

then the differences X; - s become divisible by w*'. Thus, we have

dt
do,. Mpl*'(er+ b+ b ...+ Ea)
X — d:‘< I—!(p-r]l’"‘f|+t.-+|nl""fu). (5)



If, for abbreviation, we denote by p?*!

Z the second term of the inequality (5)
and if we put

Xl— dq'"‘ = F"+| Y"

dt
then egs.(3) become
g’z—“=yb (6)
with the condition
Y‘<Z.

Let us now consider the particular solution of egs.(6) which is such that /8
fi=b=...=8=0
for t = 0. This solution can be written as follows:

_ % ) —op
Ei—~ —FP"—.

For demonstrating the asymptotic equalities (4), it is thus sufficient to
establish that §,; is finite. For this, in turn, it is sufficient to compare
egs.(6) with the equations

L3
H—;= * (6.2)

So long as the solution of eq.(6.2) is finite, this will be also the case
for the solution of eq.(6). However, egs.(6.2) are easy to integrate. Putting

E|+EQ+..-+E.=¢,

we obtain, for the particular solution under consideration,
[

fimbmo ==
and
‘13 _ Ma(ar +q)
dt — 1 —ap—aprt’

It is easy to integrate this latter equation and to find that o is finite as
well as that 0 tends to a finite limit as soon as p tends to zero.

This is the same for the §; terms. Q.E.D.

This theorem justifies the procedure used by astronomists, provided that p
is sufficiently small. Possibly, this could have been established in a simpler
form; however, the above demonstration yields a simple means for finding an
upper limit of the committed error.

121. It now remains to see to what extent the conventional rules of calcu~
lus are applicable to the formal calculus:



For this, let us consider two simultaneous equations

dr _ dy _

where X and Y are uniform functions of x, y, t, and u, which can be expanded /2
in powers of u.

Let us change variables by putting

Tr = "{I(E- 7[)1
Y= %(E- nh

where ¥; and ¥, are functions of €, T, t, and u.

The differential equations then become

Z=X G- (2)
where

x=-‘d‘%x+%§\rg

Y=%x'+%v',

where X' and Y' can be expanded in ascending powers of u, unless —2X- -d¥_ _
- -%ﬁ- -g%; is divisible by p which we do not assume here.

After this, let

S=fo+pfi+pifs +
S'=fo+pfi+prfy-+..

be two dlvergent series where f; and fi are functions of t and u' which can te
expanded in convergent series in ascending powers of T

Let us assume that these series S and S' fonmally satlsfy egs.(2) when sub-
stituting these series for € and T and setting there p' = u.

Let us now substitute, in the two equations
z=¢(5n)  r=v(k )
the series S and S' for € and 7 and let us then expand
$1(S, S, §a(S, §),
in ascending powers of p. Despite the fact that the series S and S' are assumed

to be divergent, the expansion will be performed by the conventional rules of /1C
calculus. Below, we will show what we mean by this.



Iet S, and S, be the sum of the p + 1 first terms of S and S'. Ilet us as-
sume that the p + 1 first terms of the expansion of ¥;(S, S') and of ¥2(S, S')
are to be calculated.

For these p + 1 first terms, it is necessary to take the p + 1 first terms
of the expansion of

$1(S,, S;) and ¢s(S,, S;).

This will yield two divergent series that can be written as follows:

{ $1(S, ) =Fo+ pFy+ ptFy+...,
| $2(S, §')=Fq+ pFy 4 p?Fy+.. ., (3)

and these series have the same form as the series S and S'.

We state that these two series formally satisfy egs.(1l) if they are sub-
stituted for x and y and if one then sets p = p.

In fact, if we put
z=41(55S;), ¥ =%(Sp Sp)
then the difference of the two sides of egs.(1l) becomes divisible by wP*'.

On the other hand, denoting by £, and £, the sum of the p + 1 first terms
of the series (3), the differences

Zp—41(Sps Sp)y  Zp— (S, Sp),
will be divisible by w**'.
It is easy to conclude from this that, if we set

z=2" ,=2",

then the difference of the two sides of egs.(l) becomes divisible by w***.

Q.EQDQ
Let now
dr
Z=% (&)
be a unique equation where X is a function of x, t, and u.
By putting /11
a—
&« =
we obtain
dy _ X
iy A (5)



Let
Sofa+pfi+pudfy+...,
be a divergent series that formally satisfies eq.(4).
Let us form the series
S=Sfo+pfi+pSr+..
obtained by differentiating each term with respect to t.

W? state that the two series S and S' formally satisfy the two equations (L)
and (5).

In fact, let S, and S, be the sum of the p + 1 first terms of S and of S';
this will yield

s, = %S0
PT A
Let us put
X =X(z, t),

dX dX .
v +y = = Y(=, y, t).

We state that the difference

Y(Sp Sy, 0)— 57
is divisible by wP*t.
By hypothesis, the difference
U=X(S, -5

is divisible by w’*'; thus, this must also be so for its derivative

du , ds,
—d_‘- =Y(S,, s’, ‘)—T:O Q.E.DO

Consequently, the conventional rules of calculus are applicable to the /12
formal calculus.

The most interesting question for what follows is to know whether the
Jacobi theorems, discussed in Sections 3 and 4, are applicable to the formal
calculus.

This question must be answered in the affirmative; we will demonstrate this
in Section 125 on a specific example, but the proof itself can be extended with-
out change to the general case.

122. Earlier (Ref.l, p.295),we demonstrated certain properties of asymp-
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totic equalities.

To this, two asymptotic equalities can be added which can also be multiplied
ty each other.
Let now

S=f.+pf.+p*f.+...

te a divergent series where f; are functions of t.

Let
(¢4, p)=S

te an asymptotic equality.

Llet us assume that fo = O so that, for p = O, we have

S =o, ?(¢t0)=o0.

Now, let us assume a function of z, holomorphous at z = O.

Let us substitute S for z in F(z) and then expand F(S) in powers of p by
the conventional rules of calculus, as had been explained in the preceding Sec-
tion. This yields the asymptotic equality

Flo(¢, u)}=F(S).

It is unnecessary to reproduce the proof here. The reader is referred to
the cited paper. We will not further concern ourselves with such a demonstra-
tion since this is so easy that it can be done more rapidly by the reader him-
self.

let now
e p)=fo+pfi+pth+...,

be an asymptotic equality where the terms f depend on t and u. We will assume /13
that this equality takes place uniformly. This means that the expression

I_?P’
nP

where ¢, denotes the sum of the p + 1 first terms of the series, tends uniformly
to zero irrespective of the value of t, as soon as p tends to zero. This means
that one can derive a number € independent of t, depending only on p and vanish-
ing with p such that

lo —o5| < pre.
This will yield

0"
’ A (o — ?p)d"< BPe(e,—t,),

11



which shows that the asymptotic equality

/9dlEff.dt+pff.dl+p' Sadt + . ..

is obtained.

Thus, we have the right here to integrate an asymptotic equality. One does
not generally have the right to integrate such an equality. Nevertheless, one
case exists in which the above principles permit to do so.

Let ¢(t, p) be a solution of a differential equation and let S be a series
that formally satisfies this equation.

Asymptotically, we then have
o(t, p)=S.
Let S' be the series obtained by differentiating each term of S.
According to the preceding Section, this series formally satisfies the dif-

ferential equation which is also satisfied by the derivative —g%-.

This will yield the asymptotic equality
do

-‘T‘ES'.

The reader's indulgence is asked for such a lengthy explanation of these /14
simple points; however, it seemed important to define the nature of the mis-
understanding mentioned above. In addition, before starting a study of the
methods of successive approximations used in celestial mechanics, methods that
are divergent from the viewpoint of the mathematician, we wish to explain why
their use may be of service to astronomers.



CHAPTER IX /15
METHODS OF NEWCOMB AND LINDSTEDT

1. Historical Background

123. Lindstedt (Ref.2), proposed an integration method by successive ap-
proximations of the following equation:

diz (1)

an + ntz = po(z,t),

where o(x, t) is a function expanded in ascending powers of x whose coefficients
are periodic functions of time t.

He was even able to demonstrate that the method is applicable to the follow-
ing equations:

dz . .
an trlz=pe(z,:,0),
@

T iy =pd(z,,10),

which are more general than eq.(l) and which reduce to a particular case of the
equations of dynamics, provided that one has

Equation (1) is of extreme importance in celestial mechanics, since Gyldén
has arrived at these equations several times during his excellent research.

Iindstedt did not prove the convergence of the expansions performed in this
manner; in fact, they actually are divergent. However, it has been shown in /16
the preceding Chapter that they might nevertheless be of interest and of consid-
erable usefulness.

However, another and more serious difficulty exists here. It is easy to
see that the method is applicable in the first approximations but it is question-
able whether it might still be valid in the next approximations. Lindstedt was
unable to establish this rigorously and even harbored some doubts on this sub-
ject. These doubts had no basis in fact and his excellent method is still
legitimate. I proved this first by using integral invariants (Ref.3) and, later,
without using these invariants (Ref.,). The second of these proofs will be dis-
cussed in this Chapter. This led to a modification of the Lindstedt method which
is applicable directly to the most general case of the equations of dynamics.

Several special cases, however, are not covered by this, including the
general case of the three-body problem.

13



Because of its importance, the latter case attracted also the attention of
Lindstedt. This astronomist (Ref.5) described a procedure for applying his
method to this case.

Unfortunately, the same difficulties as those mentioned above still remain;
these include not only the divergence of the expansions which can be disregarded
here for the reasons discussed in the preceding Chapter but even the very
feasibility of the expansions and thus the legitimacy of the method itself.

I velieve that I have been able to erase these doubts; Chapter XI will be
devoted to this topic.

Thus, for explaining the manner of applying the Lindstedt method to the
three-body problem, we will adopt a mode of presentation which will neither bte
that of the scientist-inventor nor that suitable for calculation of the various
terms of the series but rather that most suitable for demonstrating the legiti-
macy of the method.

Lindstedt was preceded in his trend of work by Newcomb (Ref.6) who was the
first to derive series representing the motion of planets and containing only /17
sines and cosines. His method, which will be discussed later in the text, is
based on the variation of arbitrary constants.

12,. Despite the fact that, among the methods recently introduced to ce-
lestial mechanics, those by lLindstedt are chronologically not the first, I be-
lieve nevertheless that they constitute the most suitable basis for starting a
discussion of these novel methods of successive approximations. Actually, it is
difficult to separate the discussion from the Newcomb equations which were first
in chronological order; in addition, the Lindstedt methods are the least compli-
cated of all and best adapted to the simplest cases. These methods only fail in
the presence of very small divisors, in which case the more perfectioned methods
by Gyldén must be used. My manner of discussing the Lindstedt theory will dif-
fer considerably from that given by this astronomist; in addition, I will apply
the method to many more cases although the obtained series will be identical to
his series, as will be shown below.

In addition, his results will be supplemented on a large number of points,
with an attempt to extend them to as many problems as possible.

2. Digcugsion of the Method
125. let us return to the equations of Section 13:

dry __dF  dy;  dF o
@t " T & At T dm Shneesa),
F=Fo+ pF i+ putFy+.. .. (l)

The problem consists here in formally satisfying egs.(1l) by series of the follow-
ing form:

1,



(zi=2z)+pz)+pral+. +przl ..,
ly,~=y}’+py,’+p’y.’+...+p"y,"+..., (2)

where the quantities x% and y% themselves have the following form:

7f=SAcosht + =Bsinht + C,
YE=ZSA'cosht + SB'sinht + C't + D',

where A, B, C, A", B', C', and D' are independent coefficients of p and of the
time t but can be functions of a certain number of constants of integration; /18
the terms h are coefficients depending on p and expanded in powers of this para-
meter.

When stating that the series (2) formally satisfy egs.(1l), we mean the
following:

In these equations (1), let us substitute the series (2) terminated at the
p+1lterm, i.e., let us set

Ty =z + prl+ prz} ...+ przf,
Yi=yl+pyl +ptyl+. 4 pryl,

stating that the series (2) formally satisfy egs.(l) if, after the substitution,
the difference of the two sides of these equations becomes divisible by wP.

For determining the series (2), we will use a procedure totally different
from that applied by lLindstedt himself.

Thus, let us attempt to derive a series of the following form:
S =S¢+ puS;+ utSy+...+pPS,+... (3)
whose coefficients S, themsgelves are assumed to be series of the following form:
Sy=apa 1+ s yr ...+ Qhn)a+ Pk,

where o1 are constant coefficients while ¢ is a periodic function of yi,
Y25 eeey ¥Yns with period 2m with respect to these n variables.

We will attempt to determine the series (3) in such a manner as to formally
satisfy the partial differential equation

ds ds ds
F(?f.' 7’—’v escy 7’-:, PATP LY ...,y,.):const. ([‘,)

Since the constant on the right-hand side (which is nothing else but the vis
viva or kinetic energy constant) can depend on u, we will put it equal to

Co+ pCy+ p2Cy+....

15



Setting p = G in eq.(4) and recalling that F, does not depend on y, we obtain /1&

dS, ds, dS.\
F‘(E’ZI;'“"E)_C"' (5)

This equation can be satisfied by setting

Se=2y1+ 231 +... 4+ 2%)n,

ﬁ_ ﬁ'_ [ dS,
d.rl —1", =2z, AR d)’.

=z3,

where x} are constants that can be arbitrarily selected since the constant C,
itself is arbitrary.

As in the preceding Chapters, we will put

° dF

dz}

By then equating the coefficients of similar powers of p in the two memters of
eq.(4), a series of equations will be obtained that permits determining, by re-
cmence, Sl, Sa, ooy Sp, cce o

These equations have the following form:

ds
d.r: =®,+C,. (6)

n!-;z-o-ngd—,; “+...4+nY

Here, § is an integral polynomial with respect to the quantities

dSs _ i
7)7‘ (k=1,2, ..., p—1;i=1,13, ..., n)

while the coefficients of this polynomial are periodic functions of X7, X2, «..,
x2 and of y1, y2, s-es Yo With period 27 with respect to y.

We state that the function S, can be derived from eq.(6) in such a manner
ds, d
dynn ’> dy

Let us assume that this is true for the derivatives of S;, Soy eeey Sp-1
with respect to y.

that

s soey -ggf— are periodic, with period 2m with respect to y.

Then, @, will be a periodic function of Yi9 Yo eeey ¥n so that we can write

/20

P, =A+ZBcos(my, -+ nyys+...+ may,)
+ ECsin(myy; ...+ maya),

where the numbers m;, mz, ..., m, are integers whereas the terms A, B, and C are
constant coefficients independent of y.

16



Then, we can write

Sp = 2paYi+ ).+ ApaYa
"‘E Bsin(nyy, + myye ...+ muyn)
myny+ mynY+...+ mynl
+E Ccos(nyi+...+ m,y,)

mny ...+ mynj

The terms @,,; are constants that can be arbitrarily selected since they are sub-
ject only to the condition

BpaR+2pan)+...+ 2,00 =A+C,

and since the condition C; is arbitrary.
This method will fail only if integers my, mz, ..., m, were present, such as
Emynl =o.
e will assume that this is not the case.

It should be mentioned that the functions S; defined in this manner contain
arbitrary constants; they depend first on

zy, =z, ..., =z,
then on

2y.1y ZXpgy .oy Xy my
then on

X3y, X33y -y Zamy

A A ’

and then on

1;0.11 ’p.h ey Apomy

We will retain here onlg n arbitrary constants. Consequently, we will continue
to consider the terms x; as arbitrary, selecting the quantities oy, in any, /21
but definite, manner. For example, it could be agreed to select the @y, terms
in such a manner that

o= C|= C’=...= Cp=....

However, we prefer to assume that all oy, are zero. The constants C;, Cz, ...,
Cpy se. are then not zero. In general, they depend, just as Co, On Xi, Xz, ee.,
o]

Xpe

After this, let

2P= S.+ PS|+ p's.+.-.+ PFSP‘

Let us put



dz,
—_— =T, -‘-i-t—é = Ww;. (7)

If we do not change variables by using as new variables the quantities xoi and wy
instead of x; and y; [the new variables would be linked to the old variables bty
the relations (7)], then the theorem in Section 4 shows that the equations will
remain canonical and that we will have

g_"_ﬂ dW.'__dF .
dt " dw,' dt — dze (=Hh..n)

~Let us see now what willobe the form of F when expressing it as a function
of the new variables x] and wi. By hypothesis, the series S formally satisfies
eq.(4). This reduces to stating that we will have

4z,

F(zy, yi)= F(—J]—‘- y;) =Cy+ pCi+ p2Cy+...+ uPCp+ pPHid,,

where ¢, is a function of %y, of wy, and of p which can be expanded in powers
of p. With respect to the quantities G, Ci, ..., Cp, we have seen that they
are functions of xi.

We will then put

. dC  dC, dC, dC,
W=—m Tt I I T T gy

Thus, for w = G, the term Vi reduces to n’.

This yields /22
d¢p dw;
eyt ]

dr?
L= ur+t - = vf— P+t

dt dw; (4

dz?’

1

Neglecting all quantities of the order w’*', these equations will furnish

z} =const.,, w;= vt~ const.

This result can be expressed by stating that the Jacobi theorem of Sec-
tion 3 is applicable to the formal calculus when using the notations given in
Chapter VIII.

Let us put

dCo _  dCi_ 240 cding.

Mg TR Y

This constitutes a series arranged in powers of p, which may be divergent. How-
ever, this is immaterial here since we are using the viewpoint given in the pre-
ceding Chapter, namely, the formal viewpoint.

18



let us then put

w;= nt -+ oy,

where the terms ®; are considered to be constants of integration. ILet us then
consider the equations

-d—s =2y ﬁ = W;.
i ' dz) ¢ (8)

From these equations (8), the quantities xi and y; can be derived in the form of
series arranged in powers of p, whose coefficients are functions of x; and of
w;« These series can be either convergent or divergent, but this is immaterial.

If, in these series, the terms wy are replaced by ngt + ®; and if the terms
X are considered as constants, the series will formally satisfy egs.(1l).

Let
| Ze= 2]+ pz!+ pszl+.. .,
yi=yt+pyl+piyl ...

(2)

be these series. lLet us now see what the form of x{ and of yf will be. For /23
= 0, the series S reduces to

Se=2¢ni+23yr+...4 28y,
from which it follows that
z ==z, Yi= Wy
Thus, the first term of the expa.nsmn of xy is a constant and the first term of
the expansion of y; (i.e., yi) reduces to

W= n;t + wy.

If, instead of deriving the terms x; and y; from egs. (8), they had been derived
from egs.(7), then the p + 1 first tenns would have been the same since the dif-
ference S - £, is of the order of T

For determining the quantities

z¥, y¥ (i=1,3,...,n;k=0,1,3, ..., p),
let us consider egs.(7) which will be written in the following form:

d(2,—8 d Z,—8
Bem S,y A= 80), (7.2)

I‘=1“.+
From egs.(7.2), we can derive the quantities x; and y; in series arranged in
powers of p and convergent if w is sufficiently small. For this, it is suffi-
cient to apply the theorem of Section 30 since I, - So represents a completely
defined function and no longer is a simple formal expression.



We have assumed that the quantities o,y are zero. It results from this
that the Sy (k > 0) and thus also I, -~ Sp are periodic functions, with period 2m
with respect to yi.

Thus, if in egs.(7.2) the term y; is changed into y; + 2k{T and the term wy
into wy + 2kym(ky, k2, ..., k, being integers), then these equations will not
change. Consequently, the values of x; and of y; - w3, derived from these
equations, are periodic, with period 2m with respect to w.

Thus, in the series (2), the quantities x'{ and yf are periodic functions,
with period 2m with respect to wj.

3. Varioug Forms of Series [2k

126. The existence of the series (8) having been demonstrated in this
manner, it becomes possible to form these series without going over the auxiliary
expression S.

However, we will first demonstrate that it is possible to formally satisfy
egs.(1l) of the preceding Section by an infinity of other series of the same form
as the series (2).

1) The function S of the preceding Section is determined bg e%(b,) to mth—
in a constant or, expressed differently, since the quantities Xi, X2, cee, x,,
are considered constants, to within an arbitrary function of x3, x3, ..., and x°.

Thus, if a function S satisfies eq.(4), this will be true also for the
function

$'=S + R,

where R is a function of x}, x2, ..., X, and u, which can be expanded in ascend-
ing powers of u.

Let us now replace egs.(8) by the following expressions:

_dS_ds a8 _as (e
=G YT T dm v .2)

It can be assumed that R is divisible by w; in that case, the quantities x;
and y; can be derived from egs.(8.2) in the form of series (2 2) having the same
configuration as the series (2).

We then have

| zi= 2+ pzi + przt+.. ., (2.2)
l yi=wi+pyt +ptyd+...,

where x}* and y}", Jjust as the terms x§ and y'{, are periodic functions of w.
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A comparison of egs.(8.2) and eqgs.(8) shows that the series (2.2) are ob-

tained from the series (2) on substituting there wy by w, +

2) More generally, let

Wy, e, ey Wy

te n functions of x3, X2, ..., X and u, which can be expanded in powers of p. /25
If, in the series (2), the terms w;, w2, ..., w, are changed into

Wi RO, Wy pwy, ..., W, 4 pwg,

then these series will retain the same form. In fact, we have

‘ T = J",-Q- l‘?f(“’kt B
| yi=wi+ pyi(ws, p), (2)

where ¢; and V; can be expanded in pcwers of w and are periodic with respect
to w.

On changing wy; into w; + uwy, we obtain

( @i = 2} + poi(we + puy, 1),
| yi= wit plog+ di(wi+ pox, p)). (2.3)

It is obvious that ¢, (Wk + oy , p.) and wy + ¥, (m + oy, u.) can still be expanded
in powers of p and are periodic with respect to w.

In addition, the series (2.3) formally satisfy egs.(l). In fact, the
series (2) satisfy these equations if we set there

wi= nt + v,

irrespective of the values attributed to the integration constants ®; .

However, the terms w, are functions of X that are constants; thus, they
also are constants. Therefore, changing w; into w; + pw; reduces to replacing
the integration constants ®; by different constants ®; + pw, which, according to
the above remarks, will not prevent our series from still satisfying the differ-

ential equations (1).
Thus, the series (2.3) formally satisfy egs.(l).

However, these cannot be derived from equations analogous to egs.(8) and
(8.2), unless

p(wydzy + wedzi+... 4+ wadzl)
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is the exact differential of a function x3, x2, .., X2 which then is nothing [2
else but the function R which we had considered above.

3) In the series (2), let us change
zy, z%, ..., =}
into

Y4+ oy, T pey, ..., T+ pe,,

where vi, Vo, ..., Vv, are functions of x‘i, x%, coey x?, and p, which can be ex-
panded in powers of u.

If the quantities x} are considered as constants, then the terms vy will
also be constants.

Changing the value of the integration constants in this manner, the
series (2) will retain the same form and will still formally satisfy egs.(1).

To recapitulate, let us write the series (2) in the following form:

= 1‘. +p ?‘(“’l" 1’;, B,
yi=wi+pdi(wr, 23, p),

(2)
by thus proving that x; - x} and y; - w; depend not only on w, and on p but also
on x%.
Let then
Wy, Wy, ..., Wg; P, P, ..., P4
be 2n functions of x} and of 4, which can be expanded in powers of u.

let us form the series

= z] + ploi+ @u(we + pwp, 2§+ pog, p)l,
yi=wi+ plo+ (Wi + powg, oL+ pow, p)],

(2.4)

These series formally satisfy egs.(1l) no matter what the functions w; and v
might be.

In addition, since the functions

(NCS =5, B) and {y(ws, 28, p),

are periodic with respect to w, this will be true also for the functions

0+ Qu(wa+ pasg, L+ uos, B) and @+ Yi(ws + poy, 23+ pos, p)

A second remark should be made here: /2
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let us put

v+ ?i-(“’l"" Boyg, 3':"‘ o, p)= ?; (W 3'27 B
o+ (Wi + pog, 7L+ pog, p) = i (we, 78, p)-

The functions ¢y, ¥;, ¢i, and ¥; are periodic functions of w; we will con-
sider the mean values of these periodic functions and denote them, respectively,

ty

ol (zh, 1), ¢i(zL u) oi®(zh ) (2l ).
After this, we propose to demonstrate the tollowing:

let 6, and N4(i =1, 2, +.., n) be 2n entirely arbitrary functions of xc:,
X2, -+, X; and p, subject solely to expansions in powers of .

We state that, no matter what the functions 8; and T; might be, it is
always possible to choose the functions vy and w; in such a manner that

wr=0, W=

In fact, for this it is sufficient to define the quantities v; and w; by the
following equations:

o1+ 9 (21 + por, p) = (=L, p),

w;+§7 (21 + por, p) = n(z4, p)-
However, it is always possible to derive, from these equations, the quantities
vi and w; in the form of series arranged in powers of u whose coefficients are
functions of xk .

Writing the series (2.4) in the form

Zy= ] + px} + przl +.
Yi=w+pyl + piyl +.

the quantities x and yf will be periodic functions of w. According to the
above remark, it is always possible to arrange matters such that the mean values
of these periodic functions xf and y} will be any desired functions of x3,

Xe, e ey Xn.

L. Direct Calculation of the Series /28
127. let us now pass to a direct calculation of the series (2.4). For this,

let us assume that, for example, in which is a function of x;, y;, and u,

dF
dyi
these variables are replaced by their expansions
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Wi+ pyl + utyl +

will become a function of xi, xi{, wy, yi, and u. This func-

so that this gF

Y1

tion W’.Lll be periodic with respect to wy; and can be expa.nded in powers of u,
%, and y5 (if k > 1). The function will depend on x{ in any manner.

Let us then write

dF .
gy_l=x:-._,;x,'+,nx,*+...+p*x,'-‘+..., (9)

where X'{ are functions of wy, x',‘, y',‘, and x? periodic with respect to w; .

Similarly, we have

%“:Y}'-kng,‘-o-;;’Y}-o—...+p‘Y,"+..., (1¢)

where Y{ are functions of the same form as the quantities Xjf.
. dF, . dFo cL s
Recalling that Iy, 1s zero and that T does not depend on y;, it is
easy to conclude that X§ depends only

on z?, on I“, csey 1'1*- ’

1 t-l
on ®w;, On Y, .... Yi

Conversely, Y§ depends on the same $ant1t1es and, in addition, on x but is in-
dependent of y, . Aside from this, is zero and Y‘f reduces to nj.

On the other hand, we will assume that

wi= nit + w;,

from which it follows that /25
5 = e
We now assume that n; can be expanded in powers of u, so that we can write
ni=n{+pnal+pial+.... (11)
Our differential equations are then written as

d.‘l'l — dF d)’l _d_F.
e g o ene o = T dn (12)

In fact, we have
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dJ“' d.l" dw‘. . d.?"
— = D5 —— =an}p 5
dt dwy; dt dwy

In egs.(12), let us replace 351 , - gii ,» and n, by their expansions (9),

(1c), and (11) and let us then equate the like powers of u.

On putting, for abbreviation,

k=n g=p—1

dz?-7 .
y' 2 1dw =--2F (ifp>1) 2! =o,
b=1 q=1
k=n q=p—1
o dy?? .
2‘ nz—z‘-w—‘=—1‘f (ifp>1) Tl =o.
b=zt qg=1

Zing :::2 =X+ 20— 24n% ::' ’
(13)
' Sin) :—;:—: =Y+ TP — Zn} d:’i
Equating the terms independent of w, it simply follows that
=n} :——-ﬂ =o0, Zn :ﬁi n{,
which are equations that, as we know already, can be satisfied by setting
z! =const., yf=w,.
Then, egs.(13) reduce to /30
» »
xnz“"_::;=x7+z,f, znz%"_=vf+'rf_nf. (1)

Let us now see how one can use egs.(1l4) for determining, by recurrence, the
functions

ffmdffo

in such a manner that these functions will be periodic w1th respect to w and
that their mean values will be any desired functions of x5,

We have seen in the two preceding Sections that this determination is en-
tirely possible.

let us assume that we have calculated

I}, ’}v ey d—'r }'}1 }'.', ceey ﬂ-'v (15)
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and that we wish to calculate x; and yi; by means of egs.(14).

Since Xi and Z} depend only on the variables (15), the second term of the
first equatlon of the system (1.) is a known function of w, periodic with re-
spect to these variatles.

Let

X+ ZP =ZAcos(myw; + maws+...+muwp+ h)

te this function from which, by integrating eq.(14), we obtain

_zA SiIN(MW; + MaWe ...+ Maw, -+ h)

. 5 . + K?f.
myng -+ mens +...+Mmun,

Thus, X, is a periodic functlon of w; the only exception to this occurs in two
cases: if the quantities n; satisfy a linear relation with integral coefficients

EXmn! =o,

(but we have assumed the opposite) or else if the periodic function Xj + Z% has
a mean value differing from zero. It is not easy to demonstrate directly that
this is not the case; however, since we know in advance that X, must be a peri-
odic function of w, we can be certain that the mean value of Xi + Z} is zero. /31
This is the reason for the fact that we have started discussing the Lindstedt
method based on the considerations of the two preceding Sections, instead of
immediately applying the calculation of the present Section.

As to the constant Kj, this can be arbltrarlly equated to any desired func-
tion of xk, according to what we have shown in the preceding Section.

Then, the quantity y; remains to be calculated by means of the second equa-
tion of the system (1a§. It will be demonstrated that, as in the case of X},
the quantity y; is obtained in the form of a periodic function of w, under the
condition that the mean portion of

Y+ TP — n?

be zero. However, the constant n} has remained arbitrary and it is obvious that
it can be always selected in such a manner as to cancel this mean-square value.

Thus, there is no limit in the calculation of the various terms of the
series (2.4).

This leaves many arbitraries which a skilled calculator could easily use
for abbreviating his computations. In fact, it is possible to arbitrarily se-
lect the mean values of % and of ¥} .

Among the possible choices, we should mention the following without, how-
ever, recommending them specifically. The constants K can be selected such that

naf=o0, n;=n!.
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Tris method is applicatle each time that one can choose the quantities nf in
such a manner that no linear relation with integral coefficients exists between
trem and thus each time that one arbitrarily can choose the ratios of these n
quantities.

This happens, for example, in the specific case of the three-body problem
defined in Section 9. In this case, we actually have

1
Fo= 2—.2'}+z"

wr.ence

A=

(o]
t is obvious that we can select x; in such a manner that the ratio né will /32
rave any desired value. na

Tris also happens with the following equation which is introduced when ap-
plying the Gyldén methods and which had been particularly studied by Lindstedt:

d?
E;' +nly =po(y, z), (16)

where ©' is a function expanded in powers of y and periodic in x.

Let us mention first that ¢' must always be considered as the derivative,
with respect to y, of a function ¢ of the same form. Then, as demonstrated in
Section 2, we can replace the above equation by the following expressions:

1 p
-F=% '7—pr=Hm
dr dF dy dF dp dF
——-=—-——=|' ——=—-—-‘=q _— = =
dat dp dt dgq ! dt  dz
d dF ,
dz d)’ =—nly+uol(y, z).
Let us then put
2
Yy =psiny,, g = npcosy,, ﬁ=.z-,, P =2, T =y,

2

after which our equations will become

27,
—F = nz|+r,-—p?( —n—slnyhy.),

dey _ dF = dry  dF = dy, ar = dy, __ dF
= a -t I,

dt — " dz,’ dt
The canonical form of the equations will not be altered, in view of the state-

ments in Section 6.

Setting p = O, we have here
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Fo=—nz,—z,,

whence

dF
n=—-"=_ n, n‘,’:.-—d—l:=|.

Thus, if n is incommensyrable, then no linear relation with integral coeffi- /33
cients exists between n; and nz, and the method becomes applicatle.

The method is also applicable to the general case of the three-tody problem
if the three bodies move in a common plane and attract each other in accordance
with any law other than the Newtonian law; however, the method is no longer ap-
plicable (unless considerable modifications, to be discussed below, are made) as
soon as the law of universal gravitation is Newton's law of gravitation.

Actually, in this case (and returning to the notations given in Sect.125),
Fo no longer contains x3 so that ng is zero. From this it results that between
the quantities n] a linear relation with integral coefficients exists, namely,

0 —
nd =o.

The direct calculation, as discussed in this Section, closely resembles the
original Lindstedt method. It offers a considerable advantage over the indirect
procedures discussed in the two preceding Sections since it directly yields the
values of x; and y; as a function of w and thus of the time and consequently
can be used for calculation of the ephemerides. However, these indirect pro-
cedures were necessary in view of the fact that, without them, it would have
been impossible to prove the legitimacy of the direct calculation (which can te
achieved only if the mean value of Xj + Z{ is zero) or, at least, it would have
been impossible to do so without making use of the integral invariants which we
will discuss in a later Chapter.

From still another viewpoint, knowing these indirect procedures will be of
some use. We have shown in the Introduction that it is sometimes advantageous
to use an integral or an invariant relation (to use the language of Sections 1
and 19) instead of a solution. In addition, the calculation of the function S
may serve as verification in the direct calculation.

128. The above-defined constant Kj can be chosen such that [Y] + T§{], i.e.,
that the mean value of Y{ + T} becomes zero and that, consequently,

=0, ni=n!.
In fact, we have

d&F, ,  @F, d*F,

e_ __ — — e — =% .
Yi dr;dr, i dr;dzr, Tamme- dr,dr, T+ Lf’

where U} depends only on xf and yf(i =1, 2, «eey, n; k =0, 1, 2, eeey p = 1). /34
Equating the mean values, we obtain
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&'F
[Yf+TP] = — ) goat KL+ [UT+ TE).

The functions U and T{ are completely known. Thus, this is true also for
[ + Tf] so that it is sufficient, for canceling the terms n}, to choose the
constants K; in such a manner as to satisfy the n linear equations

d'F, .  dF,

K a4
dz,dz, (s dI,’ d.‘l', dz;a

o po__ d
drrdy, KA=[UF+T2). 1)

Ky+...+

To make this possible, it is necessary and sufficient that the Hessian of
Y be not zero. However, it is exactly zero in the case of eq.(16), i.e., in
the specific case always used by Lindstedt. This is the reason for the fact
that this astronomist had not been aware of the possibility of setting

n;=n!.
Tris Hessian is again zero in the specific case of the three-body problem de-

fined in Section 9; however, we have demonstrated in Section 43 that this dif-
ficulty can be overcome by a simple artifice.

5. Comparigon with the Newcomb Method

129. To arrive at series of the same form as those discussed in this
Chapter, lNewcomb used the variational method of arbitrary constants. To demon-
strate that the result could not differ from that obtained by us in the preceding
Sections, we will present this method in the following form:

Let us return to the partial differential equation
ds
F(-Ir—‘ryl)= const., (1)

which is eq.(4) of Section 125.

let S' be a function of y1, y2, see, ya and of n constants xﬁ, xg, coey 5
approximately satisfying eq.(1l), such that we will obtain

ds' .
F (27,’ -7‘) =o(zd, 1) = 9o(28)+eo1 (], y1),

where ¢, depends only on the constants %3 and where € is very small. Then, we
will have an approximate solution of the canonical equations

dx‘ dF g,Ll — dF

@ dy) At S dz’ (2)
by setting
ds’ s’ o, = i)
dT‘—I[, ’d—z—t‘——yl—"l""mh "l'—_'d_;f’ (3)



and by regarding the terms x3 and T; as arbitrary constants.

let us now assume that the approximation is to be continued further by
applying the lagrangian method. In that case, the quantities x} and @; are no
longer considered constants but new unknown functions. According to the theorem
of Section /L, we must derive the new equations in the following mamner: Let us
substitute the terms y; by their values as a function of x} and of vy derived
from egs.(3); this yields

?(1':, Yi)= 4’(321 .71.)’
furnishing the canonical equations

dr} _ d} dy! _  dy (L)

T g de dz?

As variables, we used y? instead of ®; (which comes to the same) so as to better
demonstrate the cancnical form of the equations.

An integration of egs.(4) can be reduced to that of the partial differential
equation

ds
ﬁ(;;.—,y,’):consl. (5)
Let S" be a function of yi and of n new constants x; satisfying this equation.
If we put 13¢
ds’ ds*

we will satisfy egs.(4) by equating xi to constants and y; to linear functions
of time.

If S" is only an approximate integral of eq.(5), we will thus have only ap-
proximate solutions of egs.(4).

This constitutes the variational method of constants; however, this is not
entirely the method used by us in Section 125. Retaining eq.(1l), after having
derived its approximate solution, we will attempt to search for a still closer
solution. Let S™ be the solution which will depend on y; and on n constants X .
If we then put

ds” ds”
7.7—1'=1'[y F‘l'-—']u'v (7)
the terms x; will be constants and the quantities y; will be linear functions of
time, being exact if S™is an exact solution of eq.(l) and being approximate if
S™Mis only an approximate solution. Is it possible to select S™ in such a
manner that egs.(7) become equivalent to egs.(3) and (6)? Equations (3) and (6)
can be written as follows:
dS' = Zz;dy; + Syldr!,
dS" =Szl dy} + Syl dr!,
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and egs.(7)

dS"=Xx;dy,+ Syldr!.

Consequently, it is sufficient to use
S"=8+S"—=xy!;

The method given in Section 125 thus does not differ basically from the Newcomb
method and has no other advantage over the latter but that of avoiding excessive
changes of variables.

It should be added that we have selected the constants of integration /37
in a specific manner so as to retain the canonical form of the equations. New-
comb has not restricted himself to this, which is the general habit of astrono-
mists in applying the lagrangian method. The equations in which the lLagrangians
occur thus assume an apparently much more complex form. However, this difference
is not essential.
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CHAPTER X /38

APPLICATION TO THE STUDY OF SECULAR VARIATIONS

1. Discussion of the Question

130. The principles discussed in the preceding Chapter can be applied to
the study of certain equations frequently used by astronomists.

Let

dz, _dF = dy_ _ dF (1)
de — dy;)] dt T T dxy

be our canonical equations and let
F=F¢+pFi+p*Fa+....

Let us now assume that our conjugate variables x; and y; are the Keplerian
variables of Section 11, that F, depends solely on BL and B' L', i.e., on the two
major axes, and that - neglecting u“Fz and the following terms - wF; will repre-
sent the perturbing function.

Then Fi can be expanded in sines and cosines of multiples of the two mean
anomalies ¢ and 1'. We will denote by R the mean value of this periodic func-
tion of t and of 1'.

Frequently, for studying the secular variations of the elements of two
planets, the periodic terms in F; were neglected, thus reducing this function to
its mean value R. In that case, our equations become

dzy _dF, dR  dy, _dF, _ dR (1.2)

& " dy TVl @ T T dn M aE

However, is it really certain that, in operating in this manner, exactly
the coefficients of the secular terms of x; and y; are obtained, namely, the
coefficients of terms whose period increases infinitely when the masses tend /3©
to zero? This question must obviously be answered in the negative. However,
the approximation is generally sufficiently large and astronomists, with complete
justification, have always been content with this. This is the reason for the
interest centered on a study of these equations (1.2).

Since Fo and R do not depend on t and t', we primarily have

d(BL) _ d(f'L")
— =0,

dt dt

such that L and L' can be considered as constants. Therefore, we will be content
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to consider the four pairs of conjugate variables

pG’ pe’ prGl, pr el’
& 9, & o

(notations of Sect.ll) which, for the time being, will be called

Ty, Ty, T3, Iy,

I Y Vi, s

Then, F, depends on none of these eight variables and egs.(1l.2) become

dz; _ dR dy _ __dR .
Bt = dy  pdeT T dz Ewn34) (1.3)

The function R depends only on our elght variables x; and y; since it is
independent of t and of ' and since L and L' will be considered constants from
here on. Equations (1.3) thus have the canonical form.

After x; and y; have been determined by egs.(1.3), the quantities ¢ and t'
will be calculated from the equations

dl __ dR  dr _ dR
&= "Hpdl @ T THFar’

which can be integrated by simple quadrature since t and t' do not enter the
right-hand side.

The founders of celestial mechanics have made use of these equations by /4O
reducing R to its first terms, i.e., to terms of the second order with respect
to the eccentricities and inclinations. The equations are then linear and have
constant coefficients. Since then, LeVerrier and Cellérier have considered the
fourth-order terms and have found that they do not alter the stability.

However, the principles of the preceding Chapter, as demonstrated below,
permit generalizing this result and demonstrating that the result is still valid
(naturally, from the viewpoint of formal calculus) no matter how far the approxi-
mation is continued.

2. New Change of Variables

131. If the variables (h) of Sectlon 12 are used, then R can be expanded in
powers of €, €', T, 1", p, p s 9, and q ; as demonstrated, there are no terms of
odd degree with respect to these quantities

E w09 g (2)

Thus, we can write
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R E, %%, p P g, ¢)=Ri+Ry+ R+ R¢+...,

since Ry comprises the ensemble of the terms of the kth degree with respect to
the quantities (2). It is now a question of integrating the canonical equations

1%

~dR dn_ _dR
¢t dn’  dt T T &

1y

However, we still have a change of variables to perform so as to bring our
equations into the most convenient form.

let us first assume that the terms of an order higher than the second are
neglected with respect to the quantities (2) and that one writes

R= Ro+ R,.

Here, Ro is a constant while R, is a homogeneous polynomial and of the second
degree with respect to the variables (2). Thus, if the canonical equations /41

dt _ dR, dv _ dR, dp _ dR, dp’ _ dR,
&=’ AT d  di—dg’ At dg’ (3)
(@__ dRy dy _ dRy dg __ dR, dg _ dR,
&t T &’ AT T dFT AT T dp’ At T T dp’

are formed, these equatiaqns will be linear with respect to the variables (2).

Let us assume that instead of expanding R in powers of the variables (2) we
will expand it in powers of the eccentricities and inclinations, thus leading to
the following series:

R=R;+ R;+R}+...,

where R} represents the ensemble of the terms of degree k with respect to the
eccentricities and inclinations.

In accordance with our statements in Section 12, the variables (2) can be
expanded in powers of the eccentricities and inclinations such that, by termi-
nating each of these series at the first term, we obtain

£t =yAecosw. ¥ =N ecosw’,

n=—yAesinw, 7' =-—/Ae'sing,

P =vAicosh, P = VX i cost, (%)
g =—y/Aisinb, "= — /XN i'sin b

(for abbreviation, we have set A = BL, A" = B8'L', as was done in Section 12).
From this, it follows that
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Ro = R-(o

and that, for obtaining Rs, it is sufficient to substitute, in Ra, the variables
(2) ty their approximate value (4).

Inversely, R will be obtained on replacing, in Ré, the quantities

ecosw, e'cosw’, esinw, e'sinw’, fcosh, i'cosd’, sinb, i'sin®’

§ £ —n —% p '

= " = ) ”TI’ - ‘_p'_"’ —_gl ___q_"
7 N S Y Y S V)

However, the expansion of RS is well known; in fact, Rs is nothing else /L2

tut the ensemble of the secular terms of the perturbing function which are of
degree two with respect to the eccentricities and inclinations.

From this, we can draw two conclusions:

1) The linear equations (3) can be derived, over a simple change of vari-
atles, from equations (A) and (C) of laplace's celestial mechanic:n%Ref.7) which
are useful for calculating the secular variations of the eccentricities and peri-
telions, of the inclinations and nodes.

2) The function Rz is of a particular form and can be written as
Ry = Ry(¢, &)+ Ry (7, v') + Ry(p, P) + Ri(9, ")

Thus, this represents the sum of the four quadratic forms, where the first de~
pends solely on € and €', the second is formed with T and M' as the first with
€ and €', while the third depends solely on p and p' and the fourth is formed
with g and q' as the third with p and p'.

After this, we will perform a linear change of variables, arranging matters
so that the canonical form of the equations remains unchanged.

For this, let us put

V= 4§ (01c080 + aysing) + ¢ (— 0,3inp + 0;C05¢)
+ p(9acos’ + c.sin9')+p’(—o,sin?'+ 0,c089’),

where ¢ and ¢ are two angles depending on A and A'.

let us next put

q=%=c.cos? + gysing, q’=‘di:-{ = —0;sing + 93089,
q= ﬂ = 03€080'+ g, sino’, q'= ;‘y; = — a3 8in 0’ + gy cos¢’.
dp ' : dp :

This furnishes relations that will define the new variables o; as a function
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of the old variables.

Iet us next introduce four new variables T,, T, T3, T4 defined ty the rela-
tions

Y= —
¢ dﬁl'
whence L2
£ = t1c089 +-1ysing, b= —1,3sinp +tycos9,
P = T3€039 4+ 7, 8in¢’, P = —1sing’+ 1 cos9’.

According to the theorem in Section 4, the canonical form of the equations
will not be altered if the old variables

E» E') P P,)

»n Y% 9, 9
are replaced by the new variables

T T, T T

gy, ©C3 O3 Os.

It remains to demonstrate the manner of selecting the angles ¢ and ¢' as a func-
tion of A and A'.

The angle ¢ will be selected in such a manner that the quadratic form
R, (8 &) = R} (x1C050 + T3 8in®, — 7;3i0 -~ 73 €050)
is reduced to a sum of two squares
A+ Aypd.
Similarly, we will have
R, (7, ') = Ry(01c089 + 0y 8inp, — a,8in ¢ + 3;C089) = Ao} + Agal.
The angle ¢' is chosen in the same manner, such that

R3(p, P')= Asc}+ Assl,
R3i(g: @)= A0} + Aya};

yielding
Ry = Aq(ot+ <)+ Ay(0f + <)+ As(of+2}) + Ay(ol +2}).

Let us note that A;, Az, As, Ay depend on A and A'.

The relation between the variables §, T, o, and T, which is written in the
form of
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E= ticosp-+1ysing, n = ©0,C0sp + gysing,
§'= —r1sing ~+t3C089, n'=—a9;sing + gy cosg, (5)

is an orthogonal linear substitution. Due to this fact, as explained in Sec-
tion 5, the canonical form of these equations is retained. Thus, the problem /4L
reduces to searching for the angles ¢ and ®', i.e., to the choice of the ortho-
gonal substitution (5); however, this réduces again to an integration of the
laplace equations (A) and (C) mentioned above. Therefore, the numerical calcu~
lation may be extremely protracted but has already been performed with respect

to the solar system.

Similar results are obtained in the case in which, instead of three bodies,
n + 1 bodies are considered.

The function Rz will be the sum of four quadratic forms; however, each of
these four forms, instead of depending solely on two variables, will contain n
variables.

We will then have n variables analogous to §, n variables analogous to T,
n variables analogous to p, and n variables analogous to q. All this again re-
duces to determining an orthogonal linear substitution which, when applied to
the variables &€, transforms the first of these four quadratic forms into a sum
of n squares.

let us return, however, to the three-body problem.

let us make a last change of variables, by putting

T = y2picoswy, o; = y/2pisinwy,

which, according to Section 6, does not change the canonical form of the equa-
tions.

Then, R can be expanded in powers of /p; and is periodic with respect to
wy 3 in addition, we have

Ry=12A,p1+ 24323+ 24,303+ 24,5,

i.e., R> does not depend on wj.

3. Application of the Method of Chapter IX

132. After these various changes of variables, our equations will assume
the following form:

dp: dR  dw _ dR (2)

i . .

To apply the methods of the preceding Chapter to these equations, it is necessary
to have R expandable in ascending powers of a very small parameter. For this,
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we can no longer make use of p since all terms on the right-hand side are of /4%
the same degree (of degree 1) with respect to p. Fortunately, the quantities p;
are of the order of the square of the eccentricities, and the inclinations them-—
selves are very small.

To return to the case treated in the preceding Chapter, we then only have
to put

pi= ‘P:’o

where € is a very small constant and the quantities pj are finite. This yields

(2.2)

R= R0+ R’+ R‘+....

Here, Rz, will be homogeneous and of degree p with respect to p;, so that, on
substituting p; by e€p}, we obtain

R=R,+¢Ry+eR{ +~...,
where R:, is obtained on replacing p; by pj in Rap.

In this case, our equations, noting that Ro is reduced to a constant, will
become

(i _ _, 4R _ R LR
‘ dt T T Ve, T ¥ e, TH 2y,
dw; _dRy _ dR, _ dR}
l_d‘—_ 93—974-[&.?—?—;-4-(18 -¢TP;'—+“” (3)

It can be seen that the equations have retained the canonical form. Then,
the function F reduces to

p(Ry+eR, + Ry +...).

It is obvious that this has been expanded in powers of €. The function is peri-
odic with respect to the variables of the second series w;. Finally, the first
term RL does not depend on these variables w; . Thus, we have the conditions
under which the results of the preceding Chapter are applicable.

The only hypothesis that we have to make is that no linear relation with
integral coefficients exist between the four constants A, Az, Az, As3. The /JLZ
probability for this relation to exist is zero; nevertheless, one might ask
whether a simple relation of this form could be obtained which would be approxi-
mately satisfied in order to have the series converge extremely slowly. It is
known that LeVerrier has discussed this particular question but he was obliged
to leave it open with respect to the minor planets since their masses are rela-—
tively unknown and since the coefficients A depend on these masses.

It is obvious that all above statements, without change, apply to the case



of more than three bodies.

Thus, it is possible to formally satisfy the equations that define the
secular variations by trigonometric series of the form derived by Newcomb and
Lindstedt. Then, e cos @, e sin @, i cos 6, and i sin 8 are expressed by series
whose terms are periodic with respect to t. This result should have been con-
sidered by laplace or by lagrange as completely establishing the stability of
the solar system. We are somewhat more painstaking today, since the convergence
of the expansions has not been proved; the result is no less important for that.

Finally, let us note that in the case in which three bodies are involved
and in which these bodies move in one plane, our canonical equations (3) can be
reduced to the case of only one degree of freedom; thus, they can be integrated
bty simple quadrature.

There is no need to mention specifically that an integration of egs.(3) is
equivalent to an integration of the partial differential equation

R (:‘_T;’ '04) = const,,

where T is an unknown function while w; are independent variables, and whose

dT
dw

left-hand side is the function R where p; has been replaced by
1



CHAPTER XI /L7

APPLICATION TO THE THREE-BODY PROBLEM

1. Difficulty of the Problem

133. In the case of the three-body problem, a special difficulty arises
which renders an application of the methods of Chapter IX even more complex.

In fact, Fo no longer depends on the six variables of the first series
BL, pL, BG, B'G, pe, pe,
tut only on two of these, namely,
BL and B'L'.

Among the quantities which we denoted by

four thus exist that are zero, namely,

df,  dF,  dF, _ dF,
dBG’ ~— 4G’ ~ d3e’ T d3e’

The condition necessary for having the conclusions of the Chapter remain
valid, namely, that no linear relation with integral coefficients exist between
the terms ni, is thus not satisfied.

This difficulty does not arise, at least not if the three todies move in
one and the same plane, when using any other law of universal gravitation than
the llewtonian law. Actually, these equations

rhave an otvious significance. They mean that, in the Keplerian motion, the /48
peritelions and the nodes are fixed. In fact, we have the following equations:

dg _ dF SN dF
dt —  8dG’ dit T FdG’

In the Keplerian motion, F is reduced to F, while g and & are constants.
However, in the case of the two-body protlem and with a law different from

the Newtonian law, the nodes are still fixed but the perihelions no longer are
fixed. Therefore, if the motion takes place in a plane and if the nodes can be
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disregarded, the method of Chapter IX is applicable without modification.

2. Extension of the Method of Chapter IX to
Certain Singular Cases

134. Let us first examine the case in which Fy, does not contain all vari-
a:les X1, Xz, ecey Xn.

To fix the concept, let us assume that three degrees of freedom exist and
trat Fo contains two of the variables of the first series, x; and x>, but does
not contain the third, xs.

This yields
ng=o.

Wle still assume

F=FQ+ILF|+:L’Fg-i—....
“ere, F; is a function of xi;, X2, X3, y1, Y2, Y3, periodic with respect to yi1,
72y and a3 .

For the moment, let us consider F; as a function of y3 and y- only. This
is a periodic function of these two variables. We will denote by R the mean
value of this periodic function which also depends on xi, X2, X3, and ya.

let us first consider the case in which R depends only on x;, X2, and Xxs
tut is independent of ys.

let us search for a function
S=S.+ F-S|+ [-1-!534-...,

having the same form as the function S considered in Section 125 and formally /49
satisfying the equation
dS dS dS
F(Zr—l-: E’ 2)73-: PATINAT) )',,): C, (h)
with C being a constant which can be written in the form

C=Co+.’-lcl+:L,C3+-..,

where Co, C1, C2, ..., are arbitrary constants.

let us first put

(ISo_ 0 dso_ 0
T, = @ =

The constants x3 and x2 will be connected by the relation
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Fo(z$. 23) = Co.
However, since the constant Co is arbitrary, %] and x» will also be arbitrary.

We will then put

This will yield
Se=zy1+ z4ys+[So],

where [So] is an arbitrary function of y, which remains to be determined. On
equating, in eq.(4), the coefficients of p we obtain, as in Section 125,

S
mp et ot =Fy (a2,

da[s,
'Lz‘]')’n)'s,)'a)—-cb (f)

No matter what the arbitrary function [Sp] might be, the right-hand side of
eq.(5) will be a periodic function of y; and y., so that the mean-square value
of this function will be

d[S.]
dy,

\
R(x‘{, Ig, ))‘3)— C|'

We postulate that the function S; have the following form:

@a)i+ 2 )i+ Daya+ periodic function of y;, yy, and y;

To make this possible, it is necessary and sufficient, as indicated in /3
Section 125, that the mean value of the right-hand side of eq.(5) reduces to a
constant which will be denoted by Ci - C1. Then, for determining the arbitrary
function [So], we will have the following equation

R(x{,z;, dd[j:]’)'a)= Ci. (6)

We had assumed above that R did not depend on ys; thus, for satisfying this
equation (6), it is sufficient to take

[Se]= =3,

where x3 is a constant which can still be considered as arbitrary since the cor-
stant C} is arbitrary itself. This will yield

Se=zyy1+ zhys + x23ys.

On equating, in eq.(5), the mean values of the two sides, we obtain
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nfau+ ’l:lu = C'l _— Ci'

Since C; is arbitrary, we will set C; = Cl which will allow us to set, as in
Section 125,

@11 = a;3 =o0.
Then, eq.(5) permits determining S; to within an arbitrary function of ys.
After this, let us imagine that the functions
Se, Si, St ..y Spy,

have been completely determined and that Sp-~1 had been calculated to within an
artitrary function of ys.

On equating, on the two sides of eq.(4), the coefficients of p?, we obtain

ds, . ,dS, dF, dS,,
MG, TGy, T &y dy, T O (7)

where &, is a function which depends only on y and on the derivatives of So, /51
dSp-1
dya

Siy S2y eeey Sp-2 as well as on and on dg;;l . The functions So, Si,

Sz2y eesy Sp-z are known. We also know Sp..l to within an arbitrary function of

va; consequently, we know -%’;1— and __dy_‘ Thus, <¢p can be considered as

teing a known function of y, and this function will be periodic.

Since we have a periodic function U of y1, y=, and ys, we will designate
ty [U] the mean value of U considered, for the moment, as being solely a function
of 1 and yo. It results from this that [U] is also a function of ya.

It can be demonstrated, as done above, tha.t the mean value of the right-
hand side of eq.(7) must reduce to a constant C, - C, from which it follows that

dF, dS,_ ,
[z Z ]+ 1en=ci

dF, d[S dF, d(Sp_y—[Sh-
[dzg‘ [d;, l]] d.r" » ld)';[ 11)] A-[#,]=C)
Since [S,-1] does not depend on y1, y2, we obtain

[ﬂ dlsp-t]J_ d[s,,_,][dF.] dR d[S,,_.]
dzy dy, dy, d),

whence
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L{E d[sl"'l =C’ _[q, ]_ gﬁ d(sl"'|_’sl’-|') .
dzy dy, ~ r dr} dy,

(8)

Knowing Sp-1 to within an arbitrary function of ys;, we also know
Sp—l —[sl'—ll'

Thus, the second member of eq.(8) is fully known. On the other hand, R is a
known function of x;, %2, and xs where these variables are replaced by the

-SL§3312— can te

known constants x3, x3, and Xs. Thus, S is known, and
dxs
derived from eq.(8) while [S,-1] can be obtained by integration.

So that [S,-1] be a periodic function of ys, it is necessary that the mean
value of the right-hand side of eq.(8) be zero; one can always make use of /52
the arbitrary constant Cp, to have this be the case.

This completes the determination of S,-1. Equation (7) will then permit
determining S, to within an arbitrary function of ys. So that the value of S;,
derived from eq.(7), be periodic in y; and yz, it is necessary that the mean
value of the right-hand side be zero. However, this mean value is C, - C, so
that, since the constant C; remains arbitrary, we can set

Cp=C;.

Thus, it is always possible to determine the functions S, by recurrence.
The conclusions of Section 125 consequently remain valid. The only difference
is that the expansion of ns in powers of p, instead of starting with a complete-
ly known term, will start with a term in u.

Iet us now assume that four degrees of freedom and eight variables x;, xz,
X3y X4 Y1 Y2 Yas Ya exist and that F, depends only on x; and xp while R de-
pends on X1, X2, Xa, Xa-

The same conclusions are applicable, provided that

1) no linear relation with integral coefficients exists between Fg
dX]_
and ng (i.e., between n] and n3);
2
2) no linear relation with integral coefficients exists between gié

and
axg

In fact, the equation analogous to eq.(8) and used for determining [Sp-1]
will then be written in the form
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iR:_ d[Sp-1] + ﬂ d[S,,_.I
dzy dy, dz} dy, (8.2)
= (known periodic function of Y, and Y whose mean value
can be made zero).

So that [Sp-ll can be derived from this as a periodic function of ys; and y,, it
is necessary and sufficient that no linear relation with integral coefficients

dR dR
&3 A
135. Up to now, we assumed that R depends only on the variables of the first

series X1, X2, Xa, Xs (assuming, as at the end of the preceding Section, that /53
four degrees of freedom exist and that F, depends only on x; and x=z).

exist between and

Presume that R depends not only on x;, X2, X3, X4 but also on y3 and y;.

On substituting x; and x2 by the constants €; and €, while replacing xs

and x4 Ly gg; and —g%;

and on then equating R to a constant C}, we will ob-
tain the following equation:

dT dT ,
R(Ehﬁ!:a?’: E"”")zc" (1)

which defines a function T of the two variables ys and yi .

let us assume that we have found a function T satisfying this equation.
In addition, let us assume that this function depends also on the two constants
€, and §; as well as on two new integration constants denoted by & and €,.

Then, the function
U=biyi+by+T

will satisfy the equation

R(ﬂ dU du du —c
d.r;'dya’d.ra’a_!ﬁ""")" r

In addition, the relations

dU du .
Il:a‘;}’ 7"=2’E—; (£=1,2,3,9)

will define a change of variables, where the old variables are x; and y; while
the new variables are §; and T;.

According to the statements in Section 4, this change of variables will not
alter the canonical form of the equations.

It is immediately obvious that

T =4§, Ty=1¢§,,
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and, consequently, that F, after the change of variabtles will depend only on I,
and gz.

If it is assumed (which we will do) that the function U is such that xa,

Xay 1 = N1, y2 = N2, ¥y3 = Ma (or y3), ya = N4 (or ya) are functions of &; and
/)

of TN, periodic with respect to-T;, then the function F - after change of [3h
variables - will be periodic with respect to Tj.

We have called R the mean value of F,, considered as a periodic function of
y1 and y=2. We now state that, after the change of variables, we consider F, as
a periodic function of T, and T with its mean value still being R.

By definition, we have

I I
‘n=R=[ [ Fidnan,
[}

and we propose to demonstrate that

£ 3.4 IR
§mR = [ f F\ dn, dns.
<9 [ ]

In fact, we have

_ dry dyy  dny dny
S b= (G 2 )

However, in the relations
du du .
o=k, &=b&h, x= Iy’ "ll=-d—£; (i=3, §),

y1 and y2, 71 and T2 do not enter. This shows that, if the new variatles are
expressed as a function of the old variables, then §;, €2, €3, €4, T3, and T,
will be independent of both y: and y=.

Thus if, in T, we replace £; and £, by their values as a function of x,,
X2, X3, X4, Y3, and ys, we will have

ar _dT _ aT _ AT _
d)’l _d)'a- ! dédy, dtidy, !
whence
dn _ @T _  dny_ &T _
dy, . dty dy, ! dyy  dfydy,
and, similarly,
dn _ dns _ |
dy, ’ dyy

Consequently, we have
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In addition, the quantity C} which must be a constant can depend only /55
on the integration constants, i.e., on € such that R will depend only [because
of eq.(1)] on €, €5, €3, and €4

This reduces to the case treated in the preceding Section so that we must
conclude thrat the canonical equations

can te formally satisfied by series of the following form:
b=81 +pbl . prtf 4.,
n=wi+pn) .. pPrf 4

wi=nit+w;, n=n)+pnl+...+pPaf4. ..,

where the terms 51 are constants while 51 and T% are periodic functlons of w de-
rending, in addition, on n integration constants £;. In addition, ®; are n
other constants of integration and the quantities T} still depend on the con-
Stants gi .

On returning to the original variables, it can be demonstrated that the
canonical equations

dz; _ dF d dy: _ dF
= dn Iy’ dr T dz;

can be formally satisfied by series of the following form:

Ty=z)+pz!+... 4+ pPzf+...,
yi=ywi+yl +pyl 4+ pryl 4+

where x% and yf are periodic functions of w.

As regards the coefficient €;, it can be equal to either O or to 1. In any
case, it is always equal to 1 for i = 1 or 2§ it is equal to L or O for i = 3
depending on whether ys = T3 or ys are periodic with respect to T . Similarly,
the coefficient is equal to 1 or O for i = L depending on whether ys - T4 or y.
are periodic with respect to T;.

A1l this reduces to an integration of the partial differential equation (1)
or, which comes to the same, to an integration of the canonical equations:

dz; dR dy; _ dR

— —

dt S dy, Tdt T T dm
3. fpplication to the Three-Body Problem /156

136. let us apply the preceding statements to the three-body problem. We
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rave brought the equations of this protlem to the form

dr, _ dAF  dy; __ dF
de T dy,” di T dr;
with
F = Fo+ puF,,

where u 1s a very small parameter and uF; is the
ables are those of Section 11:

A=BL, A'=3L, 3G, e,
I! rv 5. .or
or else those of Section 12:

‘Av A’v Ev E'v Py P’v
Iy, X, %, 7, g9, ¢,

perturting function.

3G, e,
o

&

Our vari-

(2)

(3)

where Fp depends only on A and A" while F; depends on 12 variatles tut is peri-
odic with respect tot and t' Thus, if one considers F; as a periodic function
of t and t' and if R is deslgnated as the mean value of this function, then R
will te nothing else but the function which had been designated as such in the
preceding Chapter. This function depends on 10 varlables, namely, on the 12

or else on the 12 variatles
of eq.(3) with the exception of X and A'. If the varlables of eq.(2) are

variables of eq.(2) with the exception of ¢ and t'

adopted, the function will be periodic with respect to g, g', 6, and ©'

Consequently, the method of Sections 134 and 135 will te applicatle to
egs.(1l) and will permit its formal integration, provided that it is possitle to

integrate the equations

dr; _dR  dy,_ _ dR

i 7 it~

where the variables x; and y; are the last four
or the last four pairs of conjugate variables (3%
sidered constants.

airs of conjugate variatles (2)

and where A and A' are con-

However, these equations (4) are exactly those that we were able to
formally integrate in the preceding Chapter. Thus, it is easy to show that the
Lindstedt method can be applied to the general case of the three-body protlem.

Application of this method, discussed succinctly here, will be the object

of the following Sections.

L. Change of Variables

137. We will make a change of variables analogous to those performed in

Section 131.
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For this, let us put
(A=8BL, A'=pL"),
V = AL+ A'A} + E(91€0s9 + gy sing) + E'(— 3;sino + a3 c050)
+ p(93¢089 + a4 8inQ’) + p'(— a3 sing’+ g, cos ¢’),
where ¢ and ¢' are the angles defined in Section 131.

Then, as in that Section, we will set

2

dv ¥

- - - O
—2_‘(’ ,‘—EE—’ —E q—

showing that the canonical form of the equations is not altered if the old vari-
atles

AN E PP,
A» ')"» LT 71') q, 9'.

are sutstituted by the new variables

An A') T, T T Te

lh l‘[) 9y, O3, O3, Oy

The variables Ty and 0; have already been determined as a function of §, T, p,
q, and A in the preceding Chapter.

It remains to determine the form of the relation linking the new variables
A; and A} witk A and A'.

We obtain

A=X+¢, N=r+9,

where § and ¥' are quadratic forms of o and of T whose coefficients depend /58
on A and A' and which are written as
dy’
$= (‘a“l—*’l“a)"' (%“a—ca‘h).

V= 7}? (oat1—ay7a)+ %K‘ (ovts—a3ty),

where @ and ¢' are the angles denoted the same way in Section 131.
Reasoning as in Section 135, this shows that any function permodlc in A and

\', after change in varlables, will still be periodic in A; and A} and that the
mean value will be the same in both cases.
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From this, several conclusions can be drawn as to the form of the func-
tion F.

The function F depends in an arbitrary manner on A and A'; however, it is
periodic in A; and A} . In addition, the function can be expanded in powers of
o and T.

It should be added here that this function must not change when one changes
Ay and A} into A\; + m and \} + T and when 0 and T change sign at the same time.
To ascertain this, it is sufficient to refer to our statements in Section 12 and
to note that, when

) YR VI T

change into

ll""r l’l"""v — 0y —Ty

the quantities A and A' will also change into A + m and A' + 7 and that the
variables £, etc. will change sign.

Finally, we will make a last change of variables by putting, as in Sec-
tion 131,

v = yap; cosuy, or= Vap; sinwy,

which, in virtue of the remark made in Section 6, will not alter the canonical
form.

Then, F can be expanded in powers of /P;, yielding

Ry=3Asp;+2A3ps+2A;p3+3Ap.

5. Cage of Plane Orbits L

138. After this change of variables, the equations of motion assume the
following form:

The two series of conjugate variables are

A: A,v Pir
)‘h l'l' wy,

and we have

F=F°+ }.LF.-O— }.L'Fg-f—...,

where Fo depends only on A and A', while F,, Fz, ..., which are periodic with
respect to A; and A}, can be expanded in powers of

cosw;y/p;,  sinw;yp;.

In addition, these functions will not change on increasing A,, A}, and w
by the same amount. Thus, these functions depend only on the differences
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Xg— wy, l,‘_wh Wi — w;.

If, in R, the term p; is replaced by

gf and if R is equated to a con-
i
stant, while considering A and A' as given constants, we obtain a partial dif-

ferential equation of the form
dT
R(a—“-;;' '-"l)=c' (1)
According to what we have seen in Sections 134 and 135, it is sufficient

to know how to integrate this equation in order to be able to form series ex-
pandable in ascending powers of w and formally satisfying the equations of motion

dr_dF  dn_dF  dy_ dF
‘ dt — d\,’ dr — d\,’ dt ~ dw;’
| Do e, i dr e T (2)
dt T T dx’  de T T 4N At T T dp’

There exists a specific case in which the integration of eq.(1l) is rela-
tively easy, namely, the case in which we investigate the motion of only 260
three bodies moving in the same plane.

In this case, the number of quantities p; reduces to two so that, consider-
ing A and A' as constants, R will depend only on the four variables p;, Pz, W1,
and wp. However, more is involved here: We have demonstrated above that F de-
pended only on the differences A; - w;, A} - wg, wp - ;. Thus, R will depend
only on the three variables py, P2, and w; - Wy so that eq.(1l) can be written as

R(d'l' dT )=C.

2;’—.o z,—l’ W — Wy

If we put w3 - wz = ¢ and if we use w; and ¢ as new variables, then the
equation is transformed into

(E-E 5

If we give an arbitrary constant value to ii' which will be denoted by h,

oT and 9. From this, —%%— can be derived

then the equation will contain only

as a function of ¢, of the constant C, and of h, yielding

aT

— = y C' k N

o f(e )
whence

1‘=hm.+ffd9.

Let us see what form this function T will have.
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It should be noted that R can bte expanded in powers of gz and of -%EL-,
1 W2
that the zero-degree term reduces to a constant denoted by H, and that the first-
degree terms reduce to

We will next put (introducing two new integration constants (; and iz in-
stead of C and h)

C=H +2A|°|+ 2A’Q’.
k =°|+0’.

.. dT dT
For determining o and d0z

equations

, we will then have two simultaneous 81

R—H = A|o|+ A’Q’,

drT dT
do; Vdwy = BT
dT

The functional determinant of the two first terms with respect to =
1

and %0%- reduces, for 331 = ngz = 0, to Ay - A2. Thus, this determinant is

not zero.
dT dT
R and s

can be derived from these equations in the form of series arranged in ascending
powers of (2. The terms of zero degree will be zero while the terms of first
degree will be reduced, respectively, to 1; and Q,; the terms of higher degree
will have periodic functions of w; - w; as coefficients.

Consequently, in accordance with the theorem in Section 30,

The function U of Section 135 can then be written as
U=Al+ N0+ T,
yielding
T=V,w,+ Vaw,+ T,

where V; and Ve are two constants depending on Q; and iiz, while T' is a periodic
function of w; and ws.

Let us now make the change in variables, defined in Section 4, by taking
four new variables of the first series

A » A’. v[ and V'

connected with the old variables A, A, Ay, A}, p;, and w; by the relations
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3 TRNCE A )

The conjugate variables, which will be denoted by

ll, 1", [ and [ £

are then defined by the equations

o (1)

We will suppose that in T, which depended on the constants A, A', Q, 162
and {i», these constants have been replaced as functions of A, A", V;, and V2.

It is this sense that dT , dT, , dT must be understood.
dA dA dvy

So as to make the conclusions of Section 135 applicable, it is necessary
that the old variables

A, A” lh l’l! Pl’!
as well as the variables

W — vy,

be uniform functions of the new variables

A, A, lh rjv Vi, v

and that these functions be periodic with respect to v, and vz .

let us first search for the expressions of w; and wy as functions of the
new variables; for this, we have the following two equations:

dar’ dT dar’

vy = W:' 9g=-d~v—’ =w,+d—v’- (5)

AT o+
av, !

First, we have to ask whether the values of w; and of w;, derived from these
equations, will be uniform functions of the new variables. So that they cease
to be such, it would be necessary that the functional determinant of the right-
hand sides with respect to w; and w, would vanish, i.e., that one would have

(& &)
av,’ dv, . i S L
d(wy, wy) dVidw, = dV,duw,
a@aT T aT T

- dV. dll" dV’dﬂl’ - 2\’gd00| dV.clm, =o
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For abbreviation, we will write this equation in the following form:
1+J=0.

We note first that p1 and p2, in the applications of very small quantities,
will be of the order of the square of the eccentricities.

These quantities p; are connected with Q; by the following relations:
Fi=“1;i'
However, —%%T- can be expanded in ascending powers of {i;. This expansion i)
contains no completely known term, and the terms of first degree reduce to ii;.
From this, based on the theorem of Section 30, we can derive

Q, = fi(g1, 01), Q= fa(pr, 1),

where f; and f; are series that can be expanded in powers of p; and pz and whose
coefficients depend otherwise in any manner on

A, l\'. Wy and Wy,

The terms of zero degree will be zero and those of first degree will reduce,
respectively, to p1 and to pz.

From this it follows that Q; and {2, just like p1 and p2, will be of the
order of the square of the eccentricities.

According to the definition of V; and Vo, these quantities can be expanded
in powers of Q; and Q2, since the coefficients of the expansion depend in an
arbitrary manner on A and A'. These series will contain no zero-degree terms
and the first-degree terms will reduce, respectively, to Q; and Q.

From this it follows that:

1) The quantities V; and V> are of the order of the square of the eccern-
tricities.

2) The terms Q; and Q2 can be inversely expanded in powers of V; and V2,
yielding
Q,=V,+ o (Vy, Vs), Q, =V + 09(Vy, Vi),

where ¢, and ¢z contain only terms of the second degree, at least
with respect to V; and Vs

3) The quantity T' can be expanded in ascending powers of V; and V. and

then will contain only terms of the second degree, at least with
respect to these two quantities.
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L) Since the expansion of a7’
dVi

and Vz starts with first-degree terms, these two derivatives are of
the same order of magnitude as the squares of the eccentricities.

a'T'
—_———————— and 6
w2 Lok

consequently, for J. Since J is very small, 1 + J cannot be zero.

and of —%I—- in ascending powers of V

5) This is exactly the same for the second derivatives

Consequently, we must conclude that w; and wp and thus also w; - w1, Wy - w
are uniform functions of the new variables.

It should be added that v - w3, v - wy are periodic functions of v and
of v». If, in effect, we increase vn and w; by 2K;m, and v» and wx by 2Kom
(with X, and Kz being 1ntegers), then egs.(5) will still be satisfied since T'
is periodic in w; and wz and since vy - w3, v - Wz do not change.

Substituting these values of w; and wp into eqgs.(3) and (4), it will be
found that the old variables

-\n A', )‘h 1‘l! P‘

are uniform functions of the new variables, periodic with respect to vj.

Thus, we now have conditions under which the results of Section 135 become
applicable.

Let us express the function F by means of the new varlables. Let us note
first that F, remains expressed as a function of only A and A' In addltlon, F
is periodic with respect to the variables of the second series Xg, A2, Vi,
aI'Kl Vg.

The mean value of Fi, considered as a periodic function of Az and AL, re-
duces to R. On the other hand, in virtue of eqg.(1l), R reduces to the constant C
or else to

H+ IA,Q,-F ﬂAjnh
or to
H+2A,V,+2A, Vs +3A,0(V;, Vi) + 2A,0,(V,, Vy).

Thus, R depends only on A, A', ¥, and V> and does not depend on the variables
of the second series.

This returns us to the case studied in Section 134.
We now state that F does not change when Az, A%, w1, and v» are increased
by the same amount. In fact, we know already that F does not change when A,,

A}, @y, and we are increased by the same amount and that T' depends only on the
difference w; - wz.

Then egs.(4) and (5) demonstrate that, as soon as Ay, A1, w1, and we 165
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are increased by the same amount €, the quantities Az, AL, w1, and vz will also
increase ty the same amount €. Thus, when these four new variatles increase ty
€, the quantity F does not change.

The manner in which F depends on V; and on Vz is rather complex since F,

tefore the change of variables, contained the radicals /p; and /pz .

Let
F(A) A, 1:: llp Vi, Vi, ¢y, ¢3)

what becomes of the function F after change of variables. Next, the equation

F(dS dS

_’—’1’) 1 ds
o, v,

ds
v 2o doy’ o1, "z)=co+cl.“+ Cap?+. .. (‘)

[

must be integrated.

We will formally satisfy this equation by setting
S= s.+_|l-S|+ F’s’+. .o
and
S.= A.l,-o-A’.l',-&-V'{ 4+ V:v,,
where Ao, Ao, ¥}, and ¥ must be our four constants of integration. For this,

as demonstrated above, it is only necessary to apply the method given in
Section 134.

6. Study of a Particular Integral

139. A remarkable particular integral is ottained by assuming that the two
last constants V{ amd V3 are zero.

For this, it is sufficient to set, in eq.(6),

It then happens that the left-hand side of this equation depends neither on w
nor on vz .

In fect, before the last change of variables made by us, F had been ex-
pandable in powers of

Veicosw; and yp;sinw;,

[$2N

and, otherwise, depended only on the other variables €

A, A, X and 2%
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Thus, if we set

P1=r1=0,
then F will depend only on A, A', A;, and A}.
If, on the other hand, we set
V,:V,:o,

then T' which can be expanded in ascending powers of V and which contains only
terms of the second degree at least with respect to these quantities will
vanish, which is true also for its first-order derivatives. Similarly, Q; and
iip will vanish, resulting in

Pl-—-df-r—=01+dT =o0,
w dw
drT
lg=l|-r dA—l|-| dd'i ll.
In the same way
Ay =A%

From this it results that p1 and p2 vanish and that, on the other hand, A
and A\, reduce to A\; and A\}. We state that this means that F depends only on the
four variables

A, A, l’ and l”.

Thus, we can set

ds _dS _
o, vy " °
The l.h.s. of eqg.(6é) contains only Az, A%, -3, and 95 _,
dAz dAb

This equation is then easy to integrate. To do this, it is only necessary
to apply the procedures given in Section 125. However, there is another matter
involved here.

The integral is no longer purely formal, and the series expanded in powers
of u, at which one arrives, is convergent.

In fact, F depends only on the difference A, - A\ since we have shown that
F cannot change when Az, A2, v, and v» increase by the same amount and that /67
here F has ceased to depend on v and vz.

From this, it follows that the two equations

l'.(a'S dS dS dS

m.m,x,,x;)=c, mra=C

(where C and C' are any two constants) are compatible. From this we derive
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dS and dS

and thus also S in the form of series developed in powers of u.

The resulting integral depends on two arbitrary constants C and C'. How-
ever, these two constants can ve expressed by means of two of the four original-
ly chosen constants, namely, by A, and A}, since the two other constants Vf ard
V2 are, by hypothesis, zero.

We will denote this particular integral of eq.(6) by

2(l’v x;’ Ao A'o)' ("'7)

If the constants C and C' are properly chosen (cf. Sect.125), then £ will
have- the following form:

Aody + Ayl +periodic function of Ay -1

A discussion of this particular integral Z, in contrast to what one would
be tempted to believe, does not lead to simple particular solutions of the three-
body problem.

7. Form of the Expangions

140. Since the existence of the function S has been thus demonstrated, the
following result can be derived, reasoning as in Section 125.

The following series exist:

A= Ag+p A+ ptAg+...,
A= Ao+ p Al +ptAj+.. .,
Vi=Vi4+pV} 3V, |,
(M=w+pyl+ptyt+..., (1)
Ay=wi+pyl+ptyl+..,
n=wy+pyl+prtyl+...,
nn=w,+pyl+prtyl+...,

arranged in powers of p and formally satisfying the equations of the three- /62
body problem.

Here, Ao, Ah, and Vi are constants. We have

W= nit + ©y.

The quantities A,, Ay, Af, and y} ?revgeriodic functions of w which, in
addition, depend on the constants Ao, Ao,

On the other hand, the quantities n; (which also depend on the constants
Ao, Ao, V§) can be expanded in ascending powers of i, such that we obtain

a=nl+pal+ piat+. ...
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The point to which we would like to draw specific attention is the fact
that we have

n}=n=o,

(]
S :
0>

n{zZo, njzo.

The coefficients of the above series could have been calculated in a more
rapid manner and without passing through the entire sequence of change of vari-
atles if we would have simply and rigorously established the very feasibility of
the expansion.

However, there is more to this: The original variables A, A', A - w,,
M- wy, €, €, T, T' can te expanded in series of the same form, i.e., in
series whose terms are periodic functions of w;, wp, ws, and wgs. To convince
oneself of this, it is sufficient to replace, in the expressions of the original
variables as a function of the new variables, these new variables by their ex-
pressions (1). It would then be of advantage to calculate directly the coeffi-
cients of the expansions of the original variables without going over the new
variables which have served for proving the feasibility of this expansion.

We will not further discuss the procedures that permit a direct calculation
of these coefficients. The statement made in Section 127 is sufficient for
understanding the basic principle; in addition, we will return to this point in
Chapter XIV.

Let us here only give a means for avoiding the last change of variables,
namely, that by which one passes from p; and from w; to V; and to vy. In /69
cases in which this change cannot be avoided, this will represent the most in-
tractable portion of the calculation.

For this it is sufficient to make a suitable grouping of the terms, which
is possible if the eccentricities are small.

In F,, two types of terms can be differentiated:

1) those of degree 0, 1, 2, or 3 with respect to the eccentricities and
inclinations;

2) those of degree L, at least with respect to the eccentricities and
inclinations.

The terms of the second kind are much smaller than those of the first. ILet
Fi be the ensemble of terms of the first kind, and let eF} be the ensemble of
the terms of the second kind. It can be assumed that € is a very small constant
and that F" is finite, so that we can write

F=Fo+ pF{+ peF] + ptFy+....

Nothing will now prevent our combining the terms peF} with the terms p°F> since
pe is much smaller than e€; or else to attempt an expansion in powers of € and
of e.

Then we retain the variables
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A, A’, lh 1'|) Po Wi

The mean value of F} will reduce to

H+2Ap1+3Asp +2A2pa+ 24404

(cf. Sect.131) and, consequently, is independent of the variables of the second

series. However, the last change of variables had no other reason but to render
R independent of the variables of the second series. Consequently, this has now
become unnecessary.

8. General Case of the Three-Body Problem

141. Iet us now pass to the case of the three-body problem in space. The
number of variables w; and p; will then be equal to four and eq.(1l) of Sec-
tion 135 will be written as

dT dT dT dT
(d_w.’ Iﬁl—” ;i—u,’ 7‘;;; Wy, Wy, Wy, un):C. (1)

This equation can no longer be integrated by the procedure used in Section 138.
Actually, one does not even know the means of integrating it exactly but a /7C
simple formal integration method can be developed which will be sufficient from
the viewpoint used here.

The quantities

dT

Ty =P

are of the order of the square of the eccentricities. Thus, if we put
T - "l T',
where p' is a constant of the order of the square of the eccentricities, then

dT"

dw,

The function R can be expanded in ascending powers of gi , ylielding
1

the derivatives will be finite.

R=Re+Ry+Ri+...,

where Ry represents the ensemble of terms of the degree —%r with respect to p;

(with Ro, Rz, R4, ... not differing from the quantities denoted by the same
symbols in Sect.131). If Ry (T) is used for denoting what becomes of R,, after

replacing p; by -%%:—, then eq.(1l) can be written as

RQ(T)"- R’(T)'f- R‘(T)+..-= C
or else
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Ro(T')+ pIR’(T')*O- p”R‘(T')ﬁ-. ..=C.

Here, Ro depends only on A and on A' and, since for the moment we consider these
quantities to be constants, Ro will also be a constant.

If we then put
C=Ro+p'C,
eq.(1) will become

Re(T") + 'Ry (T) + p*Re(T*) +... = C. (2)

This leads us to integrating a partial differential equation whose first term
"
depends on the derivatives —%%r- and is otherwise periodic with respect to the

independent variables w;. The left-hand side depends on a parameter p' and, /71
as soon as this parameter vanishes, reduces to

i=
'’

. dT
Ra(T)= Y 2A; T

i=1

For u' = 0, the first term thus no longer depends on w; but only on the deriva-
"
tives —%%?—.

This leads to conditions under which the analysis of Section 125 is appli-
cable, so that we can conclude that there exists a series

To+w T +p? T+

expanded in powers of u', and which, when substituted for T', will formally
satisfy eq.(2); this series is such that the derivatives

aT}

dw,

are periodic with respect to w;.

We will then put
Ty = Q) w; + Q) wy + QJ wy + Q} w,,
where Q}, QL, Q%, Q) are our four integration constants. The constant C' must
satisfy the equation
C'= ZaA;Q;.

It is easy to prove that T} is an integral polynomial of the degree k + 1 with
respect to the four constants Q.
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From this it follows that

T - P'T'

is presented in the form of a series expanded in ascending integral powers of
the four quantities

wey, wep, po), p'e,
which, for abbreviation, will be denoted by

Q, 0, b, 0,

This series, expanded in powers of the four constants {}; which are of /72
the order of the square of the eccentricities, formally satisfies eq.(1).

As in Section 138, let us put

U=AM+ AN+ T,
T=Viuy+ Vywe+ Vu; + V0, + T,

where T' is periodic with respect to w, and V; represent constants that can te
expanded in ascending powers of ;.

The quantities Q; are inversely expandable in powers of V;. It is also
possible to expand T in powers of V;, and the resultant series will still
formally satisfy eq.(1).

We will now make a chan?e of variables, similar to that performed in Sec-
tion 138 [egs.(3), (4), and (5)].

For this, we put

PI:H—(D;, 9'=—d—v;v lg:lg-&-ﬁ' l',:l;-ﬁd—v,
On replacing the old variables

A, A'o (]
lh 1: y @y

by the new variables

A, A'a vlv
)‘lo 1", iy

nothing will change in the canonical form of the equations.
As in Section 138, we can demonstrate the following:

1) The quantities V; are of the order of the square of the eccentricities.
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2) The quantities py, A\; - A2, A} = AL, w; - v; are periodic functions
Of Vio

3) The function F can be expanded with respect to ascending powers of
u, of Vy, and of /P; since the terms p; are themselves expandable in
ascending powers of Vj .

L) The function F is a periodic function of vy, Az, and AL.

5) The mean value of F, considered as a periodic function of the two
variables Az and A}, is equal to R and depends only on A, A', and
Ol'l Vio

This brings us to conditions under which the analysis of Section 135 is /73
applicable.

Thus, let .
F(Al A,) vio 1" l,:' 9,')

te the form of the function F after change of variables. One could find a
series expandable in powers of p that formally satisfies the equation

ds dS , .
F(:—%v dTa,") a;" ) v 1’, 9‘) = Co + P’Cl_ :“’C’+" .

and depends on six constants which will be denoted by Ao, AH, W, V3, V3, V2.

This will lead to exactly the same conclusions as those drawn in Sec-
tions 138 and 140.



CHAPTER XII L

APPLICATION TO ORBITS

1. Discussion of the Difficulties Involved

142. Cases are in existence in which the application of the methods dis-
cussed in the preceding Chapter may lead to certain difficulties: These are
mainly the cases in which the eccentricities are very small. Below, we will
discuss the manner in which these difficulties can be ascertained.

We believe that a simple example, much simpler than the three-tody protlem,
would be most suitable for understanding these difficulties.

Consequently, let

F=A-+pyQcos(w+ L)+ pAQ.

Here, p is a very small parameter, A is a constant, and A, 2, A, and w are two
pairs of conjugate variables.

Let us next consider the canonical equations

dA _ dF _ dw _dF
TTaT" &~ @
dA _ _ dF de _ dF (1)
XS R AT de

These equations are easy to integrate completely, as will be shown below. How-
ever, we first will demonstrate their analogy with the equations of the three-
body problem.

In Section 137 we demonstrated that, after several changes of variatles,
the equations of this problem can be brought to a canonical form, with the con-
jugate variables being

A, A, Pis
)q, l " y Wy
In addition, F can be expanded in powers of 75

/;;CO!U[, /;linm‘ and p

which are periodic in A; and A}. Finally, F, depends only on A and A'. The
function F, defined at the beginning of this Section, is completely analogous to
this. The variable A plays the role of A and A'; the variable Q plays that of
P13 A plays that of A; and A}; w that of w;. It is clear that F can be expanded
in powers of
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V2cosw, y@sinw,

and that, for p = 0, it reduces to A.
The analogy is thus obvious. Let us assume that the method of the preced-

ing Chapters is to be applied to this equation, i.e., that an attempt is to be
made to integrate the partial differential equation

ds ds ds
dx+pcos(w+l)‘/‘—;+p,\d_w=c, (2)

where C is a constant of integration. It is now a question to find a solution
for eq.(2) which can be expanded in powers of p such that -Q%L and -95_ i1l ve
d dw
periodic in A and in w.
For this, let us put

w+d=4¢.

Equation (2), with the new variables A and ¢, becomes

ds dS ds
D +pcosq‘/d:? +(1+ pA) d_? = C.

Let A be a constant of integration and let us put

1+ pA =B, C—A=VB,

Our equation will be satisfied by setting

ds _ A dS _ 2plcoste + 4BV apcosgy/utcoste + {BV
a }_T,; - 4 B?

The function S, defined in this manner, readily satisfies all data of the
problem, under condition that the radical

Vulcoste + 4BV

can be expanded in powers of u. This expansion is entirely possible provided /76
that
< 4B V]

The series will be highly convergent if u® is very small, not only in an absolute
manner but also with respect to V.

If we wish to continue the comparison with the three-tody problem, it will
be found that V represents a quantity analogous to that denoted by Q; in the



preceding Chapter. ILet us consider this quantity as being of the order of the
square of the eccentricities.

If toth p and V are very small, one could be tempted to expand S in powers
of p and V. Such an expansion is impossible since the radical

|/ o s BT

can be expanded only in powers of u (since B depends on p) and in powers of

n?
v

Consequently, if V is sufficiently small for being comparatle to ua, the method
of the preceding Chapter stops being applicable.

143. It is obvious that a similar difficulty exists for the three-body
problem.

Let us resume the problem in the formulation given in the preceding Chapter.
Our conjugate variables are

Al A’) vh
lg, )o", V.
The function S, which formally satisfies our partial differential equation
F = const
and which has been defined in the preceding Chapter, depends on the constants
Ao, AL, and ¥W. In general, these latter constants V?, in the applications of

very small quantities, will be of the order of the square of the eccentricities.
Then, we can put YA

vl. = "wl.)

where € is a constant of the order of the eccentricities while W] are finite
constants. Considering, for the moment, the quantities W{ as given, S will de-
pend on three arbitrary constants

Ay, Ay and .
It is now a question whether S can be expanded in powers of p and €.

If this were the case, the solution discussed in the preceding Chapter
would always be satisfactory no matter how small € might become, i.e., no matter
how small the eccentricities would be.

However, this is not so, as will be demonstrated below and as the example

in the preceding Section permits predicting. The quantity S can be expanded
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only in powers of -t- and of e¢. This results in the fact that the method is no
longer applicable if -%— is not very small. Consequently, the method is inap-

plicable, even if the masses are very small, as soon as the eccentricities are
of the same order as the masses.

let us resume our equation

dS dS dS ,
P @ T e Mow)=C

which, for short, we will write as

F(S)=C. (2)

It has been demonstrated in Section 139 that this equation admits of a
particular solution which will be denoted by . This yields

F(Z)=0C,
where C' is a constant.
Putting now
S=Z 4+,
we obtain
F(Z+as)=C. (3)

The first term of eq.(3) can be expanded in powers of e¢; we state in powers /78
of ¢ but not of €. 1In fact, F contains terms of odd degree with respect to

/Py . Nevertheless, the terms p; which are linked to

over the relations

given in Sections 138 and 141, can be expanded in powers of V; and thus also of

¢®. Consequently, the terms /p; and thus also F can be expanded in powers of €.

We note, in addition, that s will be finite if e¢ is of the order of the eccen-
tricities.

In fact, if ¢ vanishes, S will reduce to Z. However, this particular solu-
tion £, as shown above, corresponds to the case in which the terms V{ are zero.
In the applications, the terms Vi are not zero but represent very small quanti-
ties of the order of the square of the eccentricities. Consequently, the differ-
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erce 3 - = wll ze of tre order of ire sgiare of ire eccertriciiies, i.e., of
‘e orier of €°

For attreviztion, let us set
F(Z ~¢r5)—F(Z,=eF°(s),
wricr, ty deducting eq.(2) from eg.(2), will yield
F'(s)=K, (L)

\]
wrere ¥ is a new constart egual to _C_-E_C_.

€
Tre cuantity F' can be exparded in ascernding powers of &, such that

In addition, F is periodic in X, and A%; we will derote £ as the mean value
of 1.

Since Z can be exparnded in powers of u, so that
=X, %, — ptE—. .,
then Fo(Z + €°s) can also be expanded such trat /22
Fo(Z —¢t5) = ®y(ets) + p®y (25) —.. .,
It is then otwvious that
@o(e?s) = Fo(Zo+ €2s),

de, dr, _dé, d=

&y (e2s) =
"d.d—‘ d‘A' di dl
dly Ay

We thus will have

F; = Fo(Zq—+€t5)— Fo(Z,).
e F; = F,(Zy+¢ts)— F{(Z,)+ ®,{c2s) — ®,(0).

Here, Fo depends only on gi’ and on gf, . On substituting T + €°s for S,
2 2

tre function F, can be expanded in powers of

ds . ds

€ A3 € a0
a a,
from which it follows that

®y(c2s)— Po(0), Py(e25)— ®1(0)

are divisible by €° and do not depend on gs . From this, it follows first
Vi
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that F5 can be expanded in positive and ascending powers of 2.

Conversely, since the expansion of F, contains terms of the first degree

in /Py, the quantity F (Zo + €°s) cannot be expanded in powers of € but in
powers of €. The expansion of the difference

Fi(Zo + ets)— Fy(3,)
will start with a term in €.
This leads to the following consequence: Fi can be expanded in ascending
powers of € but the expansion will start with a term in —3:'—.

let us note now that Fff is a function periodic in Az and AL and let us at-
tempt to determine its mean value R".

The mean value of Fy (S), by definition, is R(S): On substituting there /80
S bX Zo + €°s, this mean value will not change and will be written as R(Z, +
+€“s). This is due to the fact that

dZ, dI, dI,
dr,’ d\y’ dvy
reduce, respectively, to
AO’ A;v 0,
and do not depend on Az and on A\;. If, conversely, these derivatives would

periodically depend on Az and A3, then the mean value could be modified by the
substitution.

On the other hand, the mean value
[®1(s2s)— ®y(0)] =s*H

ds

§o— since ®,(e®s) itself did not depend thereon.
1

depends neither on vy nor on
In addition, this value can be expanded in positive and ascending powers of 2.

Similarly, R(Z, + €®s) can be expanded in positive and ascending powers of

¢ since the original expansion of R in powers of /P; (in opposition to what
happens for the expansion of F; ) contains no terms of odd degree and, specifical-
ly, no terms of first degree. This leads to

2 R* = R(Z, +s2s) — R(Zy) +s2H,
such that K* can be expanded in positive and ascending powers of 2.

Thus, if we expand s in ascending powers of W, such that

$=S9+ ps - ulsy-+...
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we will have, for determining sp, recurrence formulas furnished by the methods
discussed in the preceding Chapters.

Since sp(p > 0) is a periodic function of Az and A%, we can write

5= l;,-f— "l"'

where s, is a periodic function of mean value zero, while sp is independent /81
of )\2 and )\20

We then can write
dR* ds},_,
dve® dv; —

l dF; ds,
dAy d),

S cam——
w

w
-

15
I

D

A

—
\n
~

Here, ¥, must depend on

%, 5y, 5y <y Spoy
55, S5 .- Spog
and 8; on
s, 8y, 3, B A
£, i;, o Sp_y-

The symbol S represents a summation performed either over the various pairs of
congugate vanables Vi and vy, or over the two pairs of conjugate variables A
and Az, A' and AL.

The two sides of the relations (5) can be expanded in ascending powers of
€. However, the first terms contain only positive powers whereas the second
terms contain negatlve powers. Before replacing, in ¥, and 8;, the derivatives
of sy and of s{(q < p) calculated previously by recurrence, the expansions of

these two functions already contained terms in -—%— since the expansion of F*

contained such terms, as demonstrated above. This means that the expansion of
Sp in ascending powers of € must start with a negative power of e. If, in y; and
9,, the derivatives of sy and s{ are replaced by their series in powers of e,
calculated previously, then ¥, and 6, can be expanded in ascending powers of e-

however, now the series, instead of starting with a term in =—, will start with
1
en

The exponent of —1‘—, in the first term of the expansion of s;, will thus
increase with p.

This means that, if the eccentricities are very small, it might happen /&2
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that extremely large terms will appear in s, . This constitutes a difficulty
which, as demonstrated above, is due simply to the presence of terms in -%- in
F*; and these terms in —%- are simply due to the fact that F contains terms of
the first degree with respect to /p; or with respect to €, T, €', and T'.

Let us see now whether this difficulty, whose nature can be understood on

hand of the example in the preceding Section, might not be entirely artificial
and whether a certain detour might permit overcoming it.

2. Solution of the Difficulty

14),. To define the manner in which the above difficulty can be overcome,
let us return to the specific example in Section 142.

Putting

V2Qcosw =z, aiusinw=y,

our canonical equations will become

ﬂ:—'l:(ycosl+xsinl), ﬂ:l,
1744 ~/-‘ dt (1 2)
'i?._::;‘;s;n]_,“gy, %-_—..‘%cosl 4 pAZ.

The system of equations obviously is easy to integrate since the two latter
equations are linear and, noting that dt = dA, directly yield

yxz= acosh+Bcos(pAdr)— ysin(pAd), (2)
! y=—asind +Bsin(pAX) +ycos(pAd),

-—

where

a=——"
Va(i+ pA)
and where B and Y are two arbitrary constants.

After this, it is only necessary to effect a quadrature in order to obtain
A, which is easy to perform. In fact, we have /83

A =384 Bxcos(1+ pA)X + yasin(1+ pA)),
where 6 is a new constant of integration.

A remarkable particular solution corresponds to the case in which B and Yy
are zero. This yields

r=acosd, y=—asin), (3)
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whence

A=3.

If one wishes to continue the comparison with the three-body problem, it could
be said that this particular solution (3) is the analog of the periodic solution
of the first kind, defined in Chapter III.

Equations (2) furnish

(z—2cosAp+(y +asind)r=fr— .

If x and y, for the moment, are considered coordinates of a point in a plane,
we will have the equation of a circle with the point

r=acosd, y=—asin},

as center, which would correspond to the periodic solution (3). This point is
close to the origin, since p and thus @ are small. Nevertheless, it does differ
from the origin; if B andy are also small, the radius of the circle will be small
and the origin may become highly eccentric with respect to this circle. In
fact, it may even move outside of the circle.

When passing to polar coordinates
/;i_l and w,

the equation of the circle will become
aQ—azfa_ﬁcos(m+l)=p!+~{s_¢s,

Let us compare this equation with that readily derived from eq.(2) of Section 12

pcosqﬁ: +(|+pA)gs1—) =C—A=V(1+pA)

from which, in the same Section 142, we derived the value of _%_s_ Let us /8L
recall that ®

’=u+l, a;=‘2;=o'

It will be shown that the two equations are identical, provided that

aV =14 yr—at,

82 + Y2 + f
from which it follows that the constant > is nothing else but the

term denoted above by V and considered as being of the order of the square of
the eccentricities. The radius of the circle which is A/EE + Y2 thus is of the
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order of the eccentricities; if this would be of the order of @, i.e., of u,
then the origin would move outside of the circle.

Thus, it can be stated that the difficulty encountered in Section 142 is
due to the fact that we had used polar coordinates there and that we had poorly
selected the origin. This origin must be placed at the center of the circle,
i.e., at the point that corresponds to the periodic solution.

This causes us to change the origin, by putting

Z=x—acosd, y'=y-+asinl.

To retain the canonical form of the equations, it is then necessary to adopt a
new variable A' such that

A'=A—a(z'cosk — y'sinA).

Then, our conjugate variables will become

’ ’
A’ z’

The function F which, by hypothesis, was equal to
A+ pyQcos(w + X))+ pAQ

will then become, as a function of the new variables,

(z"+f’>+ = %

The two last terms are constants and play no role at all since they can be made
to re-enter the constant C. /85

Our differential equations then become

d\ dn’

@=h T =

dz’ d
:7"=—FAJ/1 "%'=P'Ad)
while the corresponding partial differential equations will read

5+ 2 {(§)rr] -

Returning now to polar coordinates, by putting

20 cosew’' =2’, alsinw’'=y/,
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we obtain

F = A+ pAQ +const ,

so that the partial differential equation reduces to

a3
a

+pA -'!s— = const.

dw'

Because of the simplicity of the example used here, the integration of the
equation transformed in this manner is immediate. However, the important point

here was to show that the terms which would be analogous to the term in «/—g(—g-

in eq.(é) of Section 142, have vanished. This had been exactly the term that
caused all the difficulty.

145. Let us now attempt to apply the same method to the three-body problem,
first for the two-dimensional case.

Let us first use the following variables

A, AL E,
A N, % 7, (1)
and then
A, A, o ( 2)
)h l'l y TH
and next /8
A, A, Py
Ay, 1'lo Wy, (3)
and then
A, A, Vi
ds» l'n Vi. : (L)

Let us continue our comparison and, for the moment, consider only the two
last pairs of conjugate variables, disregarding the two first pairs, i.e., A and
A' and their conjugates.

We can then state that the variables (1) and (2) are analogous to rectangu-
lar coordinates while the variables (3) and (4) are analogous to polar coordi-
nates.

The difficulty mentioned in Section 143, as has been shown, is due to the
presence of terms of degree $ with respect to V;, which are themselves due to

tem's of th'e first degree with respect to /P; and terms of the first degree in
&, €, 0, 0.

If the function F does not contain such terms, this difficulty will not
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arise.

However, since the difficulty is entirely similar to that mentioned in
Section 142 and has been overcome in Section 144, it seems that one could pos-
sibly succeed with the same means, i.e., with a transformatlon analogous to a
change in origin. In that case, the variables €, €', T, ' must be replaced by
others which vanish for the periodic solutions of the first kind investigated
in Section 40, since these solutions are analogous to the periodic solution (3)
of the preceding Section.

Iet us then study the periodic solutions of Section 40. It has been shown
that, for these periodic solutions of the first kind,

A, A, Ecosh —7sind, 4 Esind + 7 cosd, (5)
t'cosd'—q'sin}’, +E'sind’+ q'cos)’ 5

represent periodic functions of time and that this also is the case for sin (A -
-)")) cos ()"A')

It is also possible to consider the variables (5) as periodic functions /87
of A - X' and of two arbitrary constants which will be denoted by A; and A}.

Thus, let

A=A, A=A, t=B, ¢=B, 3 =C, 7'=C

be the equations of these periodic solutlons. Here, A, A', B, B', C, and C',
will be functions of A, X', Ay, and A} which are periodic with respect to A and
\'. Below, we give the form of these functions. The quantities A and A' depend
only on A - ', so that we have

B—= Tecos)A + Usin}, B'= T'cos\’+ U'sin}’,
C = —Tsin) + Ucosl, C' = —T'sin)’ + U’'cosd’,

where T, U, T', and U' depend only on A - \'.
From this, the following identity is readily derived:

dB dC  dB dG _ dT dU 6

Do avd- rag—v  Yao—1 (6)
and, by symmetry,

dB' dC' dB’ dC ,_dU_ L du

Do a A& =" Tao=m  YVau=n

After this, let us form an auxiliary function

S=8S,—4HC -8 C+B+9'B +§n+E\7n,
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where So is a function of A, A', A;, A} which will be determined below. Then,
S is a function of

)" ll' L "I"
Ay, A’h E:v E'.
If we next put
_ﬁ - l ds p— 1’ ds -— ds '
dy, T Z‘\_;— 1 ge—'—"hv dﬁ_’,=n"
ds — ds — ’ ds p— ds 4
2‘1‘ =A, 'd_f’ =A, ?,'I'—Ci 27""=Ec (7)
and if, for the new variables, we use
Ah A;v Elv 'u
lll l'lv LT n'lo
instead of /88
A’ A" e' E‘l
l’ A, 1, 7,

then the canonical form of the equations will not be altered. This then yields

A=%—e.%—s;§+n%+n'%
A'=%—Et%:7—f't ﬁn""tﬁ*‘ﬂ o0

m=n—C, nj=7v-C,
E=k+B, ¢ =§+B.

Setting

b=fi=m=ny=o0,

the terms €, €', T, and 1" will reduce, respectively, to B, B', C, and C'. Ve
wish to have A and A' also reduce to A and A'. This 1nvolves the conditions

By o o (8)

These two equations are compatible and determine Sp provided that the resultant
values for the derivatives of So satisfy the integrability condition

d (dSy\ d (dSe\_
av (’2? I\ (W)_“
However, this equation is written as follows:
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&

’ dBI

dA dA'  dC dC dB + dC'
T dx

dB  dCdB _
AT AT AT dhdN

]
&4%
2

Making allowance for egs.(6) and noting that A, T, and U depend only on
A - \', we obtain

P oL R 3L S

which means that, as a periodic solution, we must have

A+A— T‘+U’-:T’+U’ = const .,

i.e., /89

B+ +ne
2

A4+ A— = const.

However, this condition is nothing else but the equation of areas and thus is
satisfied.

The function So, defined by egs.(8), thus exists. Its derivatives gfo

]
and gf? are periodic in A and ' . The mean values of these two periodic func-

tions depend solely on the two constants Ay and A}. Since, until now, we have
made no assumptlons with respect to the selection of these two constants, they
can be chosen in such a manner that the mean values will exactly be A; and A}.

This will furnish
S¢= Aj) + A} X'+ function periodic in}and X

The function S can be expanded in ascending powers of p and, for p = O, reduces

to
A+ AN+ +E8in

To perform the transformation, let us attempt to express the old variables
as a function of the new variables, making use of egs. (xg We primarily have

n=7n+C, 9=n+C, 9)
E=EI+B- 5'= 'I+B'7

after which we obtain the two first equations of the system (7):

=95 ,_ dS
ll—d—A‘) l dA'

In these two equations, we will substitute T and M' by their values [eq.(9)]
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so that they can be written in the form of

=A4pd, A=N+p,

where ¥ and ¥' are functions of p, A, \', &, €Y, M;, M}, A;, A} of the follow-
ing form:

1) They can be expanded in powers of k.
2) They are periodic in A and A /90
3) They are linear in €;, §%, M, Mi.

From these equations, by applying the principles of Chapter II which we are
using frequently, we can then derive:

1="ll"'l"'¢lr l'=l;+lﬂlﬂ'“

where ¥; and ¥} are functions of A;, Ay, €;, M) and of the same primed symbols
which are

1) expandable in powers of u, €1, M, €%, M
2) periodic in A; and A} .

Let us substitute, in egs.(9), these values of A and \'. This will furnish
the terms § and T as a function of the new variables. We note that € and T, ex-
pressed in this manner, can be expanded in powers of u, €;, and T, and are
periodic in A; and A]. In addition, for p = 0, the terms € and T reduce to €,
a.l’ﬁ T‘],o

If, in the two equations

A=§; A= g;

the terms A, §, and-T| are substituted by their expressions as a function of the
new varlables, then we will have A and A' expressed as functions of Ay, A, €,
and T, which are periodic in A; and A} and can be expanded in powers of p, €,
and N;, reducing to A; and A} for p = O.

What will now happen to F when the new variables are adopted? It is obvi-
ous that F will be expandable in powers of u, €, and T;, and will be periodic
in A; and M.

Let
F=F.+FF|+ F’F,ﬁ"...

be the expansion of F in powers of p, when the old variables are used; in addi-
tion, let, similarly,

F=F¢+ pFy+ pwFy+..

be the expansion of F when the new variables are used.
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First of all, it is obvious that, to obtain F}, it is sufficient to replace
A and A' in F, by Ay and A,

Next, let us calculate Fi.

Let FI' be the result obtained on replacing, in F, each old variable by /91
the corresponding new variable, i.e., A by Ay, A by Ay, € by §;, etc.

Let
A=Ag+ pAy +...,
A=Al +pAj+...

be the expansion of A and A' in powers of p. It is clear that

dF, dF¥, .
—dA| Ay + zx-,; A’.

Fi=F;+

Next, let us calculate Ap. It is easy to find

¢ ,, dC dB , dB’
P LI W L Wk L)

A=A}

Thus, to obtain A, it is necessary, in the expression

A—A, _, dC _,, dC 48, dB
m _Elpﬂ —El Fﬂ"""‘l Fa""""l m’

to set p = O and, consequently, A = Ay, A' =Al. Consequently, A, (and this is
the same for A;) is a periodic function of A; and a linear function of €; and
T,, with its mean value (with respect to A; and A1) depending neither on & nor
on ‘nlo

Thus, F{ will be periodic in A; and A]. Let R' be its mean value and let
R" be that of Fi'. The quantity R" will be obtained by replacing, in R, each old
variable by the corresponding new variable; then R' will differ from R" only by
a quantity independent of §; and of T,.

In Chapter X, the importance of the equations

& _dR  dy_ 4R
dt~ dy’ dt — ~ &

for studying the secular variations of the elements has been demonstrated. After
the change of variables performed above, these will be replaced by the following:

& _dr"  dm __ dR
de dm, de d§

However, according to the above statements, the two systems of equations /92
are identical and the second differs from the first only by the fact that the
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symbols have subscripts.

Up to now, it seems that the transformation made here has produced no
changes in the form of our equations; finally, we will be able to discuss the
advantages of this procedure.

let us first look at the fate of the equations of our periodic solutions of
the first kind, using the new variables. Because of the choice of our awdliary
function S, these equations are written in the form of

Ei=m=§=%1=0, A;=const; Aj = const.

Flnally, Ay and A\] will be given functions of time, of two new constants
A, and A, and of two new arbitrary constants.

This might be of some interest despite the fact that we do not requlre this
for our particular purpose, namely, to define the manner in which A\; and A\] de-
pend on these two constants to be denoted here by @ and B. We will have

M=a+0(t+8,AAY),  Ai=a+¢'(¢+8, Ay, A}),

where @ and ¢' are two functions of t + B, Ay, A} which, as soon as t + B in-
creases by a certain constant y depending on A; and A}, themselves will increase
by a certain constant & (the same, for both ¢ and ¢ ) which also depends on A
and A]. The first of these two constants y is the period of the periodic solu~
tion considered while the second & is the angle through which the three-body
system rotates during one period.

Of all this, we will retain only one point:

If €, M1, €1, and N} are zero at the origin of time, the solution will te
periodic of the first kind and these four variables €1, Ty, €1, and M} will
always remain zero.

However, we have the following differential equations:

&y dF & dF
T dy’  de T dyy’
doy _ _dF dwi_ ¥
¢ T dE  Tde T T

Consequently, it is necessary that the four derivatives

dF dF = dF = dF
4§’ df’ dn,’ dn

vanish together as soon as the four variables /33

El’ E’n LIt 7l’l
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also vanish together, i.e., as soon as F contains no terms of first degree with
respect to these four variables.

Thus, the expression of F as a function of the new variables has the same
form as the expression of F as a function of the old variables. The only dif-
ference lies in the fact that there are no terms of first degree with respect
to €1, My, €1, Tl whereas first-degree terms did exist with respect to the cor-
responding old variables €, T, €', and N'. However, it was exactly the first-
degree terms that created the entire difficulty; this means that the difficulty
has disappeared together with these terms.

Exactly the same happens if, instead of the three-body problem in two-
dimensional form, the three-body problem in three-dimensional form is treated.

If, as variables, the following are selected:

Ay, A\"p El! E’ll y 4) p"
My Ay e 0 9 9

then F will contain no term of the first degree with respect to €1, M., p,
and q.
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CHAPTER XIII /34
DIVERGENCE OF THE LINDSTEDT SERIES

Ub6. In Chapter IX, we have found that the canonical equations

dr - dF dy; _ dF (1)

can be formally satisfied by series of the following form:

=z + pz}+ prz}+.., (2)

Ye=Wwi+pyl+piyt+...,
where xf and yf are periodic functions of the quantities
wi= n;t + v, (¢=1,2, ..., n)

and are represented by series arranged in the sines and cosines of multiples
of w, in such a manner that we have

tf(ol' J’c‘)=. Ag+ZAcos(mywy+ nywy+...+ Muywy+ h). (3)

The mean value Ay of these periodic functions can be selected arbitrarily.

It is now a matter of determining whether these series are convergent.
However, the question is subdivided; one can actually ask:

1) whether the partial series (3) are convergent and whether the con-
vergence is absolute and uniform;

2) assuming that they do not converge absolutely, whether the terms can
be arranged in a manner to obtain semi-convergent series;

3) assuming that the series (3) are convergent, whether the series (2)
will converge and whether this convergence will be uniform.

1. Discuggion of the Serieg (3) Yo

147. Let us recall the manner in which we obtained the series (3). We
arrived at equations of the following form

dr¥
Zn$ d_w:. =ZBcos(mwy+ myws+...+~ mywn+ h)

[egs.(12) of Sect.127] from which we derived
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P Bsin(nm w, + nywy+...+~muw,+ h
.z',=2 1 2 Wy n®n )+A°,

mynt - meny+...+ mpnl

(3.2)

where A, is an arbitrary constant.

Does the series (3.2) converge absolutely and uniformly? If this were the
case, the sum of this series would have to remain finite for all values of time.
However, it has been demonstrated previously (Ref.8) that the sum of the terms
of a similar series cannot remain constantly below half of any one of its coef-
ficients.

Thus, so as to have the series (3.2) converge uniformly, it is necessary
that the absolute value of the coefficient

B
nynY+m.nd ...+ m,nd

te limited.

To fix the concept, let us assume only two degrees of freedom and let n] =
= n, n3 = =-1. Then the series (3.2) becomes

) Bm,m, sin(myw, - myws + hipym,)
Ao+ L 2
myn — my

and the absolute value of the coefficients

Baim, (%)

mn — my

must be limited.

First of all, it is obvious that this cannot take place for the commensur-
atle values of n, unless B,,», would be zero each time that
my

m,

This brings us to the case in which n is incommensurable and specifically to /96
a consideration of those of the divisors min - mz that correspond to the succes-
sive reduced forms of n.

We state first that, irrespective of the sequence of the numbers B, ,a.;, an
incommensurable number n can be obtained (as close as desired to a given number)
which will be such that the absolute value of the coefficients (4) will not be
limited.

In fact, let

Qg ap

';:‘! E) LN F-"

be the successive reduced forms of n.
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let

llp 1" -y 1’1 R ]

e an arbitrary sequence of irdefinitely increasings rositive rirzers. 7re szate
that the number n can always be crhosen in such a manner that

I B3,1,
ng,—a,

>ip- 2)
In fact, after definition of tre reiuced forcs, we have
."“'=¢'—’+ z’ak"l' sr’l= .sp—l+ ro'pa’oh

where ap,1 is a positive integer whkich can te artiirarily selected without
changing anything in the p first reduced forms.

On the other hand, we have

l"pr—’p|< s !

p-2+ SpBpsy )

Thus, we can select the erntire aj;,: in such a mamer that the atsolute value of

nfp - @, will be as small as desired ard, corseguently, in such a manner as to

satisfy the inequality (5) ro matter what the nurters ZZ,2, and A, might te.
Since the nurbers A, are sutjiect only to be indefinitely increasing, it is

possible to make an arbitrary selection of the q first of these numters (irre-

spective of q) and thus also of the q first reduced forms. Thus, the nurcer n
may be as close as possitle as desired to any given number.

In return, it is frequently possitle to fird a numter n such trat the 23T
sories (3.2) will te convergent. Let us suppose that the series

Z B, m, COS(m, g+ mywy + R)

sonverges in such a mammer (as it ordinarily happens) that the following expres-
minn 1a obtained for all values of m; and of mo:

|Buxym, | < Kl Biml, (¢)

whores K 1a any positive number while @ and B are two positive numbers smaller
Phan 1

lel. us take n = J—%r with p and q being two mutual first integers such that

jr1p will not be a perfect square. This yields
1 | mipa+my | _|(min+m)g
m.u—mn.l_ m{u‘—m}l_ pm} — gm} <g(mln+|mi|)

whonvo

),



Bm,m,sin(m, wy+ nawy + h)
myn — m,y

l< Kg (|my|n +|my|)almil Bimil,

which proves that the series (3.2) converges.
However, it is obviously possible to select the integers p and q in such a
manner thatA/—%- = n will be as close as desired to any given number.

This leads to the following result which will be formulated by extending it
directly to the general case.

Let K be an arbitrary positive number and let o, a2, ..., @, be positive
numbers smaller than 1.

We assume that an inequality analogous to eq.(6) exists and that we can write

|B|< ](.Ilm.lal;n.l_ ..alml
which is what ordinarily happens.

In this case, the numbers

can be selected in such a manner that

1) they will be as close as desired to n given numbers and that, at the
same time, the series (3.2) does not converge uniformly; /98

2) they can be chosen in such a manner that they will be as close as
possible to the same n given numbers and that the series (3.2) does
converge uniformly.

It is easy to conceive the importance of this remark. In fact, the ob-
servations, no matter what their accuracy might be, can define the mean motions
only with a certain approximation. Therefore, remaining within the limits of
this approximation, one can always arrange matters such that the series (3.2)
will converge.

From another viewpoint, one could ask whether the series (3.2) can be made
to converge for values of the integration constants x; comprised within a certain
interval (it will be recalled that the terms n} depend on x5). According to what
has been stated above, this will be possible only if the series

ZBcos(mywi+...+~ mywy+ h)
contained only a limited number of terms, i.e., if, in the function

F=F¢+ }IF|+("FQ+...,

each of the functions F,, Fz, ..., in its expansion in sines and cosines of
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multiples of y, would contain only a finite number of terms.

This will not be so in general, and the function F; - for example - will te
a series with an infinity of terms. However, in practical application, the
calculation can be arranged such as to obtain the case in which the functions F;
have only a finite number of terms. In fact, since the series F; is convergent,
all terms, except for a finite number of them, will be extremely small. Thus,
it would be of no interest to take these into consideration already in the first
approximation.

Thus, the accepted procedure will be: In the series F,, all terms, except
for a certain finite number, can be considered of the same order of magnitude as
B3 however, there are some terms of the same order as p° and others, even small-
er, that will be of the same order as u®, etc. In the other series Fp, Fa, /9%
terms of these various orders of magnitude will also be encountered.

Thus, we can write in general

Fi=Fio+Fri+Frg+...+Fip+...,

where Fy,x represent those terms of F; that can be considered as being of the
same order of magnitude as p*. These terms are finite in mmber. This manner
of decomposing F; obviously admits of a high degree of arbitrariness.
Let now u' be a quantity of the same order of magnitude as p and let us put
Fra=pwkd,,.
A1l terms of &;., will be finite, so that we can write

F=Zplukd,,.

Because of this artifice, F now depends on two parameters a.nd =,k contains
only a finite number of terms. Since the two parameters p and p' are of the
same order of magnitude, we will set p = Ap', yielding

F=Zpu%e,,
where %, contains only a finite number of terms.

This artifice, which has been discussed here at some length but whose ap-
plication can be performed quite rapidly, shows that in practical use one can
always assume to have returned to the case in which each of the functions F
contains only a finite number of terms.

2. Discussion of the Serie 2

148. Since the question of the convergence of the series (3) has thus been
settled, it becomes necessary to test whether the series (2) converge.

This question again must be subdivided.
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The series (2) actually depend on p and on the integration constants x.
Consequently, one can ask

1) whether the series (2) converge uniformly for all values of p and xg,
comprised within a certain intervalj;

2) whether the series (2) converge uniformly for sufficiently small
values of p when assigning properly chosen values to x5 . /100

The first question must be answered in the negative.

Indeed, let us assume that the series (2) converge uniformly and let us
write them in the following form:

zi =z} + poi( Wi, =4 B)

ye=wi+ P‘l’l(“’h 1‘2. P)v (7)

where ¢; and ¥; are functions that can be expanded in ascending powers of u,
teing periodic with respect to w and depending otherwise in an arbitrary manner
on Xj_ L]

Let us solve egs.(7) with respect to x? and w; . From these equations, the
quantities x; and w; can be derived in the form of series arranged in powers of
u whose coefficients depend on x; and y; .

It is easy to verify this. Actually, to prove that the theorem of Sec-
tion 30 is applicable, it is only necessary to note that, for p = O, the equa-
tions reduce to

3'2=zlp wi=Jt

and that the functional determinant of the left-hand sides is equal to 1. Other-
wise, it is only necessary to apply the generalized lagrange formula.

This will yield
z}=m+ll?'l(}'h Tk, "')v (8)

wi=yi+ wbi( Yk, Tk, 1), (9)

where ¢} and ¥} are functions that can be expanded in powers of u, being uniform
with respect to x and y and periodic with respect to y.

Equations (8) thus define n uniform integrals of our differential ecquations.
From another angle, we have put

wi= nit + oy,

so that the coefficients n;, defined in this manner, depend on p and on x;. If
these quantities are able to vary within certain limits, one could manipulate
them in such a manner that the coefficients n; became mutually commensurable. /101
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In this case, one can find a number T such that the nxT be multiples of 2m.
Consequently, assigning these particular values to u and x,, egs.(7) will repre-
sent a periodic solution with period T. The existence of n uniform 1ntegrals
would force us to conclude that n + 1 of the characteristic exponents relative

to this periodic solution are zero.
However, there is more to this.

By hypothesis, the series (7) must satisfy the differential equations

dz, _ dF  dy_ _ dF (1)
- al AN i

We have demonstrated that, on assigning certain particular values to n integra-
tion constants xy, the series (7) will represent a periodic solution of these
equations. In order to determine this solution, we will also assign certain
particular values to the n integration constants .

Let
=fu(t),  yi=Si(8) (1¢)

be the resultant periodic solution. Let us put
=fi+&, yi=Sfi+wn

and form the variational equations of egs.(l) (see Sect.53). Since the serles
(7) must satisfy the differential equations no matter what the constants xy and
b, might be, we will obtain 2n particular solutions linearly independent of our
variational equations, by setting

de; dn d
(‘=m+lpsd:‘ dr;-o-pd:;

dyi dnp i,

m= t+ Edw dz; .
d, ay .
=g w=tmrp gl

sa=1, ifé=4k and oifi2k

(6 k=1,3, ..., 1)

In the functions J1l2
dy o do dbi o db (11)
dw,’ dz}’ dw,  dz}’

the constants xk and wy must be replaced by the values corresponding to the
periodic solution (10); the functions (11) will thus become periodic in t.

From this it follows that the 2n characteristic exponents are zero. How-
ever, it is known that this is not usually the case.
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Thus, in general, the series (2) will not converge uniformly when p and x;
vary in a certain interval. Q.E.D.

14,9. This leaves the second question to be treated. Actually, one could
ask whether these series might not converge for small values of p if certain
properly chosen values are attributed to X .

Here again, we must differentiate two cases.

In general, the quantities n; depend not only on x{ but also on p and can
te expanded in powers of u.

We have shown, in addition, that the mean values of the functions ¢; and ¥,
can be arbitrarily selected. In addition, we have seen that these mean values
can be selected in such a manner that we will have

[ ]
n; = ny,

al=n}=...=nf=...=o,

i.e., that the n; no longer depend on p.

Consequently, we can distinguish the case in which the quantities nj de-
pend on p and the case in which the n; do not depend on u.

Let us first assume that the quantities n; depend on p and, at the same
time, that only two degrees of freedom exist.

Then, let

ny=n+pnl+piat+..., wy = n ¢+ i,
ng=n2+pn{+p’n§+..., Wg=’lg‘+ﬁh.

On the other hand, xi, X2, y1, and y2 should be expandable in powers /103
of 1 in such a menner that x,, X2, y1 - w1, y2 - w2 will be periodic in w;
and wz.

This should take place for sufficiently small values of w. However, among
the values of p below a certain limit, it is always possible to find values such

that the ratio —>X

becomes commensurable, since this ratio is a continuous

function of u.

n

If the ratio —
2

is commensurable, then the series (2) will represent a

periodic solution of egs.(1l), irrespective of the two integration constants @,
and a)-ao

If the series (2) were to converge, then a double infinity of periodic



solutions of egs.(1l) would correspond to this commensurable value of

However, it has been demonstrated in Section 42 that this cannot take place
except in highly particular cases.

Therefore, it seems permissible to conclude that the series (2) do not
converge.

Nevertheless, the above reasoning is not sufficient for establishing this
point with complete rigorousness.

In fact, what we have demonstrated in Section 42 is the impossibility, for
any values of p below a certain limit, of the occurrence of a double infinity
of periodic solutions. Therefore, it will be sufficient here that this doutle
infinity exists for a determined value of u, differing from zero and generally
very small.

Thus, we would have an infinity of periodic solutions for p = O and for
B = Wo whereas we would only have a finite number (not considering as distinct
the solutions that can be mutually derived by changing t into t + h) for values
of b between O and uo.

It is rather unlikely that this would be so, which in itself is already
sufficient to render the convergence of the series (2) highly improbable.

However, there is more: It would be of interest to determine the converg-
ence of the series (2) only if such convergence would take place for an infinity
of value systems of the constants x,, in such a manner that it would be always
possible to single out one of these systems that differs as little as desired
from a given arbitrary value system of these same constants. However, if a /1C.L
case of this type would occur, an infinity of values of w would exist for whick

the periodic solutions (corresponding to a given commensurable value of the
ratio -gé-) have an infinite number.

It would also be possible to find an infinity of similar values of u in
each interval no matter how small, provided that it be sufficiently close to
zero. The characteristic exponents would have to be zero for all these values
of p (see Sect.54); since these exponents are continuous functions of p (see
Sect.74) they should be identically zero.

It has been shown that this is generally not the case so that one must
conclude that the convergence of the series (2), assuming that it takes place
for certain value systems of xi, cannot take place for an infinity of these
systems.

This is one more reason to consider a convergence of the series (2) im-
probable in all cases, since the values of x{ for which this convergence would
take place cannot be distinguished from all others.

Finally, it would be of interest to determine the events that would occur
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if the mean values of the functions ¢; and y; were selected in such a manner
that

n"=ni=...= nf=...=o.

In this case, the quantities n; no longer depend on p but only on xi .

Might it not happen that the series (2) converge when assigning certain
properly chosen values to xi?

For Slmpllflcatlon, let us assume that two degrees of freedom exist. Could
then the series, for example, converge when x] and x2 are selected in such a

n,
Ilo

manner that the ratio becomes incommensurable and that its square, converse-

lx, becomes commensurable (or when the ratio is subjected to another condi-

ni
N2
tion analogous to that stated here in a somewhat random fashion)?

The reasoning in this Chapter does not permit the definite statement /105
that this event will never occur. All we can say now is that it is highly im-
protable.

3. Comparison with the 0ld Methods

150. Let us add one more thought here: In the absence of means for ensuring
convergence of the series, what is the best choice to make relative to the mean
values of ¥, and y4? We believe that it is advisable to select these mean
values in such a manner that X and y% (starting from %} and yi) vanish for t =

= 0, in such a manner that xf represent the initial values of x; and @®; the
initial values of y; .

If, next, we consider the resultant series

Zy=z{ + pl+przl +...,
yi=wi+ pyl+ptyl +...,

(1)

it will be found that the terms x}, w;, and y; depend on p. If these quantities
are expanded in powers of p and if the right-hand sides of egs.(1l) are arranged

in ascending powers of u, we will obtain the expansion in powers of p of that of
the particular solution of our differential equations which admits x; and ®; as

the initial values of x; and y; .

It is known that this series is convergent for sufficiently small values
of t.

Let
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Ty=z) + pbl + bl .,
yi=nlt+wi+prl+pinl +.

~~
S
N

Here €} and M} are nomperiodic functions of time but no longer depend on p. In
addition, these functions will vanish as will also the quantities x{ and y; for
t =0.

From the manner in which we have derived the series (2) from the series (1)
it is possible to draw a few consequences with respect to the form of the
series (2).

Thus, to obtain €y it is sufficient tf set b = 0 in the expression of # .
let us recall how kﬁ depends on p; here, x; is a periodic function of the
quantities which we had denoted by 2

Wy, Wi, .., W,
and, in addition, we have

Wi=n;t + w;,

Here, w; is a constagt of integration and n; depends on p. Thus, if we set u =
= 0, ny reduces to n; since we have

ni=n) 4+ pnl+pinl . ...

(0} - 1 . . . .
Consequently, wy reduces to nit + wy and x; remains a periodic function of thre
quantities nit + W, .

Therefore, £} contains no secular terms.
To obtain §f, it is sufficient to set p = 0 in

dz}
=Lz

dp

Reasoning as above, it can be demonstrated that, by setting w = O in X5,
no secular term is introduced there. On the other hand, we have

dr! _ dn; dz!
i ‘27; dwr’
or, for p =0,

dz] _ dz}
Ip = Erk g,
This shows that the expression of -%%;— contains secular terms but a dis-

tinction still must be made: The expression "mixed secular terms" is to denote
terms of the form
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tPsinat or tPcosat,

while "pure secular terms" will be terms of the form t°.

We then can write

dzr!

Zn} ; = Ag+ ZAgsinal + EBycosat.

Actually, the left-hand side is a periodic function of w and, for p = O, we

rave wy = njt + O, . If Ao is zero, the expression 51 will contaln no pure
secular terms but might contain mixed secular terms. If Ao, is not zero, /107
the expression §; will contain pure secular terms.

A case exists in which Ao is definitely zero, which is the case in which
rone of the quantities n§ is zero and in which no linear relation with integral
coefficients exists between the n} terms (case of Sect.125). In fact, we then
rave

Ap_x;[fZ] and [5ﬁ]=m

dw

denoting by [U] the mean value of a mean function of a periodic function U of
wl, wg, eo ey Wpe

Eelow, we give still another case in which Ay, is zero.

We assume that

ard that, on the other hand, the ratio of n} to n2 is incommensurable. Let us
put

z} = ECsin(mywy+~ mywy ...+ muwa+h),

vhere m, mz, ..., m, are integers while C and h are any constants.

This then presents the form of the expansion of xisince this function is
veriodic with respect to w.

From this it follows that

dz!
En} d_w: = ZCS cos(mywy+ m,wl +.o.+ mawn+ h),

where

For w = O, we obtain
sn }‘d”" = E£CS cos(at +B),

where
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a = myn?+ mynY, B=mo,+ mwy+...+ maos+ h.

According to the hypotheses made above, @ can be zero only if m; = mp = C.
Hence

Ag= ZCScosf,

where the sumation extends over all terms such as m; = my = O.

Now, let /108

Fy=Z:Dcos(m,y,+ myys+...+ mpyyq+ k),

where D and k are functions of xi, X2, ..., Xz This necessarily must be the
form of the function F; which is periodic with respect to y.

Let Do and ko be what becomes of D and k when replacing there x; by Xj .
Then, let

Fy=ZDgcos(miw,+ mywy +...+ myw,+ ky)

which w1ll be the form of F; after replacing there x; by x; and y, by wy . The
function x; will be defined by the equation

dF?¢
Zn 1dw‘. dw,’
whence
D
r! —-zmm:;ﬂl’;’n. CoS(mywy + mawy ...+ mywy+ ky),

from which it follows that

= Demi o p_ g,
= myn}-+ myng

Ir 1 =1 or 2, C will vanish for m; = mp = O and Ay becomes zero. Thus,
€5 and €5 will contain mixed secular terms but no pure secular terms.

Conversely, the expressions
8, & ... 8
may contain pure secular terms.
Let us apply this to the three-body problem.
Let us return to the series in Section 140.

The quantities n} are zero, with the exception of ny and n3.

Let us then expand the quantities A and V; in ascending powers of p. This
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vields

A =A.+p.A'(D+ p’A’(h-}-....
A'=A;+pA'G)+ p’A©+...,
Vi=V!+pVi' 4 pV;? 4.,

where A(7) and Vi* are functions of t, independent of p and vanishing with t. /109

According to the above considerations, the quantities A{g) contain no
secular terms. This represents the lagrange theorem on the invariance of the
major axes, neglecting the squares of the masses.

The quantities A%:)will contain mixed secular terms but no pure secular
term. This represents the Poisson theorem on the invariance of the major axes,
neglecting the cubes of the masses.

The quantities Vi! contain no secular terms, but the quantities Vi will
contain secular terms, both of the pure and mixed type.

let us return to the case in which the quantities n] all differ from zero
and are not interconnected by any linear relation with integral coefficients.
This will furnish

d’ 1
54—34+-3—, ;7% for p=o.

It will be demonstrated, as above, that xf furnishes no secular term and that

gff furnishes no pure secular term. On the other hand, we have
diz} ﬂ drw, - dix} dwy dwy
dp? — eidwy dp? dwiydwy dp dp

The right-hand side can be written as follows:

atZal +t Edd:;:vh

Thus, we again have mixed secular terms but no pure secular terms, since

ax; a®%

. . i .
the mean value of the derivatives T ey is always zero.

Obviously, the same reasoning will apply to the following terms of the
series, i.e., to Ef.

Thus, in the particular case of the three-body problem, defined in Sec-
tion 9, the major axis remains invariant in the sense of Poisson, no matter how

95



far the approximation is continued.

Similarly, with any other law of universal gravitation than that by /11C
Newton, the expansions of quantities corresponding to the major axes will con-
tain no pure secular terms no matter how far the approximation is carried. Thus,
these quantities are invariant in Poisson's sense.

In this manner, the lindstedt method is correlated with the famous theorems
by lagrange and Poisson.

The original idea of this possible connectivity is attributed to Tisserand.
These considerations lead to a final remark:

It could seem that the series developed in the preceding Chapters yield no
conclusions, since they are all divergent.

Let us consider the expansion of the sin > u and let us write

sinlu = U+Aw A qub+. ..,

from which we can derive

pe=sinpt + Asindpe 4 Agsindpe+....

Since the powers sin’ ut, sin® wt are easy to expand in sines of multiples of
pt, it would seem that the expansion - at least formally - of the function ut
in a trigonometric series could be derived from this.

Obviously, it will be the same for uzte, for put sin at, ..., and for all
terms that might be encountered in the series (2).

Consequently, stating that the functions represented by these series (2)
can be expanded in purely trigonometric series, as soon as a purely formal ex-
pansion is involved, seems to affirm nothing and to give no information with
respect to the form of these series (2).

However, one would be mistaken in this. If an attempt were made, using the
rough artifice which we applied to the function pt (we do not wish to say that
this has never been done before), to reduce the expansions (2) to a purely
trigonometric form, an infinity of different arguments would be introduced.

What we have learned from the theorems of the preceding Chapters is that the /111
formal expansions are possible with a limited number of arguments. This could

not have been predicted and allows numerous conclusions as to the coefficients

of the series (2) or as to the coefficients of other analogous series encountered
in the three-body problem.
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CHAPTER XIV /112

DIRECT CALCULATION OF THE SERIES

151. Tt might be of some interest to return to the results obtained in the
three preceding Chapters and to define their significance. Above all, we intend
to demonstrate a method for directly calculating the coefficients of the expan-
sions which we have learned to form in an indirect manner and of which we have
thus proved the existence. Once this existence has been established, the calcu-
lation of these coefficients can be done in a more rapid manner without being
restricted by the numerous changes of variables which had been necessary before.

let us start by considering the particular case of the equations in Sec-
tion 134.

In Section 134, we showed that, by procedures analogous to those in Sec-
tion 125 tut somewhat modified, it is possible to formally satisfy our canonical

equations, by setting

=z} +pz}+prz]+...,
=yl +pyl +piyl+

where x{ andbyi are periodic functions of quantltles which will be denoted by w,
except for y; which must reduce to uu. The terms x, are arbitrary constants on
which the other functions x and yf depend, yielding

we=mt+w,

wkere wy; is a constant of 1ntegrat10n while n; is a constant depending on p and
on xi which can be expanded in powers of p.

Using the procedures in Section 126, it is possible to assign an infinity
of forms to the serles, in such a manner that the mean values of the periodic /113
functions xi and yi will be any desired arbitrary functions of xf.

Let us note that, after as well as before the transformation of these
series by the methods used in Section 126, the expression Ix;dy; (considered as
a function of w; while the terms xf are con31dered constants) must be an exact
differential.

Let, again,
F= Fo+ pF|+ p’F,-’-...-

Let us assume that 2n pairwise conjugate variables exist and that the variables
of the first series are of two kinds. Those of the first kind will be denoted
ty x; and those of the second kind, by xj .
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The variables of the second conJugate series of x; w1ll be denoted bty yi
and those that are conjugates of xi; will be designated y}, such that our canoni-
cal equations will read

dzy _ dF  dr;  dF

‘ dt dy" dt —  dy:

¢ "
dy.__dF  dy; _ dF, (1)
dt ~ ~ dz;’ dt dz;

It is assumed that Fo depends on x but not on yi, yi, or x{, that F is
periodic with respect to y; and with respect to yi, and that, if R denotes the
mean portion of F; (considering, for the moment, F1 as a periodic functlon only
of y; but not of y,), then R will not depend on y, but only on x; and xi. Seen
overall, these are the same hypotheses as those in Section 134.

We have shown that egs.(l) can be formally satisfied by series of the
following form:

xy=2z0 + pz} +pra} +...,
Ti=z0 4+ px + prz 4.
yi=wi +py! +piyl +.., (2)
Vyi=wipyit -ty

where xf, xi°, yf, yi are perlodlc functions of w; and of wy and, in addition,
depend on the constants x; and x}° whose mean values can be arbltrarlly selected
functions of these constants; this can be demonstrated by using a method of /11.L
reasoning as in Section 126. In addition, we have

W= n;t + v, w;=n;t +uw;,

where ®; and W] are constants of integration, while n; and n; can be expanded
in powers of p such that

— - ] ’ rk
. n;= Zpkn/, n; = Zpkn;
with ‘

n!2o, n®=o.

Since the possibility of such an expansion has been established in Sec-
tion 134, we will now directly calculate the coefficients.

For this, we will assume that, in egs.(1), the series (2) have been substi-
tuted and that, consequently, our variables no longer are considered as being
expressed directly as a function of time but rather as being dependent on time
over the intermediary of w and wj . These equations (1) will become

i’ (3)
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After substitution of the expansions (2), we will also obtain

dr = ZpkX¥,

= TukY%
d),‘ _2" er

dF
T dz;
which are equations analogous to egs.(9) and (10) in Section 127; similarly,

dF dF ;
&X'k = &
d,‘_.sz,, e SpkYE,

The quantities X%, Y{, X1*, Yi* will be functions of wy, %}, y¥, x5, and
of the same primed quantities. These functions will be periodic with respect
to wand w .

As in Section 127, let us see on what variables all these quantities depend.
Since
dF, _ dF, _ dF,

dy T dr Ty T

it is obvious that Xf, Xi{*, Y{* depend solely on : /115
z‘.' z“! MRS ] z‘*_'!
b oL e

and on the same primed quantities, whereas Y{ will depend, in addition, on x4
but not on x{*, yf, and y1*.

Iet us next consider the expression

dz‘;
Seng —— -
k ‘dw‘

Let us there substitute the term x; by its expansion (2) and the terms n, by
their expansion in powers of p. This expression can then be expanded in powers
of u; in order to use notations analogous to those given in Section 127, we will
write its expansion in the following form:

dz i
s Sing d—w: = X'uPn} gwi‘ + ZuPnf ;—E{ — Zprlf,

(4)

o df

d. . -
( Zini d—‘{i = ZX'puPn} dws + ZpPnf :Lw: —Zu,TS.

It must be agreed that the sign £ expresses a summation extending over all
values of k and over all values of p from zero to infinity, and that the sign £'
expresses a summation extending over all values of k and over all values of p
from 1 to infinity.

\J

It should be recalled here that y? = wi, y§°= wy ; in addition, two other

C
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equationsoof the same form can be added to egs.(4), where the symbols x;, vy,
K, Vi, X1, Vi, Zi, and T, are replaced by the same primed symbols.

In the same manner, we write

’ ‘i‘tl — ’ dzlk-' . d.l‘,°
z‘"km =Z'upn} m+!wngm—zpw". (5)
It must be agreed that the summation £ extends over all values of p, from
1 to infinite, while the summation ' extends over all values of p from 2 to
infinite; to this equation (5), we will add three more equations of the same
form in which the symbols
1'." I‘P-l, I‘?’ U.p

will be, respectively, replaced by /114

J .rl'-'v fl.v V2,
or by

%, =P, zp, U2,
or else by
-y" -r:’—‘) ]’l.) v:’-
This will yield a series of equations analogous to egs.(1l4) of Section 127 wthick,

noting that x? and x§° are constants and that y‘f and y;° reduce to wy and wj ,
will be written in the form

f Zin} :—:‘: + Exny d;i: = XP+ 2P+ U?,
Zin} :—ii + Zxny ‘2;5: =Y+ TP+ VP— nP,
Exn} %g{ + Zpn)} d::’:;' =XP+22+ UP, (<)
Zin} %::L: + Znp ‘%2—:; =Y+ TP+ VP —nP.

At p = 0, the left-hand side of each of the equations of the system (6)
must be eliminated, which also holds for the second term on the left-hand side,
at p = 1. To demonstrate this, it is sufficient to recall the conventional
meaning attributed to the signs £ and £ in egs.(4) and (5).

Now, let U be any periodic function of w; and wi. Let us agree to repre-

sent,by [U], the mean value of U which, for the moment, is considered as a peri-
odic function of wy; only. From this definition, it follows that

(@)= [=]-%
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Then we will represent, bv [[Ul], the mean value of U considered as a peri-
odic function of both w; and wi. This is a constant independent of w and w',
whereas [U] is independent of w but is still a periodic function of w . Next,

let us take the mean values of the two sides of eqs.(6), so that /117
p—1
oy T ez aun),
pP—1
gy 20T vt v,
‘ , (7)
za) dl=zF"] _ [XP+ZP+ UP),

Tdw)

p—1
Eny d———[z‘f,k ]:.: [Y? + TP+ UP]— n”.

The left-hand sides must be eliminated for p = 1.

let us see how these equations (6) and (7) will permit calculation of the
coefficients of the expansion (2).

In egs.(6), let us first put p = 0. This yields (since
z?’ U?, ooy, are zero
and since the first members must be omitted as stipulated above)

o=o0, Y!=n? YP=np.

These equations furnish the values of nl which had already been known and which
indicate that the quantities ni® are zero since the quantities Yi are zero.

Let us now consider egs.(7) by setting p = 1; this yields (noting that Z;,
Ui, +.. are zero)

[X!]=[X{] =o, (8)
[(Ylea!, [YM)=n).

To interpret these equations, it 1s useful to define the form of the
quantities [Xj], ... . To obtain X}, Xi , and it , i1t is necessary to consider
the derivatives

dF, dF, _ dF,
dy;’ dy)’ T dz,

and to replace there the terms x,, xi, yi, yi by X7, X1 wi, wi.

Let Fi be the result of this substitution in F,, so that

dF} n_ dFy / dF}
XM= X=Th YW=—T
(Fi]l=R",



where R¥ is the result of the same substitution in R.

(X

From this, we obtain 11

XN=3 =0, [Xi)= 3o

th
[Y'l'] = Tz‘_‘
According to our hypotheses, R does not depend on y and y' and thus R¥
does not depend on w and w'.

Consequently, [X{] and [X{'] are zero and [Y{'] depends only on xi and x!°
and therefore is a constant.

Of the four equations (8), the two first ones are self-satisfied. The
fourth equation can yield n}"~ since the left-hand side is a constant.

From this (denoting by F§ the result of the substitution of x; for x; in
Fo) it follows that

Y"=-Ze¢::l;;g zh— %'
whence
ni=—3, zvay #— T (9)
The quantities n; must be constants, which is also true of dR: . Consequently,
the same holds for the quantities [xi]. .
In fact, to obtain x; it is necessary to replace, in SBS,: (Sect.134), the

terms y and ¥ by w and w'; or, which comes to the same, if this substitution is
made in S,;, we obtain

zp=

dwk
However,

Si1=Zpxy .y + Sy,

where S} is periodic with respect to y and y' while the @,,, are constants.
This will yield

T‘— Xy .k + dwi
whence

[#i]= 2. Q.E.D.

Let us consider the first of the equations of the system (7) by setting /113
there p = 2. If the terms (%] are constants, the following will remain:
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[X]+ 2]+ U}]=o.

However, it follows from the definitions that
[Zf]=0, Ul=o.

Consequently, we have
[X}]=o.
This conclusion, which has been obtained on the basis of the feasibility

of the expansion demonstrated in the preceding Chapters, can also be obtained
directly.

In fact, we have

d'F, d*F, i
Xt = Zd widwe? '+2 dwiaw;, 7%
d’F| ‘ d’FI l| dF!
dwdz} dz' kt dwdz? d.z'” + dw; (10)

It goes without saying that in F, and F;, the quantities y;, x, ... are
assumed as substituted by w, xi, e o

It is obvious that the mean value of -gé?— is zero. This leaves to prove
1

that the algebraic sum of the mean values of the first four terms on the r.h.s.
of eq.(10) is also zero.

In fact, let us assume that the expressions

d'F, . _PF "
dw;dw,’ 7% dwidwp’ TF

are expanded in trigonometric series, proceeding in the sines and cosines of
multiples of wy . Thus, X; will be expanded in a series of the same form, after
which it is a question of calculating the terms of this series that are inde-
pendent of wj .

For this, it is sufficient to calculate the terms independent of wi, in the
product

and in any other analogous products.

However, the constant terms of this product are obtained by considering /120

a term of
a'F,

dwl dw* ’
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depending on

cos(Mmywy - mywy +...+ Mgwy)

(if it is assumed that the number of wy; is equal to q) or on

Sin(ﬂi|W|+ mewe +.. .+ m,w,),

Wmmmofammofﬁdwmﬁ@onmewchMewonmewmsha

let us note first that we can disregard the case in which

my=my=...= mg=0.

In fact, since

a&'F,
dwidwy

is a derivative with respect to wy of a function periodic with respect to w, it
cannot contain terms independent of w. This is of some importance; in fact, it
follows from this that it no longer is necessary to calculate the quantities

[rkh [=i]
However, eqgs.(6) will readily yield yi, Xk, ..., to within an arbitrary function
of w, but they will not yield the mean values of these functions. Fortunately,
as we will demonstrate below, we do not need the latter.
Thus, let

my, my, ..., Mg

be any system of positive or negative integers not all of which are zero at the
same time. Let us put

m e+ mywy +...4 mgwg = Ah.
In the two factors of each of the terms on the r.h.s. of eq.(10), we will search
for the terms in cos h and in sin h, and will check whether they give the terms
independent of w in 5.
Therefore, let

Acosh +Bsink

be the terms of F& depending on h. It is obvious that A and B will be functions
of xi, xi , and wj . /121

The corresponding terms will be
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&'F,

in dwidw; — mimy(Ac+ Bs),
in J2F ., (_!i,_,_ 4B
dw;dwy * ™ dwj ‘dwj, c).

in ﬂ°m _d_A’.’.ﬁc
dwidzy * ™M\ dzy ' dzg °)
aF dA dB
dwidry " "\ T dzg T )

in

(where, for abbreviation, the symbols s and c are used instead of sin h and
cos h).

We now have the equations (6) by setting there p = 1, which then become

dz, _ 4%
) )} l d—w"
Znl df; _dﬁ

kdwe =~ dz;’

together with two other equations where the symbols x, R yi ,» wy (but not w,) and
X; are replaced by the same primed symbols. Thus, if we put

mynd+ mang+...+ mgny= ﬁ'

it will be seen that the terms in sin h and cos h will be

dA dB
ot iou( B
. ’ dA dB
in _rk| : —hl(dz“,‘ $ — ——[",. c

in z; : +Mms(Ac+Bs),

in ¢ : 4+ M (::k ;:—;‘ c

Substituting into the r.h.s. of eq.(10), it will be found that all these
terms vanish. As predicted, we will thus have
[Xi]=o.
After this, setting p = 1 in egs.(6), it is easy to calculate /122
rho = it =
to within an arbitrary function of w'.

. (0] 1 tl
In this manner, we know n;, ny, ny- , and

=) = =[], yi'—[rel, = —[=].
We also know that [x] is a constant, i.e., a function of x§ and x{°. According
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to the remark made at the beginning and analogous to that at the end of Sec-
tion 126, we know that this function can be arbitrarily selected. Thus, we can
conclude that x; is completely known.
Next, we have to determine
(7] and [7i']:
For this, we make use of egs.(7) by setting there p = 2. Noting that
[Z2])=[U?])=[T2]=[Vi]=o,

it can be shown that these equations become

(2 22 = x;m,
z . fa[{ﬁ_';‘] =[Y}]— nj2. (1)

Above [eq.(lO)]’ we have given the expression for X;. To derive from this
the expression for X/° it is sufficient to change there wy; into wj; for deriving
the expression for Yi® , it is sufficient to change w; into x°.

Thus, in [X}°], for example, we will have terms of the following form:
d*F, d*F,
dw,dwk‘rl] [dw idzry '] (12)
from which one easily finds

& F PR
d“’ld:"k "] [dw rdwg 7‘“[-71'])] + dwidw; [ri)i

d,F d! F w Ro
dw:d«lf: )‘] = Wfrf (”"‘[’ﬂ)] + dwidzy [=1);

However, by hypothesis, R depends only on x; and X} so that the deriva- 2%
tives of R* with respect to wy are zero. From this, we can draw the following
conclusion:

The terms (12) that enter the second member of the first equation of the
system (11) depend only on

ri—Drl), =i—[zi],
which are known but do not depend on [w‘, , [xk ... which are unknown. Conse-

quently, [X{®] is a known function of and therefore, it is possible to derive
from this the value of [x,l] under one condition, namely, that

(X)) =o.

This condition must be self-satisfied since we know in advance that the expan-
sion is feasible.
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12 . .
For the same reason,[Y;“] is a known function. In fact, we now know [x,l(],

[x}* ] tut do not yet know [y ] nor [yi* ]. However, the terms of [Y}®] that de-
rend on [vi] and on [ys ] are written in the form

d:R* a*R’ ’
- m [II':]-ZW [)’k’]»

and, since R does not depend on w or on w , they are zero so that the second
equation (11), added to

[[Y:*] = A2,
will yield n{® and [yi' 1.
Having thus determined [x}' ] and [y}'] by means of the equations (7, 3, 2)

and (7, 4, 2), i.e., by the third and fourth equation of the system (7) where
p = 2 has veen used, we can now proceed to determine [xf].

The simplest way is to make use of the fact that the expression
Ezidyi+ Zzidy;
must bte an exact differential.

If, in this expression, we substitute x;, y;, ... by their expansions (2),
then the coefficient of each of the powers of p will become an exact differen-
+ial. The following differentials 1124

2'1‘: dw,,
2 (z)!dwi+ z?dy}),
X (z!dw;+ z! dy} + z{ dy}),

2 (z}dw;+ ztdy} + z} dy} + z? dy}),

......................................

thus must be also exact. The sign £' is to mean that the summation must be ex-
tended over all indices i and, in addition, over all primed symbols.

If, for example, q symbols y; without prime and A symbols y; with prime are
in existence,. we will have

Ez)dw;= z}dw,+ 2{dwy +...+ 2} dw,
+ 2P dw + T dw) + ...+ w\dw).

Since, on the other hand, the quantities x} and xi° are constants, then
'zl dyf

will always be an exact differential in such a manner that we can write
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3‘“ dW‘ = d?‘.
2 (zldw;+ 'z} tdy! = des,
£ (2} dw;+ z} dy} + z} + z} dy}) = dg,, (12)

In addition, 91, %2, ¥z, ... must be functions of w and w whose deriva-
tives are periodic.

Let us see the manner in which the equation
zldw;+ E'z! dy) = d3,
will permit determining [x{]. This equation yields

Idyl - d?!

z}+ X'z} dw, awy’

However, since the derivatives of ¢. must be periodic, we will have

[d‘”’ = const ,
which furnishes [12%
’q
[z,,]+2[z; d‘r‘]-f-}:[ A %]:const. (1)

In this equation (14) everything is known except [x3]. In fact, we do know
dyl
de

the constant on the right-hand side, one of our previous remarks shows that it
can be arbitrarily chosen.

X, xit, yi*, and we also know since yi - [yi] is known. With respect to

Thus, it becomes possible to calculate (£1.

Llet us now calculate [y}] by means of the equation (7, 2, 2). This equa-
tion is written as

d[»}
2 Gl =[¥11 =, (15)
from which, by equating the mean values taken with respect to w , we derive

([ =} (1¢)

However, Y; depends only on X%, yi, X', yi~, and ;. The quantities x,

xi*, and yi' are completely known. Conversely, we only know yi - [y:] and [X]-
Let us see how Y? depends on ¥ and yji . We obtain

108



&F,
~ udzidsy T 2udzidwy VM

where A is completely known.
From this we derive
d*F
(Y= =2 Zovary [#1]
d¥ d*R*
-‘2 [T‘T‘:‘l (.71—[)'1':])] -ZW [ril+[A]
_d°R*

dX1 de
is completely known and egs.(16) and (16) will yield n? and [y;].

Since R* does not depend on wy and since the quantities ——=—— are zero, (Y:)

Subsequently and successively, we will determine ¥ - [xf] by egs.(6, 1, 2);
® - [x°] by egs.(6, 3, 2); yi° - [y1°] by egs. (6 by 2); i - ¥ilvy  f12%

egs.(6, 2, 2); [xi°] by eas.(7, 3, 3); [y1®] and n{® by egs.(7, 4, 3); [x] by
egs. (ll» 3) (namely, by an equation derived from the third equation of the

system (13) as eq. (1) had been derived from_ the sgcond equation of the system
(13) atovel; [Y1] and nj by eqs (7, 2, 3); & [Xx] x° - %%, y1° - [31°],

- [yi]), (%], (y1°]) and ni*, (%], [y3] and ni, etc., etc.

If care is taken to proceed with the calculation in this sequence, one
would never be stopped, since each equation contains only one unknown which must
be determined.

In addition, let us recall that the mean values
((=f1), (D) (=2 (¥
car be arbitrarily chosen as functions of xj and x{°.

To make the integration possible, certain conditions must be satisfied.
However, we know they are satisfied (which, no doubt, is also easy to demonstrate
directly) since we know in advance that the expansion is feasible.

1. Application to the Three-Body Problem

152. In Chapter XI, we demonstrated the mamner in which the principles of
Section 134 are applicable to the three-body problem. Obviously, this is the
same for the results of the preceding Section which are derived directly from
these principles. In Chapter XI, we have successively adopted the following
variables

A, A'r Giy
Ah l;, Ty (l)
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(A, A, w, (2)
Av Alr vi.
’ llv A'h V. (3)

Using the system of equations (3), the equations of motion assume the same form
as those in Section 134 and of the preceding Section.

However, the change of varlables, which permits pa331ng from the system of
equations (25 to the system (3), is rather laborious and in most cases the /127
eccentricities are so small that this change can be avoided by the artifice de-
scribed at the end of Section 140. let us recall here the basic principle. In
the function F, the terms of wF, that depend on powers of the eccentricities
and inclinations higher than the third are very small. Thus, if we put

pFy= pF|+ ptF,,

where uFi represents the engemble of terms of at most the third degree and u
represents terms of at least the fourth degree, then L*Fh will be very small
and F5 will be finite. In that case, we can write

F =Fo+ pFi+ p¥(Fy+ Fy) + wW3F; +. ..

and ¥ will still be expanded in powers of w. However, considering Fi as a peri-
odic function of A; and A}, its mean value will not depend on w;, such that with
the variables (2) the conditions in Section 134 will be satisfied.

It is true that the significance of the parameter p thus differs slightly
from that ordinarily attributed to it; however, this is of little importance
since the purpose of this parameter is merely to demonstrate the order of magni-
tude of the various terms.

Once these conventions are made, the results of the preceding Section be-
come directly applicable to the problems in question here. However, to avoid
the difficulties discussed in Chapter XII, we will replace the variables (2) by
the variables (1); this will cause some modifications in these results, which
must be discussed in some detail. To obtain greater'syumetry in the notatlons,
we will substltute, in the remainder of this Chapter, A and A' for Ay and A}
F, for F{; and F for F; + Fz. This cannot lead to confusion.

It is known that the variables (2), from the formal viewpoint, can be ex—
panded in ascending powers of p in the following manner:

A = ZpkA,, A'=2|;k,\1,?

N=Zpthe, N =zue,
pe= 2]-'-"Pf, w; = Epkwk (l")

In this, Ay, Ay, A, Ai, PY, wf are periodic functions of w and w' except /128

for the case of k = G; Ao, Ap, and py are constants, while Ao and Ao reduce to

110



w; and wp and w to w}.
Adopting the variables (1) we will have at the same time

o= Zpkef, <= Epk=f, (LP)

where Of

constant /20) to xf for abbreviation, we obtain

and Tf will be periodic functions of w and w so that, on equating the

of = V2p! cosw? = z{ coswi,

<} = 29! sinw! = z{ sinw}.

let us add that, since

Adh + A'd\ + Zpiduy

must be an exact differential, this must also be so for
Ad) + A'dXN + Xo;dxy;,
since
E3;dv = 2pidwi+ 1 Z d(o;v;).

If the same meaning as in the preceding Section is given to wy, Wi, Ny, ni, ...,
then our equations will be written as

Zn —di+2n’ —d—A—— il
k dwe P, T @’ (5)

which is an equation analogous to eq.(3) of the preceding Section, just as the
expansions (4) are analogous to the expansions (2) of the preceding Section.

Naturally, eq.(5) must be supplemented by other equations in which the
symbols A and A are replaced, respectively, by A' and N ; A and -A by \' and
-\'"; oy and T, by T; and -0; . We should add that the number of parameters w is
2 in the three-body problem and n - 1 in the n~body problem; the number of para-
meters W 1is 4 in the three-body problem and 2n - 2 in the n-body problem in the
three-dimensional case while it is only n - 1 in the n-body problem in the two-
dimensional case.

Let us substitute the expansions (4) and those of n; and ni into egs.(5),
so that the two sides of these equations can be expanded in powers of w, after

which we can write /129
dF dF ,
a = }:y.PL,, a; = S}L’L’,
dv dF ,
25 =2l — o =Eprl,
dF P P ‘iF —_ V4
7‘-'—2}'-’51» _d—c; = Zure;,



which are equations analogous to egs.(9) and (10) of Section 127 and to other
equations encountered in the preceding Section.

Let us continue with the calculation as in the preceding Section and let
us put

dA , dA
Zin dwr = Z'ponf d_w: ~+ ZuPnf :—":i —Zprl,,

which are equations in which the signs £ and &' have the same meaning as in
eq.(4) of the preceding Section and to which other equations must be added in
which the symbols

A, Ap A, Z,

are replaced by the same primed symbols or by
)" kl’v )‘0, Tpr
or else by the same primed symbols or by
S/ ’A’v ct" Zf,
or, finally, by

T ‘f’ “i.v Tl’-

It is obvious that one must try not to confuse the symbols Z, and Zi, T, and T}.

At the same time, we will put

, dA o, o BApe p dA
Zing m =2 }lpflk‘ d‘:'k' +2|1”l[ 2;% —2#’”,,

which is an equation in which the signs £ and L' have the same meaning as in
eq.(5) of the preceding Section and to which other equations of the same form
should be added, in which the symbols

Av Ap—h Ah Up

are replaced by the same primed symbols or by

l' A’—h l.v vp,

or by the same primed symbols, or else by

o, oft, 32’ Ut’
or, finally, by

o <Y, <!, VI

Now, we can write a series of equations analogous to egs.(6) of the pre-
ceding Section.
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If, to shorten the notation, we put for any function u,

Zind d_‘g‘; = Au,

Epny a% =A'u,

then these equations will be written in the form

AAp+A'Ap =L+ Z2,+ U,

A, + A =L + T+ V,—nf,

Acf + Aol =SP4+ 28 + UP+ nPzPsinw,
Al + AP =00 + Tf + VP — nPPz/0 cosw.

(6)

To the two first equations of the system/(6), it is convenient to add two
other equations which differ from the former ‘since all symbols there are primed
except for i which is replaced by rk. Just as in the preceding Section, the
left-hand side must be eliminated for p = O and the second term on the l.h.s.,
for p = 1.

On equating the mean values of the two sides with respect to w, equations
analogous to egs.(7) of the preceding Section will be obtained. These are
written as

A'[Ap—s]=[Lp+ Z,+ U,],

8'[Aps] =[lp +Tp+ Vp]—n?,

A'[of™'] =[SP + 20 + UP) + nPz*sinw), (7)
A'[<f7') =[6f + T + VI ] — nlz coswi,

For p = O and 1, the left-hand side must be eliminated.

Let us then add equations analogous to egs.(13) and (14) of the preceding
Section.

Actually, we have seen that /131

Ad)A + Ad) + Eo,dx;

must be the exact differential of a function all of whose derivatives are peri-
odic; consequently, this will be the same for the following expressions:

ZA, JX.+ zc}dt".
2(A,¢ﬂ.+ A.a‘) -+ Z(c,' d‘t’-’- C,d‘t" ),

2(A,dl.+ A,Jl,-ﬂ- A.ﬁ')+ 2(0,’(114'-0- C“ dt’ -+ C‘.d‘t‘!),

In each of these expressions, the first sign £ extends over the two planets, in
such a manner - for example - that
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2A.dl.= Agdlo-'l‘- Alodl,..

If, for the moment, we consider w as constants and w as the onl y varlables,
these expressions will a fortiori remain exact differentials while d7; and do{
will be zero, so that

ofdt) and of dzP = d(a?<"

will be exact differentials. Since this holds also for AgdA, and since Ay =
=w,, \p = wz, the expressions

Aydwy+ A dw,,
Ay dW| -+ A; dW’ -+ 2A| d‘A| -+ 231' d“",

Ardwy+ Aydwy + Z(Aydhy + Aydhy) + E(0} dx} + o} ac)),

will also be exact differentials of functions whose derivatives are periodic
and, consequentir, whose derivatives with respect to w; and wo have a mean value
independent of

Reasoning as in the preceding Section, where we derived egs.(14) from
egs.(13), we will find

[Ai] = const ,
‘ [A]+ 2[1\: &J*-’J[GI d—":]‘: const , (&)

?[A,j-o—.‘:[;\, +A.dw]+z c,ﬂ t]:const.

..........................................................

let us first consider egs.(6) by setting there p = 0. It is easy to /132
demonstrate that these equatlons are self-satisfied prov1ded that (as we are
assumlng here) Ao and Ao are constants, that Ao and Ag reduce to w; and wz, that
0? and Ti reduce to xi cos wy and x1° sin uﬁ, that ni is zero, and that nf has
a suitable value.

Let us now pass to egs.(7) by setting there p = 1 so that, as in egs.(8) of
the preceding Section, we obtain

[Lid=o, [UL]=n},
[S!]=—nit<!, [6!]=nital. (8.2)

As in the preceding Section, it is obvious that [L;], [S;], and [} ] are deriva-
tives of R with respect to A, T;, and -0y . Of course, lt is necessary to re-
place, in R, the quantities A, A, oy, and T, by Ay, Ao, Oy, and 7. However, in
Chapter X we have found the expression for R which is

ZA(c}+<})+B,
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where B and A; are functions of A and A'.

This demonstrates that egs.(8.2) except for the second one, are self-
satisfied provided that

it =—34A!

(where A} and B, are what becomes of A; and B on replacing A by Ag), since
[Ly] =0, [S!]=12A%<, [6}]=—2aA!q?.

On the other hand,

=—PFoyy _&F ., dA} dB
[l']— dA3 [A'] dA.dA'. [Al] -z 'm ('t;‘)"' KE’

just as [A;] and [A}] must be constants as shown above, with [t;] also being a
constant which makes it possible to equate it to ni.

To continue the calculation, using the same sequence as in the preceding
Section, it will now be necessary to consider the equations (6, 1, 1), (6, 3, 1),

6, L, 1).
The left-hand sides will reduce to
AA" Ac“! A“.)
while the right-hand sides will be known and periodic functions of w and of /133

w' whose mean value, with respect to w, will be zero since the equations (7)
(p = 1) are satisfied.

Thus, the integration can be performed as in the preceding Section and as
in Section 127, yielding

A—[A], o —[a}], =) —[=x}].

Since we know that [A;] reduces to a constant and that this constant can be
chosen arbitrarily, we can regard A; as completely known.

Let us consider the equation (6, 2, 1) whose left-hand side reduces to
My . Since the right-hand side contained no unknown quantity other than A,,
this side becomes a known function of w and w so that the above-applied pro-
cedure will furnish

A —[2]-
Next, [0] and [T} ] must be determined on the basis of the equations (7, 3,
2) and (7, 4, 2). The right-hand side of these equations is not completely

known. They actually do not depend on [A;] but on [A;], on [ct ], and on [T} ].
The terms that depend on these quantities can be written in the following form:

1) In equation (7, 3, 2), for example,
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dt‘ dA [A'] +2 dt} dc; (ed]+ zdt" dt} [t“

The first term is known since [A;] is known. According to the form of the
2 3
R

function R¥ given above, all second derivatives are zero except . The

dr?
two last terms thus reduce to

3A{[<]] = — i [¢}].

In addition, the r.h.s. of eq.(7, 3, 2) contains a term in n}®x{° sin w}

and the r.h.s. of eq.(7, 4, 2) contains a term in -n}®x}{® cos w], both of which

contain the unknown quantity n{®.
,Thus, the r.h.s. of eq. (7, 3, 2) is equal to -nj* [Ty ] plus a known function

of w (and of n?). Slmllarly, the r.h.s. of eq.(7, 4, 2) reduces to a known
function of w' (and of nj ), in such a manner that our equations become /13L

2 &'[al]+ A [<}] = ¢y + n2z* sinw),

A’[‘l‘]_ LA [’l‘] =q1— n*zf cosw;,

(9)

where ¢; and ¢ are known periodic functions of w'. For abbreviation, let
h=miwi+myw,+...+ m,w,,
where m' are any integers and, similarly,
N=min+myn +...+myn.
Let

Aycosh + B,sinh,
Ascosh + B, sink

be the terms in h in the known functions ¢; and ¢2. In addition, let

C;cosh + D, sin A,
Cicosh + D,sink

be the terms in h in the unknown functions [0%] and [Til. It is now a question
of calculating the coefficients C and D as a function of the coefficients A
and B.

Equations (9) will yield, on identifying,

ND;-‘-”'['C,:‘A“ (10)
— NGy + D, =By,
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ND,— ’l:-‘ C' = A',
- NC’ -_ Il"' D‘ = B'_

These equations (10) make it possible to know the unknown coefficients C and D
at least so long as the determinant is not zero. However, this determinant is
equal to

[N*—(ni*y]e.
Thus, the determinant can vanish only if
N==*=n},

i.e., (since no linear relation with integral coefficients exists between the
quantities n}') if

or (since we need not consider separately the terms in h and in -h) if /135

Let us make the identification by equating, on the two 31des of eq.(9), all
terms in w; . For abbreviation, we will wrlte h instead of wy (and N instead of
ng ) since it is assumed here that h = w{ and since we continued to denote by
Ay, By, ¢e., the coefficients of cos h and sin h in the functions ¢, etc. Only,
here egs. .(10) no longer have the same form since the terms in n,a that enter the
r.h.s. of egs.(9) must be taken into consideration. Consequently, we obtain

N( D| -+ C,).: A“
N(— C, + Dy) = B, + ni*z7?,

N( Dy—C,)=Ay,—ni2z, (10.2)
--N( G+ D,)=B,.
To have these equations become compatible, it is obviously necessary that
A]-O- B’ =0
and
R——— (11)

The first condition must be self-satisfied since we know that the expansion
is feasible. The second condition will yield the value of nj®.

Since these conditions are satisfied, eqs.(lO.2) are no longer distinct.
They will yield C; and D, if C> and D, are known. We state that C> and D2
can be selected arbitrarily. This will be proved by a reasoning analogous to
that in Section 126. In fact, the form of the series is not changed by adding,
to Ao, Ao, x}o, w, and W', bltrary functions of u, Ao, and x1° divisible by e
The number of these arbitrary functions is the same as that of the variables,
i.e., for example 12 for the three-body problem in space. Thus, these can be
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used for satisfying 12 conditions. One way is to utilize them such that the
mean values of A, A', A, ' as well as the coefficients of cos wi; and sin w} in
the four functlons T‘ , become arbitrary functions of p and of the constants Ao
and x{°. These functions must be expandable in powers of p; when separately /1%
considering the various terms of this series, it will become obvious that the
coefflclents of cos wy and sin Wi cah be arbitrarily chosen in the various func-
tions T} and, specifically, Co and Ds.

Consequently, egs.(9) will permit determining [oj ] and [Ty ].

Let us next determine [Az]. For th:Ls, we will make use of the second equa-
tion of the system (8) where everything is known except [Az].

This is the same for [A%].

Let us now calculate [A,] by means of eq.(7, 2, 2). This equation [compare
with eq.(7, 2, 2) of the precedlng Section and with our reasoning in using this
equation for determlnlng (% 1] can be written as follows:

A'[A]=A—ni,
where A is a wholly known periodic function of w'. This equation can be inte-
grated on equating ni to the mean value of the periodic function A, such that

the mean value of the right-hand side becomes zero. The terms [A} ] and n3 are
determined in the same manner. This leaves to determine, by the same procedures,

A'-[A’] vy (6,1, 13),
'l’—[’l’] by (6,3, 2),
=[] by (6 4,3)
As—[Xe] by (6, 2, 2).

[l] [sipnda? by (7,3, 3)and(7, 4, 3),
[As] by the third equation (8),

llflandni bY (7' 2, 3)-

and so on.

2. Diverse Properties

153. The six quantities A,, )\B o}, 1, n§, n{®, defined in the preceding
Section, are functions of Ay, W, X , and w; . However, since we have

ol =zPpcosw, =} =z*sinay,

we can also consider these as functions of Ao, w, o}, and . We intend to /13"
demonstrate that these functions can be expanded in powers of of and of T§.

This proposition is subject to another, obviously equivalent, statement.
Let us return to the variables Ao, w, x;°, w}; our functions A,, ... will be
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periodic with respect to w and to w' and, consequently, will be expandable in
trigonometric series. Let

A=ZImpwi+ Imiw},
be a term of one of these series. We assume that
(zi#)lmi]

where m, and m; are Pgsitive or negative integers. The coefficients A are func-
tions of Ap and of x; .

Thus, our proposition can be formulated as follows:
The quantity A can be expanded in powers of x;°. The series is divisible by
Acosh or Asink

and all its terms contain x{o to an even power if m} is even or to an odd power
if m; is odd.

To prove this lemma, we will use a recurrence reasoning. In the preceding
Section, we successively determined the functions A;, ... by a series of equa-
tions for which we will keep the same numbering as in the preceding Section.

It is now a question of demonstrating that the values of the functions de-
termined by these equations can be expanded in powers of o} and Tj.

We will note first that, since F can be expanded in powers of o, and Ty,
the functions denoted by L,, t,, Si, @, can be expanded in powers of

A Ay e Apy e (and of the same primed quantities)

Ay Ay ooy Apy el (
of, of, o, ..., o, .., 12)
t’. t,' “" cey t"’

Recalling the significance of the quantities Z,, etc., this means that /138
the r.h.s. of egs.(6) can be expanded in powers of the quantities (12), of their
derivatives with respect to w and w', and finally of n} and ni®.

We mean to prove that all these quantities, just as the r.h.s. of egs.(6)
and (7), can be expanded in powers of o and of Tj. For this, we will review
the sequence of operations by which, in the preceding Section, we derived these
quantities from one another, showing that none of them can change this property.

These operations are as follows:
1) Substitute, on the r.h.s. of egs.(6), the quantities (12), their deriva-

tives, and the quantities nf, and m® by their previously calculated values.
Since the right-hand sides of egs.(6) can be expanded in powers of the substi-
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tuted quantities and since these substituted quantities (since we are reasoning
by recurrence and assume that the already calculated quantities possess the
indicated property) are themselves expandable in powers of of and 77, it is en-
tirely obvious that the result of the substitution can also be expanded in
powers of of and 75 .

2) Take the mean value of a known periodic function either with respect to
w alone or with respect to w and w'.

This is what happens when the r.h.s. of egs.(7) are deducted from those of
egs.(6) or else if the mean value of the r.h.s. of eq.(7, 2, 2) is canceled ty
equati n? to the mean value of A (see above, toward the end of the preceding
Sectioni.

Since this operation consists in eliminating terms in the trigonometric
expansion of the considered function, it is obvious that this camnnot change the
enunciated lemma.

3) Differentiate one of the quantities (12) with respect to w or w'.

let, as above

Acosh or Asink
be a term of the expansion of the quantity differentiated here.
The derivative of this term with respect to w; will be

--Am;sinh or Am,cosh.

Its derivative with respect to wy will be 134

— Amjsinh or Amjcosh.

It is obvious that, if A satisfies the stipulated condition, this will also
be the same for ’

*+ Amy and for + Am;

L) Integrate egs.(6), (7), and (8).

Some of these equations will directly yield the unknown; these include
egs.(8) and those that furnish n}, which must be chosen so as to cancel the mean
value of the r.h.s. of eq.(7, 2, p). However, other equations require an inte-
gration; these include, for example, egs.(6) which have the form

d: dz
where x is the unknown function and y is a known periodic function. ILet then
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Acosk or Asink
be a term of y. The corresponding term of x will be written as

A — sinR  or A

. an — 5=~ Cosh.
nm;+ nl my nY{m;+ nym,

It is clear that, if A satisfies the postulated condition, this will also be so
for

+___A
R{m;+ ndm,
The same reasoning is applicable to eq.(7, 2, p) which, after having selected n}
in such a manner as to cancel the mean value of the right-hand side, will take
the form

End ge = (1)

where y is known and x is unknown, so that this will have the same form as
eq.(13§. It should be noted, in addition, that the quantities n}', just as nj,
depend on Ao, but not on x;°. It should be added that this equation (14) deter—
mines the unknown x only to within a constant which can be arbitrarily selected
as a function of A, and of x;°. Naturally, to have the theorem hold, it is /140
necessary to select this arbitrary function in such a manner that it can be ex-
panded in integral powers of (x{ggz .
Similarly, egs.(8) determine [A,] only to within a constant which can be
arbitrarily chosen. It is necessary to make this choice in such a mamner that

(EWY)]

. 2
tecomes expandable in powers of (x{°)°.

5) The integration of egs.(7, 3, p) and (7, 4, p) is treated in approxi-
mately the same manner.

For example, let us consider egs.(9) and let us make use of the equations
which had been previously applied in studying these equations.

Let us first consider the case in which h is not equal to * w; and in which
the determinant of the linear equations (10) is not zero. It is then obvious
that, if the coefficients A;, B,, Az, B satisfy the stated condition this must
be the same for the coefficients C;, Dy, C2, D> derived from the equations (10).

Let us now pass to the case in which h = w} and in which egs.(10) must be
replaced by egs.(10.2).

We first have the equation
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Ai’_‘ B!.

’
'l.‘l"‘°

’
np =

We assume that A; and By, which are the coefficients of the expansion of a
previously calculated functlon, will satlsfy the postulated condition, 1.e.,
that they are expandable in powers of x°, that they are divisible by xi and
that the quotient contains none but even powers of x}°. It follows from this
that n,z also will contain only even powers of x° and thus satisfies our lemma.

On then returning to egs.(10.2), it will be seen that C; and D, satisfy the
stated condition provided that C> and D, satisfy it. However, we have seen that
C> and Dz can be arbitrarily chosen; we can always make this choice so as to
satisfy the condition and, naturally, the theorem will hold only under this
particular condition.

Since none of our operations is able to change the mentioned property, /141
this will hold in all its generality.

154. let, us now note that the equations of motion will not change when,
keeping A and p; unchanged, the quantities A and w; are increased by the same
amount .

let us return to the series (4), retaining the numberlng of Section 152.
Since the mean values of the quantities Ay, Ay, Ay, A}, P}, W} can be arbtitrari-
ly chosen with respect to w and w', we will take all these mean values in any
manner.

Then, the series (4) are the only ones that formally satisfy the equations
of motion and that, in addition, satisfy the dual condition that all these mean
values be determined and that

TA d) + Zp;duy (15)

be an exact differential.

In fact, the calculation of Section 152 determines, without ambiguity, the
coefficients of the series subjected to these diverse conditions.

Let us now add a same constant @ to A, to A', and to w;. We will again
satisfy the equations of motion according to the remark made at the beglnnlng
of thls Section, and our series (4) will not have changed except that Ao, A,
and w{ have become wy + @, wp + @, and W), + .

let us then change wy and w; 1nto Wy — @ and wy — . The series will re-
tain the same form, i.e., AP, NP oY, and wf(p > 0) will still be periodic
functions of w and w' whose mean valqp will remain the same. These formally
satisfy the equatlons of motion since we only have taken away a constant o from
the constants @y and ®; which are arbitrary.

Finally, the expression (15) will remain an exact differential.
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Consequently, these series cannot differ from the serdes (4) which are the
orly ones that satisfy all these conditions.

This means that the quantltles Ay, Ay, wi(p > 0) do not change when simul-
tanecusly reducing w and w' by the same amount.

This also means that, if 2
Acosh or A sinh

is a term of the expansion of A,, A,, p}, or w§ and if
h=XEmw;+ Em;w),
tren the algebraic sum of the integers m; and m} must be zero.
From this, one can readily conclude that, if

Acosh or A sinh

is a term of of or T}, then this same algebraic sum must be equal to +l; we
stiould add that this sum is zero in the expansion of

of coswy +<f sinwy,

P coswy — ol sinw,

(and also in that of the same expressions where w, would be replaced by wi).

Symmetry considerations and an analogous reasoning will then lead to other
croperties.

Thus, since everything is symmetric with respect to the plane of Xz, the
equations of motion will not change when one changes the signs of A, \', and T,
without changing A, A', and oy .

Let us now assume that - in the expansions (L) - the mean values of Ap and
of T}, which can be arbitrarily selected, are zero. Next, let us change

l, l', <y
into
-, =N, —x
and, at the same time, wy and wj into
— wy and — wi.

The series (4) will retain the same form and will not cease satisfying the
equations of mctlon. The mean values of A, and o} will not change since the
quantities A, and T} remain zero. Flnally, the expression (15) will remain an

exact dlfferentlal.
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For this, it is necessary that the series (4) had not changed. Conse- /L.
quently, A, and o} do not change,while A, and o¢f will change sign as soon as w
and w' change sign.

This means that the expansion of A and of o; contains only cosines whereas
the expansion of A and of T; contains only sines.

At the same time, everything is symmetric with respect to the xy plane so
that other conclusions can be drawn from this.

Ilet us assume that we have to do with the three-body problem in three-
dimensional space and let

’
Av Av 9y, O3y, OJ3, O,

1, l', Ty Te, T3 T

The third and fourth pairs of variables define the eccentricities and the
perihelions. The first two pairs of variables define the inclinations and the
nodes.

Because of the symmetry mentioned above, the equations will not change
when o3, 04, Tz, and T4 change sign, with the other variables remaining un-
altered.

By entirely the same reasoning as above, it can then be demonstrated that
the series (4) do not change when simultaneously changing

O3 T T3 Ty W;, W"
into

—a, —a, —T;, —T, +Wi3+Tw, W+

From this, it can be concluded that, in the series (L) arranged in cosines
and sines of

A=Zmiw;+ Em;w,

the sum mj + myj must be even in the expansion of

A AN o o
)R U M X
and odd in the expansion of
gz, O

T3 T

155. For simplifying the discussion and the calculations, we used an [l
artifice in Section 152, which had already been described at the end of
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Section 140 and which was recalled at the beginning of Section 152. In this,
all terms containing the masses only to the first degree are considered as being
of the second order.

This artifice is legitimate because of the extreme smallness of these terms
tut it does have some drawbacks. In fact, the significance of the parameter p
is somewhat modified by this. Setting w = O, a particular case of the three-
tody problem is obtained, namely, the case in which the perturbing masses are
zero and the motion is Keplerian. Assigning a certain determined very small
value to p, another particular case of the three-body problem is encountered,
namely, that corresponding to the real masses of the bodies under consideration.
However, assigning an intermediate value to u, the equations will be those of a
dynamics problem which has no relation at all with the three-body problem.

This will no longer be the same if the original meaning had been retained
for the symbol w, as defined in Section 1l. Irrespective of the value attri-
tuted to w, the equations will be those of a particular case of the three-body
problem corresponding to certain mass values.

Therefore, it will be much more satisfactory to restore the original mean-
ing to the symbol p and to attempt to expand our variables not only in powers
of u but also in powers of the constants which had been denoted by xi° and which
are of the order of the eccentricities.

The equations of motion still have the same form; only the mean value of
1, again denoted by R, has a more complex expression. As in Section 152, we
rave, in a simpler form,

R=B+ZA;(o}+1}). (16)

However, R can be expanded in ascending powers of o; and Ty, and the r.h.s. of
eq.(16) represents only the first terms of the series, namely, those of zero
degree and those of second degree (all terms, as is known, being of an even

degree).
Let us then expand our variables (1) in powers of p and x1°. let us retain
*the series (4) and let, on the other hand, [15

A’= A’..-O- A"|+ A’.'-i"...,
! l’ =k’,.+)".| +A’,'+.-., (17)
( =+l ol ...,

kTt 7 AL o R

where
Ap.qr )‘p‘qv al’:‘qv "f'q

represent the ensemble of terms which are of the degree q with respect to x°.

We still assume

Ag = const , Ao = wy,
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and, consequently,

A..' = 1." =0 for q >o0;

but we no longer suppose that

o) = Zdcosw, )=zPsinw.
We next assume that
o ®=1)"=0;
o} '=zPcosw;, t}'=zsinw].

(0] (¢]
However, oy°%, T14°%

will not be zero.
After making these hypotheses, let us return to the calculation of Sec-
tion 152.

We first considered egs.(6) by setting there p = O. These equations will
be satisfied provided that, with n° being zero, 0y and ¢ do not depend on wy
but only on wy, which we will assume here.

Next, let us turn to egs.(7) by setting there p = 1 [see egs.(8.2) of
Sect.152]; however, it should be noted that the form of egs.(6) and (7) is some-
what modified.

In fact, let us consider, in eq3°(6, 3, p)’ (6, L, p)’ (7, 3, p), (7, L, p)v
the last term on the right-hand side. This term must be written as

for (6,3,p) .... — Sinl g;: —=n; ;‘_‘:’;.
for (6,4, p)..... — Snk gg; — =af ‘%‘;.
for (7,3, p)..... —~=af g‘;‘%, (18)
for (7, §, pP)--e-. —2n? ‘.{;.,‘.
In Section 152, the quantities of and T reduce to JUb

zPcosw) and zsinw),
after which these four terms reduce to

' sin
* n":"O Cos W;;

However, this is no longer the same here, and their expression (18) must be re-
tained for these terms.

In that case, egs.(7) for p = 1 are written in the form
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[Ln]=g£=o. [I,]:n{,

— =3Xn

dR 1y dof _dR _ _ . dr! (19)
df‘. k dw;' T.‘,—.zn,, d—“"k.

Naturally, it must be assumed that, in R, the terms A, A, 0y, and T, were re-
placed by Ao, Ao, 07, and T§.

These equations, in a different form, are the same as those discussed in
Chapter X. The first of these is self-satisfied. Let us therefore examine the
two last equations that must determine o and TJ.

Let us expand n;* in powers of xi° and let

! 0
LYAEE YL YL R VAT, B (20)

where n{°'% is the ensemble of terms of the degree q with respect to x}°.

In the two last equations of the system (19) N let us substitute the expan-
sions (17) and (20) for the quantities of, 77, ni’ and let us equate all terms

of the same degree in both members. For abbreviation, let us also put

du
A'u — zn’l.. Fhatadil
& dw;

Equating the terms of the first degree with respect to x}o, we obtain

Afalt=aAlell; ATt = —aAfel,

These equations are satisfied provided that

n"I.O —_ — 2‘\‘!'
Let us now assume that we had already determined Y2,
oty ot of v,
P T LN } S
R3S, Aft, L RpTeY,

and that we wish to determine

0. o. -
o9, <9, ppa-a,

Let us equate, on both sides of the two last equations of the system (19),
all terms of degree q. These terms will be:

In the third equation:

left-hand side .... 20,79°% + known quantities.
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0.1
t1.q-1 doj’

Right-hand side .... A"73'% + nj 3 + known quantities.
Wi

In the fourth equation:

left-hand side .... -2A,o?'q + known quantities.
479+ 1

Right-hand side ... A™%°% + n}*-97?
dWi

+ known quantities.
Thus, we can write

o 0. .
A%a} T pit0xf 9 — o) - pjte-1 70 sinw!,

(21)

0.
A’?l ’._f ll' 0,‘ 9 ?’_' nl. Q-II;O COSW;,

where ¢; and ¢, are known periodic functions of w'.

The analogy of these equations with egs.(9) is eyldent. It 1s 50331b1e to
pass_from one, to the other by changing [o1], [71], mi', ni® into o%°%, 19°9,
nk ’ ni o

Consequently, egs.(21) will be treated like egs.(9). The condition for
success of the method [namely, that in the equations analogous to eq.(10.2),
A1 + Bs be zero] must be self-satisfied since we have demonstrated the feasi-
bility of expansion in advance.

When the two last equations of the system (19) will have been satisfied,
R will be a constant (since these two equations, analogous to that of the
kinetic energy, admit R = const as integral, analogous to the vis viva integral);
since this must hold, irrespective of the constants Ao and Ay, the deriva- /1.2

tive -

di must also be a constant depending solely on A, and x°.
o
However, we have

(0= — Zap (] — g (M) — e

The derivatives of Fo are constants. The first equatlon of the system (8)
demonstrates that this is true also for [A, ] and [A]]. Thus, [t:1] will also te
a constant that can be equated to n1, which thus satisfies the second equation
of the system (19).

In Section 152 we then successively determined A; - [A;] (and, consequent-
ly, also A, 31nce [Al] is a constant that can be arbitrarily selected) as well
as o} - [03], T4 - [Ti], Ay - [ ] vy egs.(6, 1, 1), (6, 3, 1), (6, 4, 1), and
(6, 2, 1). We changed nothing in this portion of the calculation.

Iet us next determine

[o!] and =1
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and, for this, let us consider egs.(7, 3, 2) and (7, 4, 2). These equations
assume the form

s"[‘ ]—?'+2d1°daz[ g zalod:o[ H— :c',,’
| 8tt1= =3 g (o= 3 s (sh1— 32 S (22)

where ¢; and ¢2 are known.

These equations are analogous to egs.(9); however, since R, of, T have a
less simple expression, it now no longer happens - as was the case in Section 152
- that, for example for the first of these equations, the last three terms on
the right-hand side reduce, respectively, to

o, 3A{[xl], nl<l,
which results in a considerable simplification.

Consequently, in eq.(22) let us substltute the quantltles oJL and ﬁ by
their expansions (17) and the quantity n’ by its expansion (20) and, finally,
the quantity n}> by its expansion

RE=n2O+ nd 4 prry

analogous to eq.(20). In addition, let ¢} and ¢ be the ensemble of the terms
of ¢1 and of @ that are of the degree q with respect to x, . ﬂ L9

We will then equate all terms of the same degree on both sides of eq.(22).

Equating first the terms of zero degree, we obtain simply

. A'[C“'.] — ?:+ QA,’[‘Y,"'.],
8°[x}*) = 93— 2A¢ [o! ). (23)

where @ and ¢3 will be constants depending solely on Ao and Ab. In fact, in
virtue of the reasoning in Section 153 which remains valld w:Lthout mod:l.flca.tlon,
the quantltles ¢ and ¢z can be expanded in powers of x, cos w; and of x,

sin w{. All terms of zero degree with respect to x;° will thus be independent
of x{° as well as of w}.

It results from this that [Ti °] and [0} °] also are constants and that the

1-h.s. of egs. .(23) are zero. These equations (23) will then permit determining
[Gli.o] and [Ti o]o

let us now assume that we had determined

(ot [oi'] (o1, --oo [007')
(= (F') (=) - [*"”

’ r9.9-9
» PR AR 9t
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and that we wish to determine
[“lh']v [‘i",]v LV (21+)
For this, let us equate all terms of degree q on both sides of egs.(22).
In defining the terms dependent on the unknown quantities (2,), we obtain

’ 8ol ] nt o[} ] =+ T 2P sinw),

A} ) —ni (ol T] = s — R 2P cos w),

(25)

where ¥; and Yz are known functions.

These equations are analogous to egs.(9). In fact, we pass from one to
the other on changing

[e!], [=I], n¥, A
into

[c).q]’ [‘;.q], n'k".r n;l.q-l.

(@]

Thus, egs.(25) can be treated like egs.(9). 1
After this, one would determine
[A2), nl, [M], Ay, °1"—[¢“- 71"‘[‘4’]' by —[A],
as in Section 152.
For determining
[e}). (<] and a2,
one would make use of egs.(7, 3, 3) and (7, 4, 3). These equations would have

the same form as egs.(22) and would be treated in the same manner.

3. Noteworthy Particular Cages

156. The series (h) and (17), as shown in Section 153, have their r.h.s.
expanded in powers of x° cos w; and of x1° sin wj .

If all arbitrary constants x;° are simultaneously canceled, then our vari-

ables will no longer depend on wi but only on w; and wz. Their expansions will
proceed along trigonometric lines of

mywy -+ My w,e,
where m; and mz are integers.

According to our statements in Section 154, the sum m; + mz in the expansion
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of A and of A must be zero so that these variables will depend solely on w; - Wz.
For the same reason, this will be the same for

o coswy + Ty sinw,,

(26)

TYCOSwy — aysinw,.

Obviously, this means that these particular hypotheses (x}° = 0) correspond
to the case of a periodic solution, and it is easy to prove that the resultant
solutions do not differ from those which, in Chapter III, were designated as
periodic solutions of the first kind.

From this, it can be concluded that the series (4) which ordinarily are not
convergent in the geometric sense of the word will become so as soon as the /151
constants x}° vanish.

Since the constants x;° generally are small, it is obvious that the real
solution will oscillate about the periodic solution without deviating much from
it.

Let us now consider, in the expansion of A, A, and in the expressions (26),
all terms of the first degree with resgpect to x{o. Taking the results of Sec-
tions 153 and 154 into consideration, it will be found that these have the form

iz cos(wl— wy)Qu + Zazisin(w) — wy) s, (27)

where ¢, and ¥, are periodic functions that can be expanded in multiple sines
and cosines of w; -wz.

The interpretation of this result is evident. In Chapter IV, we discussed
the variational equations relative to a given periodic solution. ILet us now
consider our equations of motion and the periodic solution of the first kind,
obtained on canceling all x}°. The expressions (27) will then be nothing else
but the most general solution of the corresponding variational equations.

From this, it can be concluded that the characteristic exponents, relative
to this solution of the first kind, will be

=/ =1(nk-- ny).

It is of importance to note that, in this expression, the constants x{° (on
which n} and n; depend) must be equated to zero.

One could propose to derive from the series (4) and (17) the periodic solu-
tions of the second and third kind, exactly as it had been done for those of the
first kind. However, this is somewhat more difficult.

To understand better what has to be done, we will first use a simpler
example. Let us return to the series of Section 127 and let us deduce from these
the periodic solutions of Section 42. In the series given in Section 127, we
have seen that the mean values of the periodic functions ¥} and y, can be arbi-
trarily chosen and that, specifically, this selection can be made such that nf

131



will be zero each time that p > O. This condition can also be realized by  /1f2
properly choosing the mean values of x, while the mean values of y; remain
arbitrary.

Thus, let us suppose that we had chosen the mean values in the above-
described manner and that, consequently,

n;=n).

Llet us suppose, in addition, that the quantities %} had been chosen suck
that the quantities n; would have certain mutually commensurable given values.
It then happens, if the calculation of Section 127 is to be performed, that
certain coefficients become infinite unless the constants @; are properly choser
and the mean values of y; remain arbitrary.

If the choice is made in this manner, the series of Section 127 will te
valid; these are convergent and do not differ from those of Section 44. let us
now return to the three-body protlem.

Let us select our constants Ag, Aé, and x{o as well as the mean values of
the various terms of the series (4) and (17), considered as periodic functions
of wand w'. In other words, let us select these quantities in such a manner
that

1) the quantities n§ and n% will have given values that are mutually
commensurable (we note that, if the notations of Section 155 are
used, n;'® will be zero for p > 0);

2) the quantities rf and n{® will be zero for p > 1;

3) we will have

n}=n}=ny (i=1, 2,3, 4).

The selection can be made such that these conditions will be realized and
that even half of the mean values remain arbitrary.

It then happens, if the calculation of Sections 152 or 155 is to be per-
formed, that certain coefficients become infinite unless the constants ®; and T}
are properly chosen so that the mean values remain arbitrary.

If this is done, then the series (4) and (17) will exist. They converge
and do not differ from those that represent solutions of the second and third
kind.

Let us now suppose, without canceling x}° and x:°, that x3° and x}° vanish.
This will yield a series of particular solutions of the three-body problem, /153
which depend only on four arguments

’ ’
Wy, Wy, Wy, Wy.

These are the solutions corresponding to the case of the three-body problem in
two-dimensional configuration. Here, the number of arguments is reduced to
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four, which is also so for the number of degrees of freedom.

However, it should be noted that the quantities A, A, as well as the ex-
pressions (26) depend only on the differences

Wy — Wy, W'|—— Wy, W" — Wy,
as demonstrated in Section 154.
Thus, if A, A, and the expressions (26) are used as variables, the number
of arguments will be reduced to three. This corresponds to the case of the

protlem discussed in Section 5 where three degrees of freedom exist.

let us now imagine that the mass of the first planet is infinitely small
(case of a minor planet perturbed by Jupiter). It will first happen that

Gyy Tgy, G4y Ty
are reduced to

& 7 0 9.
These quantities, just as A', will be constants and A\' will reduce to ws.

From this it follows that

dwg
"= g =%
dw!,
nl=—2%=o
VT de

The number of our arguments which had been six is now reduced to four,
namely,

’ ’
Wy, Wy, W, W,

Yere it no longer happens that A, \', ... depend only on the differences

’
Wy— Wy, Wi— Wy, Wi3— Wy

The reasoning of Section 154 actually proves only one point, namely, that
in the general case A depends solely on the five differences

we— wy, Wwi—w; (i=1, 2, 3, §).

When two of the wi reduce to constants (which happens in the particular case /154
studied here), two of these five arguments will differ only by one constant and
it is for this reason that not more than four arguments will remain; however,
there is no call for pushing the reduction still further. '

In addition, our variables - in virtue of Section 153 - remain expandable
in powers of
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TP cosw;, zsinw.

Ilet us assume that x'go and x.',,o are canceled. This corresponds to the case in
which the three bodies move in one and the same plane (always assuming that one
of the masses is infinitely small). Then, our variables no longer depend on wj
and only three arguments remain, namely,

Wy, Wy, W: .

Let us then also cancel the constant x3°. This corresponds to the case in which
the orbit of the second planet is circular, i.e., to the protlem of Section 9.

. o . (o) .
Since our variables can be expanded in powers of xi° cos wi and x{° sin w)
and since

zP=zr=x0=o0,

they no longer depend on either wh, or ws, or wi. Because of Section 154, threx
depend only on the differences

’
Wy— Wy, Wy-- W,

However, we have shown above that there are three of the w; that no longer must
enter their expression. These will now depend only on

’
wy— Wy, wy— wy.

The number of arguments is thus reduced to two. We have also seen that tlre
problem of Section 9 admits of exactly two degrees of freedom. If, in addition,
we set x1° = 0, we fall back on the periodic solutions studied by Hill (see
Sect.41 and especially the remark made in the last three lines).

If, in the lunar theory, this satellite is considered as subject only to
the influence of earth and sun and if the relative motion of these two latter
celestial bodies is considered as being Keplerian, we come back to one of the
particular cases investigated above. [15:

However, it frequently is necessary to allow for perturbations that other
planets exert on the earth while still neglecting the direct action of these
planets on the moon. If this particular viewpoint is adopted, the relative
motion of the earth and sun will no longer be a Keplerian motion but will te
known, and the moon will remain subject only to the action of these two mobile
bodies that move in accordance with a known law.

Thus, let us assume that the coordinates of the sun with respect to the
earth can be expressed by series of the same form as those studied in this
Chapter and depending on n arguments. It is easy to demonstrate, by reasoning
more or less as done in this Chapter, that the lunar coordinates are expressed
by series of the same form, depending on n + 2 arguments.

To explain what we really mean by this, let us return to the problem of
Section 9, i.e., let us imagine that the earth and the sun describe concentric
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circumferences. Then the solar coordinates will depend on n = 1 argument; the
distances from the moon to the earth and to the sun will depend on two arguments
(which are those denoted above by w1 - wz, W1 - wi)e However, the lunar coordi-
nates with respect to fixed axes will depend on n + 2 = 3 arguments.

Similar considerations are applicable to the case of more than three
todies. For example, let us assume that four such bodies are present. Then,
the number of w; will be three and that of wj, six.

Let us assume that the six constants x{° are canceled at the same time. A
first consequence of this hypothesis is that the motion takes place in a plane.
In addition, the quantities A, A, the expressions (26), and thus also the mutual
distances of the four bodies w111 no longer depend on more than two arguments

Wy — Wy, Wy — Wwj.

It does not follow from this (as in the case in which, considering only
three bodies, all terms x,o are canceled) that the series become convergent in
the mathematical sense of the word; however, it is possible to deduce from this
the periodic solutions of Section 50.

The mode of operation is as follows: /156

Iet us choose our constants of integration and the mean values of the vari-
ous terms of the series (4) and (17) such that 1) the quantities

ny—n3, nt—ng

will have mutually commensurable given values; 2) that

P __ pP — pP
Ry == Ry = R,

for p > 0. The constants ©; and w; as well as half of our mean values become
arbitrary.

If the calculation of Section 152 is to be performed, certaln coefficients
tecome infinite unless the terms ©; are properly chosen, while ®; and the mean
values remain arbitrary.

If this choice is made in the above manner, the series will exist, will
converge, and will represent the periodic solutions of Section 50.

L+ Conclugiong

157. Above we gave the series obtained by computational methods discussed
in the preceding Chapters. Newcomb was the first to have conceived these and to
have discovered their principal properties.

These series are divergent; however, if one terminates the series in time,
namely, before having encountered very small divisors, they will represent the
coordinates with an excellent approximation.
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The series can be used in still another manner.

let us imagine that the expansion is stopped at a certain term and that
then, applying the variational method of constants, the quantities Ao, x1°, @
and @ are used as new variables. These new variables will vary extremely slow—
ly and the old methods can be advantageously applied to the differential equa-
tions that define these variations. For example, it would be possible to expand
these new variables in powers of time.
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CHAPTER XV /157
OTHER METHODS OF DIRECT CALCULUS

1. Problem of Section 125

158. Let us return to the equations

dy  dF
& T (1)
and
dz; _ dF
dt — dy: (2)

We have in mind to satisfy these equations by means of series arranged in
sines and cosines of multiples of n arguments

Wy, We, ..., Wj,
a series whose existence we have proved in Section 125.

Let us recall also that we have

W= niptl + o
and, consequently,

dr; _ dr
"'*""m—ﬁ’
t’:" dy: _ dyi (3)
& ‘Hw,— dt

In Section 127 we have used egs.(1l) and (2) for determining the series;
however, one can also operate differently.

First, we have the kinetic energy integral

F = const. (%)
On the other hand, the expression /158
Zz;dy (5)

must be an exact differential and, since the quantities x{ are constants, this
must also be so for

E(zi— z{)dy,=dS,
which yields

dsS .
d—-m=}:(x;-—z?):—zi- (6)
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We are stating now that egs.(2) are a consequence of egs.(1l), (3), (4),
In fact, egs.(6) mean that the expression (5) is an exact differential

and (6).
and that the integrability conditions for this equation can be written in the

(")

form
z dzi dyi _ dx; —-—dy")—o
\dwg duy  dwi dwy/

Let us multiply this equation by ng; then, retaining a constant value for
k, let us successively set q =1, 2, «.., no.

Next, let us add the resultant n equations. Allowing for eq.(3), this
yields

z(fﬂ‘i&_ﬁdﬁ -
\dt dwy  dwg dt )= °

or, taking eq.(1l) into consideration,

—~~
n
~—

d_-"’l d.)'i dF dz; _
dt dw, " heidz; dwy = "
let us now differentiate eq.(4) with respect to wy, so that

dF dz; S dF dy,
dz; dwy " Aady, dw; = °

or, approximating eq.(8),
dz; dy, =2£ i (k=1a ceeun)

_d—l ;iTV: d)’( dwk
whence
doi _ dF
ot - dy“.
Thus, we can determine our series by means of the following equations /1i°
4), (8)
and
dy, _ _ dF (1.2
Erk e = " dz

In these various equations, let us replace the quantities x;, y;, n;, and $

by their expansion in powers of u:
Sprxf, IuPyf, ZuPnf, ZuPS,.

Then, let us equate, on both sides, the coefficients of like powers of u.

This will yield a series of equations that permits determination, by recur-
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rence, of the coefficients of the series.

Let us assume that we had calculated

x:' ‘z,! x"l sy t"",
v, Yoyl o Y
"L "l’v "21 cr ey ng—‘y
s.l 'slr ey sp—ir
and that we wish to determine
z"' r"l nzr sp-

In eq.(4), let us equate the coefficients of w’ so that

EnYzf = ® + const. (9)

As will be done in this entire Chapter, let ¢ denote a wholly known and
periodic arbitrary function of w. There is no need to mention that the various
functions, thus denoted by ®, are not identical. As to the constant on the
right-hand side of eq.(9), it is arbitrary just like the constant on the right-
rand side of eq.(4).

Let us now, on both sides of eq.(6), equate the coefficients of w*, so that

S
2t o)
from which, taking eq.(9) into consideration, we obtain 160
dS
zn,-z;f=0+const. (11)

The function S, must have all its derivatives periodic with respect to w, i.e.,
the function must have the form

Ry p Wy + C’.’W'-'F-. st Qp pWn+ 9,

where @, ., are constants while ¢ is a periodic function.

Equation (11), by means of a calculation very similar to the integration of
eq.(6) in Section 125, will yield the value of S,. It should be mentioned here
that the constants @, ., can be arbitrarily selected as a function of the con-
stants x} since the constant on the r.h.s. of eq.(11) itself is arbitrary.

After Sp has been determined in this manner, egs.(10) will yield the
quantities % whose mean value @, .,, as will be demonstrated below, can be
chosen arbitrarily.

Since now the quantities X, are known, let us equate the coefficients w’ on
both sides of eq.(1.2). This yields
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dyf _ e p»
2"2'4_“’_‘"'¢ ng. (12)

We start by determining the constant n} in such a manner as to cancel the
mean value of the r.h.s. of eq.(12). Then, eq.(12) will yield ¥} ty a calcula-
tion entirely similar to that in Section 127. let us note, in gassing, that tre
mean value of y; can be arbitrarily selected as a function of xj .

2. Another Example
159. Let

eh Elv ceey Eny

Tty N2y ee-y TNa

be our n pairs of conjugate variables.

Let us assume that F can be expanded in ascending powers of &; and of T
let us also assume that this expansion contains no terms of either the zero or
first degree and that the terms of the second degree are written as follows: 141

SA(L)+ A0 )

We are using parenthesesz(gi)2 for writing the square of €; so as to avoid
confusion with the notation €7 which will be used below and in which the nureral
2 will be an index rather than an exponent.

Then let

& _dF dn_ _ dF (1)
d‘—d"“’ d‘— &‘ /

be our differential equations.

We now suppose that we wish to expand §; and T; in powers of certain inte-
gration constants @3, so that we can write

Bi=8 +8 ...+ +...,
=+t +. ol

The quantities €} and T} will represent the terms of the series, which are of

the order p with respect to @y . These must be the periodic functions with re-
spect to n arguments:

wy, Wi, ..., Wa.

In addition, we should have

8} = ajcosw;, ) = a;sinw;.
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We have, moreover,

Rg=ny+nl+...+nf+...,

where n, is expanded in powers of x; and n}, representing the ensemble of terms
of the order p with respect to @y . Our differential equations then become

dt _ dF dn __ dF
Btk G T dny T Gw, T T & (2)
Cn the othrer hand,
2k dny
rust te an exact differential which, naturally, will be the same for /162

dS = St dn— E d(&l o)

Finally, let us note that S must also be expanded in powers of @;; we de-
note the ensemble of terms of the degree p by S;.

Let us also put

Ty = §1COSW+ ng Sinwy,
yi= & sinw;— yscosw;

and
= 4‘:1‘{. yYi= }ny.

wrence

zf =t cosw;+ nf sinw,,

P =8 sinw;+ n? cos wy,

z} =8 cosw;+ 7! sinw, = a,,

yli=o.
It is easy to find, at first,

Rl = —2aA,;.

Let us then note that egs.(2) furnish

dz dF dF .

2*"* E-Gi = ECOSW[— d—;smw;—m]h (3)
dy: dF . dF

Sins -d%; = -d—n;stnwl <+ Ecosw;-»— nizy. (h)

We will calculate our series by means of eq.(4), from the equation

F = const (5)

and from
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_d_s_ — dn¢ d(¢!n)
dwy _LE‘d-—W—E dwy

Equations (3) and thus also egs.(2) and (1) are readily derived from this.

let us thus assume that we had determined

B, B . Y
LY} R Y
z!, =}, ..., =Y
-r"' ]}l ey ]‘P-.:
nd, ni, ..., nk7%
sl- S,. DIy sp,
and that we wish to determine
Ef! 7]7: zf: ]f» ni". spa»l-

/1€3

Let us equate, on both sides of eq.(4), all terms of the order p and, on

both sides of egs.(5) and (6), all terms of the order p + 1.

For abbreviation, we will put, as in the preceding Chapter,

Au = an dd—‘:"

From this, it follows that

Ayf = +2A(8F cosw; + rPsinw;) + nlal + nP 'z},

Za A8 8+ 0} nf)+ @+ const = o,

‘-j—;:—'=ze1'§2—i—zr.fd—‘ﬁé+¢,
Noting that
&t = —nidw;, dy/=t/dw,
we can write
d‘iﬁ:' =EEL+ninf+ @

Combining egs.(8) and (9) will yield

AS,.y = ¥ - const.

On the other hand, eq.(9) can be written as

dSp (3 ]

= ayzh+w,
dwy
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while eq.(7) can be written as /164
Ayl =@ +nf'q. (12)
Then, eq.(10) will yield the value of S;4+; and eq.(1l) will furnish the
quantities x;. DBy writing that the mean value on the r.h.s. of eq.(12) is zero,

we will obtain nf ' and eq.(12) will then yield y;. Thus knowing y; and %, we
will have €} and Tf.

For determining these quantities it would also have been possible to use
the following equations, which are derived from eq.(2) by equating all terms of
the order p on both sides and which are analogous to egs.(9) of Section 152:

Al =aAif+nl '} + @, (13)

Anf=—aA 80— nf"'E + @

(14)

By an entirely similar reasoning to that given in Section 153, it would
then have been obvious that the quantities €}, T can be expanded in powers of

2;,CO8 Wy, aysinw;,

and that this also holds for r§ (i.e., these quantities which do not depend on
w; can te expanded in even powers of @; ).

( Tk)lis obviously also is true for the periodic terms of S,4;1, in view of
eq.(10).

It is known that
sw‘zpxw|+p'W'+..-+p.W.+S'p¢u
where B, are constants and S;+1 is periodic.

For Sp+1, we learn from eq.(10) and from a reasoning analogous to that in
Section 153 that the condition has been satisfied. As to the quantities B,
these can be arbitrarily chosen. Thus, we_can assume that By can be expanded in
even powers of @; and is divisible by (o )°.

There is no need to repeat here the method of reasoning given in Section 153.

Let us merely note what happens when treating eq.(1l). This equation
yields the value of o, X, which naturally must be divisible by @y ; in fact, we

ds -
state that —a;:—l and @ are divisible by ay. /165

It should be noted that, if ¥ is a function expandable in powers of a;
cos wy and @; sin wy; and if this function is expanded in a trigonometric series,
then the coefficient of the cosine or of the sine of

mywy - MWy ~+. .o+ MyWy,

3



in this expansion will be divisible ty

al™lam. ... almal,

Thus, the coefficients of the terms depending on w, are divisible by o, ; conse-

quently, de is divisible by o, .
de
However,
dSp. ds,,
dor ~ Bt G
ds;
and B, has been selected as divisible by a,, so that d::l must also te di-
k

visible according to what we have seen above. Consequently, this holds also

dsp+1

for To

On the other hand, « is a sum of terms. Each of these terms is the product
of factors one of which has the form

{4 »
dE' or g—,h- »

dwy dwy
and, consequently, is divisible by o .
Therefore, ¢ is also divisible by o . G.E.D.

160. let us assume that F depends on a very small parameter u and has the
form

F=Fo+ pFi+ ptFy+. ...

We are still assuming that F can be expanded in powers of §; and of T,
that the expansion of F, starts with terms of the second degree, and that these
terms are written as

ZA(E) + ZAu(m).

However, we also assume that the expansion of F, F2, ..., starts with /1££
terms of the first degree.

We now propose to expand

El‘ N EFty Yy DRk, S,

not only in powers of the constants @; but also in powers of these constants and
in powers of p.

Let us denote by



-9 P9 . . .
8, n?, =P, ]f” n%9, sp.q

the terms of these series, which are of the degree p with respect to @; and of
the degree q with respect to p.

In addition, we will have

Er‘. = 7“... =0,

Bl'=acosw;, }®=a;sinw,

ny®=—2A,.

We also have

dS = ¥ dv - Td(k ' n),

whence
See=S1.0=0,

Sp.0= — $ Z(a;)*w; — 3 B(a;)sinaw,.

let us then assume that we had calculated

7bv n it -"'Thn y? 5 n:—|.o. Sa+1.6-

(asp, a+bip+q),

with exception of the combination a = p, b = q and that we wish to calculate

. . X pP-19
8, a9, P,

P9, nf', Spare.

Let us return to egs.(1), (2), (3), (4), (5), and (6). On both sides of
eq.(4), let us equate all terms of the order p with respect to @; and of the

order q with respect to p. Similarly, let us equate in egs.(5) and (6) all
terms of the order p + 1 with respect to @; and of the order q with respect to u.

let /167
0.0 du .

This will return us to egs.(7), (8), (9), (10), (11), (12), (13), and (14),
with the one difference that the single indices (superscripts or subscripts) p,
p +1, orp - 1 will be replaced by the double indices p.q, p + leq or p - 1l.q

and that the single indices 1 or O will be replaced by the double indices 1.0
or 0.0.

These equations, as in the precedlng Section, will be used for succe331vely
determining Sps1.4, X%, B - , and consequently £} % and T§ "¢

As in Section 153, it will be seen that €}°% and T}'? can be expanded in
powers of
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24 COSwy and 2y Sinwg.

It results from this that £9°% and T{'% are constants.
On the other hand, it should te noted that the remark in Section 126 ir

virtue of which the mean values of ¥, and y; can te arbitrarily chosen is arrli-
catle here only with certain restrictions.

let us return to the reasoning in Section 126. Let us consider thre expan-
sion of €; and of Ty in powers of 4 and of o .

Llet us change there @; and w; into

C,‘(l -+ ?.‘), w; + *h

where @3 and ¥; are two functions that can te expanded in powers of p arnd of
(ak) , which reduce to zero as soon as these quantities vanish. The values of

E9°%, TP°? will not be modified by this change. It results from this that tre
mean values of

=1, y2? (p>o)
can be arbitrarily chosen but that this is not the case for
Y,

It is easy to see that these latter mean values must be zero.

Let us now suppose that we return to the equations numbered (1) to (6) /1£=
and that, in egs.(1l) to (4), we consider the terms of zero degree with respect
to @y and in egs.(5) and (65 the terms of zero or first degree with respect to
@y ; this will yield equations whose form will differ somewhat from that of the
equations numbered (7) to (14) to which we must thus return.

This difference in form is due prlmarily to the fact that nj} “1+9 45 zero
at p = 0 and to the fact that, since §7°% and T % are constants,

8517 = axf 7 =o.

It is sufficient to consider eqs.(1), (2), (5), and (6) from which egs.(3)
and (4) are directly deduced. For abbreviation, let us put

P=8t e,
=t

OBl bt

Let us slmllarly define ] and M and let F* be the result of the substitu-
tion of € and T{ in F for €, and 1.

The terms of zero degree in egs.(1l) and (2) will yield
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8
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N
-o
I
k)
-~e

0.4 These two equations permit determination, by recurrence, of the quantities
cO.
31 and M7 9.

The terms of zero and first degree of eq.(5) then yield

F* = const.

dl"' dF*
o b+ 5 dn? n} = const.

The first of these two equations permitsdetermining the constant on the
right-hand side [which cannot be arbitrarily chosen as had been done for the
constant of eq.(8) when assuming p > 1].

The second equation is self-satisfied and the constant on the r.h.s. must
be zero since the two derivatives of F* are zero.

This leaves eq.(6); the zero-degree terms furnish /169

d(Se.0+ Se.1 4 Sea+...)=0,

noting that, since T are constants, dN{ will be zero. It is sufficient, for
satisfying this equation, to assume that the quantities So., are constants.

The first-degree terms then furnish
d(Ss.e+ Sy + Sya+...)=Ztdn} — Edt} ).
It is sufficient, for satisfying this expression, to assume that
Sre=Z(I " nl T 81 b T L BT — (8O a!).

The terms of zero and first degree will thus raise no difficulties, as
could have been feared.

3. Problem of Section 134

161. The same method obviously is applicable to the problem of Section 134.
let us resume the notations of Section 151.

Iet us return to egs.(1l) - (6) of Section 158, by agreeing that the signs Z
extend not only over all x; (or over all y;, or over all w;, etc.) but also
over X; and x, (or over y; and y', , or over wy and wi, etc.).

As in Section 158, we will then see that egs. .(2) are consequences of
egs.(1), (3), (4), and (6). Therefore, we will retain egs.(4), (6), and (1.2)

17



crn are .seful for deter—irirgs our urimowrs.

£2, we will rerlace, in irese various ec.ztions, =211 cuanii-
3 try their expansions in prowers of u and trern egiate, on

q -
tre coefficients of like powers of wu.

(SRS J

O M
ot D

ANNC]

Zowever, ire res::ltin; eguziiors zre rnot the orly ones wrichl we w'L ise;
we will also errloy ‘rose derived fror the former ty eguating,on ¢ :: sides, ite
rean values taren or.lj wit% respect to wy, (tut not witl respect to Wy ).

let © te an artitrary periodic furction with respect to w and w . As in 270
Section 121, we will use ti'e symcol [U] for denoting its mean value tarern wiit
reaoect to w alone ard ty [[U]] its mean value taken witlL respect to zoir w

ard w'.

Tris will furnicsh

au) _,
dw, '
tut, in general,

|\

(U),
dw,

“l—

So far as S is concerned, this is not a periodic function tut merely a
function whose derivatives are periodic.

Thus, we will only have

let us now suppose that we had completely calculated

z?, =z}, =z}, ..., %,
.7:» ]l‘v s ]f-’v
n?, ni, U
Se» Si» ceev Speg,

as well as ®¥~', ¥i~*, and S,-1 to within an arbitrary function of w' and that
we now wish to determine ﬁ'l s Vi pi'l , and S,—1 and then to calculate n} com-
pletely and to calculate xi, yi, and S, to within an arbitrary function of w' .

Equation (9) of Section 158, obtained by equating, in eq.(4), all terms in
w?, will assume a slightly different form since the right-hand side will no
longer be wholly known. This formula will be written as

dF
Inlxf= d: p- Zd z!''' + & 4+ const. (9,2)



In the case of p = 1, we simply have

Znlz;= F,+ const. (9.3)

It goes without saying that, in F,, the term x; is assumed as replaced by
x? and the term y; by y1 = wi .

The r.h.s. of €q.(9.2) is not entirely known since x; ' and y;~' are /171
known only to within an arbitrary function of w' .

let us now take eq.(10); here again, since the right-hand side is not en-
tirely known, the form will be somewhat modified so that we must write

g.j_: = zf4 TPt ggi: +~ Z,z} dﬁ: + . (10.2)
Noting now that
T —[207] and yPT [P
are known, egs.(9.2) and (10.2) can be written as
2"0"“,'—2;;7‘: Uf_']“'z:'g:@! [zP7']+ & + const , (9a)
g—i: =zh-r [zl ;Tyi +%.z ﬂ;..‘,_;i‘] + @ (10a)

This shows the role played by %, which had been the reason for our at-

tempt to first determine this quantity by a detailed study of the first approxi-
mation. For this, we have the above equation (9.3) as well as the equation

=t =1}, (10.3)

such that eq.(9.3) will become

L = F, + const.
&

We note first that the quantities n° are zero and that, consequently, we
can write

8’;2 a;; = F‘—Q— const , (9b)

by agreeing to denote by & a summation extending over only x; or over only Xi,
while £ is to denote, as shown above, a summation extending simultaneously over
% and x} . Using the mean values of the two sides, since /172
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S
dws = const ,

we will obtain

[F:] = const.

However, [F1] is actually R which is independent of x; and of x{°. Since
these are arbitrary constants, the constant on the right-hand side will also :e
arbitrary and eq.(9b) can be integrated without difficulty.

Let us now, on both sides of eq.(1l.2), equate the first-degree terms, so
that

dy dtF dF
R LY D L LU N ST
Bank Gy T Z,, drvdry ¢ dzp

The rlght-hand side is wholly known. In fact, the second term there derer.i:
only ,on 3 x, and on yi =w;. The first term, in addltlon, depends on xk (but not
on x;  since Fo, by hypothesis, does not depend on xj ). However, these quanti-
ties are equal to —g%— which are known, since S; had been determined to within
an arbitrary function of wy .

In addition, the mean value of this right-hand side, taken with respect *o
wy alone, is a constant.

In fact, this mean value is equal to

@Fo (4 dIP),
dzr?dz} 4 dz?
However,
[zi) = [;s—'—] = const ,
d(F
}I.‘] = ?i;f = const ,

since R depends only on xj and x{° which both are constants.

Thus, slnce the mean value of the right-hand side is a constant, we can
equate there nj. The quantity nj* will be calculated in a similar manner excer:
that, in this case, the first term will be absent and there will simply remair
/1
pAIH

4

The equation can then be 1ntegrated without difficulty and will yield v
within an arbitrary function of w'.

What we stated with respect to y; holds without change for yi'. As tox,
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L. N ]
tionn. of w .

let us now return to eqs.(9a) and (1Ca).

and, consequently, is known to within an arbitrary func-

Let us take the mean values of both sides with respect to w alone, and let

uc rirs® verform this operation for eq.(10a) bty assuming that the derivative

13,

——&—~ ras teen taken with regpect to one of the quantities wy rather than with

dwy,
N . . \ .
respect to one of the quantities we. We will have

as,] diyf™'] _
[c_iw;] -z coost —-l.i;k— = 0,

[ gt ] =t 52 ] =

from wricrn it inally follows that

(z§] = ® + const. arb.

. . . ]
let us overate in t'ec same manner for eq.(9a), so that (since ng

[} [
Enfzrf - 8n)sk,

[dF,] dR
- 0 = - -‘20,

dyil  dy}
dF dR .
[;i.;‘:] = :1:::'— = coost. given.

Tris, we will have

dR
LY HED) :Z s [#27']+ @ + const |
4

wrence, on approxrating from eq.(1lCc),

2 - [ z!7'] = ® + const
or

3:“0[ P ']—+—S—§B—[ 7P7') = & + const.

However, [xf_l] is known to within a constant. In fact, we have an equation

analogous to eq.(10c) on changing p into p - 1:

[z57') = ® + const.

(10c¢)

(9c)

yavL
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Taking the equality
" dR
n'=— 5—-4%
_ttl

into consideration, we can thus write
3n [z = & + const.
Let us now return to eg.(1l0a) tut change there w, into wy and p into p - .Z.
Noting that [x 2] and [y °] are known, tkis equation can te written as

ds,_ .
o =T (124
Here, Sp=1 is a sum of terms some of which are periodic with respect to w zni tc
w' while others reduce to a constant multiplied ty one of the quantities w or =
one of the quantities w'. This results from the alove hypothresis that tre de-—
rivatives of S,-1 are periodic.

If, in this sum of terms, all those that depend on w are omitted, trere
will remaln a function of w' which can te designated ty [Sp-1]; since we rai
assumed that the function Sp—1 is known to within an artitrary function of w',
it can be stated that we know S,—1 - [Sp-1] tut not [Sp-1].

We then have

d[Spa] . oo
“dw, =[zf ']+ ¢
and, consequently,
$n 1[5"_'] — & - const,

which is an equation yielding [Sy-1] and thus achievine the determination of

Sp-1 e

Equation (1¢d) and the analogous equation Sl
PR
thus achieve the determination of ¥,~% and x;*™'.

Next, let us equate, on both sides of eq.(1l.2), the terms of degree p, so
that

};,,'i}i sl Pt pP—¢d 4+ A+B (1) )
& w,‘+“n" we ~n; =%+ A+ B, 2.2

where A represents the coefficient of p* in - —Eé}— while B is the coefficiert



diy
dX1
Tre quantity Fo depends only on the x; which now are wholly known, up to

p=1 . . .
> inclusive. Thus, we can write

of 7t in -

&F,

i Th-
[] (1]
dr? dz}

A=¢—38

. . . -1 .
Similarly, since the ® are wholly known, we will have

e a@F, .,
8—4, Ekd]"dl‘o'rk !

or even, since we know,

)f—l h [.ﬂ"]'
- AarF, p—1
B-—¢'—:S‘39{g;§[fk ).

On tre other rhand, the quantltles n’ are zero and, since yf_l is known to
witrin an arcitrary functlon of w', we will have

d},l' dy"
[] U 0 1
SR G T 3 Gy
pP-1 , d.‘—l
whr.ernce
dV, " d_yf_' »
| 3n2 g0t + 3n “dwy M
« o d!} [.*o » d,F| -1 (12&)
' =t drde? T —Z dydx? ().
lLet us now take the mean value of both sides, by noting that /176
_@*F, J_ &R
dy3dr) |~ 2_)'_)"2;? =0
from which it follows that
nd ! d&*F 12b
8 | r)" ] ___zd o‘il_o ['Tk] ( )
We have found above
(%] = ® + const. arb., (10c)

which means that, since the constant on the right-hand side can be arbitrarily
chosen, [¥:] is known. We thus have
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sn" d[)’:_j] — ¢ I3

L —n;. /a

& 7&0" ' i,

1 for carcelins tre mean value oi o
5 readily irterrated, »ielains [

ERC I . L . tp=1 = .. L. 3 PR ;=1 LYET-
. Ir.-"z;_1:;x;11;r' racrer nytoand (21770 ] ds5 ealelluted so char AT, FTO
2T, vyt T w21l riow te whrolly krown.
e, eqs.(’i.?:) ard (12.2) can te written ucs
Enlrl=8nlzf- & + const, L,
ds _
B N T Z =,
dwy

from wrich we ottain the equation

S
Sn} l—{t;'f = & -+ const. arb.,

. . . c . . . - \ .

which determines S; to witrin an urkrown functiorn of w (SLLce, a10ve, we
lected [3;-1] in such a manrer that the meun wulue of the risrt-rarnd sile
duced to a constant); or, in otter words, an cauation Lrat determires

Sp—1[S,).

. ~ . . ) [} ) . . L
Eg.ations (17e) and (12f) will tren vield % and 2" to wihin finetlorz
[ , : \ !

of w, i.e., they will dcterrirne

zf—[zf), zf—[«¢

Ve srould add thnat, s

) , since eq.(1Cce) already yielis [x, ], the cuartity 34 is
wr.olly krown t:t rot

i

. . \i
tre quantity P
Tris crarnres eq.(1l2a) into

ofi)’r o

8n} due

Tre mean value of tre rirht-hand side is zero tccause of eq.(1l2t). From *-
we derive

ri =17,
and, simdlarly,

y2 -7

15n

= P, -



1-2. As irdepenient wvariables we will take

A, A, 9y
Xl» l,|n T

, 15 1n Jection 1522,

. ' v eliminutih' the indices that now have tecome useless,
vz will use o oanl A ins

.eal of 1\1 and A “1 .

V
C
+
S

cevt we will zttempt to satisfy the equations of the protlem ty substituting
oof trese variat leo tv “lre series (’) of Section 152 and the series (17) of

ic:n 199 we will proce ced in vowers of W and of certain constants denoted in
152 and 159 b » and x1‘ and denoted here by @y, in analogy with the
ns of Jection 1YY to avoid contfusion.

T wddition, we hruve

Ay == const , Ay == const ; Xo.o — 'y, X} o == ws;

Ao.q - ‘\64— X0,47 T l(,).q:‘o (q >o0);

0. . - i
6% ! == a cosw); <= g sinw).

e ft fcu is to form the equation which must te analogous to cq.(4) /172
v Jeectdon 142 to ea.(’) of the next Section.

Diig oevaiion will k
as dk\ ax dz; d(s o°‘
- - - - pp— - _ — £
duy TN e g 3 (NN ) g e T (6.2)
#ivw un aralopous equation in which w, is replaced by wy.

- . N 5 . . )
lo tris eqution {£.2) and to tre kinetic energy equation

F = const (h.2

72 will add tre followinys equations: first,
dn’ ' (1.2)

‘o wrich still another equation of the same form should te added, where A and A
re replaced ty A" and A'. In addition, we state once ard for all, without
avins to repeat it araln, that it is arreed that, to each equation non-cymmetric

nfooand &', A and A', etc., another equation where tlhese svm‘ols are permuted
.ct ze added. The symbols T and S retain the meaning theyr hud in tre precelire

‘cntion. Secondly, we will arain rave equations anulosous to eqgs.(l) oi Sec-

o 159.

e o
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For this, as in Section 159, let us put
Zy= g cosw -+ 3 sinwy,

Yi=g;sinw— <; cosw},

89 = o? I cosw) - ¥ Tsinw), .

whrence
t=a; yi'—o
We then will have
n dﬂ = chosw’— —: sinw, — n
<k ‘dwk = ' da; iy
dy; dF dF ,
Zing ;1;‘ = d7 sin ) -t- ‘—i;‘ cosa, - nyx,. ;2
It is otvious, as in the preceding Sections, that tlre equation 1
dA _ dF
dt " dx
as well as egs.(7) are a necessary consequence of egs.(£.2), (L.2), (1.2), w=rs

(8). Thus, these latter are sufficient for solving thre pro:lem.

The protlem, posed in this manner, presents a comcination of all 4iffi-.l-
ties which we had solved separately in the first Sections of tiris Chapter. T:c
same procedures are applicatle here.

We will use the following notation, for altreviating some of tre notaiior;
let us write
= 210,"",
¥ = £,007

[see the series (17) on p.125]. Similar notations will te used for symtols
other than oy .

After this, we can start by canceling p in all our equations; eq.(L.2; v’ Il
yield
Fo(Ag, Ag) = const. (

AP
L&y

Since the constant on the right-hand side is artitrary, we will satisfy this
equation bty giving Ay and Ab arbitrary constant values. As dore akove, we can
assume that these constants are independent of oy, i.e., that

Agg=0 for ¢ >o.

We will then have, starting from eq.(6.2),

dS, dsl'=})
dor = —2 dw (

o~

§0
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Co far as eq.(1l.2) is concerned, it will reduce to

dF(.
o _ 7
M=y,
ard, similarly,
nd— — dF,
1T dA,
Touati ~) and (2) will yield /180
]
Zag 9ot = —niyl, (7a)
° d}’,. 10 .0
Xn,,dw" =n;z;. (88.)

Trece e01uulo soare sat1~iled ty assuming that the terms n1 are zero and that
tre terms ¥, 7, Ci, and ¢ do not depend on w tut only on w' .

Let us row determine 3, or, rather,

So—[Se]-
Since <{ ani 7] are independent of w, eq.(ba) will yield
as, _ 45 _
dw,  dws ~ '

wriecr. means trat Sp does not depend on w but only on w' .

let us now consider, in our equations, all terms of the first degree in u.
Tren, eq.(L.2) will give

8n3Ay=n} A+ n%A, = F, = const. (Lb)

Equation (6.2) will furnish

+ Zo} —‘—I:‘—+2c° i S‘d(c“ i). (6b)

dwy =84 dwk dwy ¢ dwk dd dwy

The first term on the right-hand side obviously reduces to A; for k = 1 and
to Al for k = 2, since it is known that

1. = Wy, k‘ = Wwg.

For the same reason, on transforming w, into wy, we obtain

1
——,‘ = z c — G - 7
dwp tadw, 7 7 dwy dw

0 1 0.1.1
dsS [, d; ) dx} _d(c, <) )]. (6b')

It has been shown above that T? depends neither on wi nor on wz, which is



o the sune for oy; thus, 1t follows tinat

a[s,] _ o [deth
dwg

. ’ \ i
If, in eq.( 1), we ~se the moun
v =1 or 2, we will rave

ds,

[A4] [du-{] const ,
ds

A= [- '] — const.

~
T

Tavire, in ca.(li),
tecome an ar:itrary corst
te interchs

the rew. vnlic Lo
bowitioowrden Lo coonos

¢, co thrat tre rollowiry will ronsine

[F.]-‘: R - const.

In iy, the varictles L, A, Cp, Gred Ty
ST Sty T, : T
{y A4 Ti . DITICC, LT,

main a furction of lq, <y, anid
] [ - .
¢y and of T{. The lowest-licyrec

=
(

«
o
=3
}

-
=
(
Q

SA(e] )+ AT

d\ d¥ d*F
. ‘ - "— - —_— - Al —_ g -
Sk s dy,  dil a

T N

ott siles, we oltuin

o
©
o]
ey

akire the mein val.c

dR  d'F,

&F,
T dA, T dar (M

.. _
ny -

*

rig equztiorn will te ged telow for determinlry ri.

Iet s now turn to eos.(v) and (S), whkich ield

1 0 : :
o 0 dr « 1 dr] _dF, ooodby
Snd - o Xn) ol - cosw- - Dsina
dwy dwy dz) ds,
0 .
coodyl Db,
Tn? - -Tnal- - SN e - oS
duy duwy d=? d3?

]:»o.

tre firsi—dorree torms In

dF,
dAgdy,

an,ay; [N




. ; . . ) o) fo) 0
or, takins tre mear vilues ol' toth sides and noting that x;, yvi, 07, Ty depend

dr? d R .
" . . . 15,0 7
s B - - — oS, — - N W,—n )
Sn du" 4= ' d3? ‘ i Y rC)
Sny dy? - AR sinw) -~ dR coswy -+t yl
Fdw, T d=? odsy ! e (2¢)

(0] 0]
osltion to determine the quantities So, 07, Ti, and njt .

: v
Tree ozrados with tie pro"lem in Section 159 is quite obwious.

We russ from the rresent rrotlem to that of Section 159 by changing, re-

0 -0 [] oL X} . o
O¢y Ty T ¥y, Ri, Wy, R, S,

Tito
&i» Ni» Tiy ¥ ng, wi. F, S,
Tr. trut case, eas.(he), (7¢), (2e) are, respectively, equivalent to eas.(%),
f, and (L) or Section 1‘) Similarly, eq.(£a'), ottained on replacing wy in
(AP ot . Co
NS vy, is erdivalert to eq.(€) of Section 159.

Is) O
i deperds rob only on ¢f and on T; btut also on Ag and Ag.
cs s we nave dermonstrated atove — must reduce to

Jorgsequertly, tie procedires of Section 159 tecome applicable and will

’
0?, ":,1 n’klr s0'
Accorline to eq.\.e) the mintity R reduces to a constant which latter will
Aot eni on &y, g, ard Ay which “re our integration constants.
- .. . ot AR . . . ]
Fror tilic it results that - 1s still a constant. Since [A;], [A1], /183
SUAYS)

inl tre derivatives of Iy are still constants, the r.h.s. of ?q.(lc) will thus
zlso te a constarnt, which makes it possitle to eguate there nj.

- . 1 ) .
Tre quantity np 1s calculated in exactly the same manner.

Tre r.h.s. of eos.(7t) and (8L) are now completely known, which makes it
roscirle to write these equations in the form
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K4 N - o 4 N
is zero tecz.ce of en3. "z,

z!— (=], yi-D/)

zrd, corseg.ertl.,

M
Q
3,
)
<
]
=
-
e
t
Fe
[©)]
4
3
]
()
]
3
[$Y]
(@]
—
]
ct
o
]
'y
]
H
{0
ct
0]
[
[WR
]
)
]
=
@
3
(&
H’

Ec.ating, on toih sides of

tre terms in u, we ottain

wrich furristes the value of
d-}
1 1
Ty _‘["i]' a“; .
Equation (%), for wy = wy, will tren give

dS,

‘—1;';_1\|+2(31—3 )d“' .
wrence
d5| ’ dS|
A= a;‘l -+ q’ .\, = (?u: ~ @,

Tren, since Iy is kriown and since tre consiari on itre risnt-iand si
of eq.(Lb3 rad atove teen selected in an artitrary rmanrer, ec.(l..) will

8n% gor = @,
an eqguation wrich determires
Sy —(S,)

ard, consequently,

A—[A] AL — (AL

Since, as stated atove, (A ] and [Al] are constants that can te chosen
1y, Ly and A} are known.

In trat case, eq.(6éb?) furnishes

d<® dS
y % 1
2 ey T dw, T

e
-

arti

tr

0

'Io



aTg
does not depend on wy,

taking the rmean values and noting that ;
dwk

45:] - @

d<®
v 1 & _
Efe] dwy — dw)

or,

v suttracting and noting that 51 - [S:] is known,

or elcse,
dx}
g;‘v"_ (o} -—[oi]) = @. (D)
Tiis turnistes a sequence of linear equations, from which we can derive
o} —[si]
et s note tlat the equation
do} (E)
o @90
808 g = &
deiucel from
ds; dF
@ " (F)

4 consequence of egs.(A), (1), (D), and of the
/185

vnoeciating tre terms inou, is

nreviously sutistied cquations
(4a), (4b), (1a), (7a) (8a. (6a), (6b).

is practically oivious and we will return to this point later. It is

to derive eags.(7L) and (8t) from this.

Since, on tle othrer hand,

) in the form

Since the mean value of ® is zero according to eq.(lc), this equation will yield

Ai—[Xy).

Similarly, we ottain
A —[x)
First,

Let us now consider, in our equations, all second-degree terms in u.

eq.(L4.a) will furnish
Sn‘;A,:Z—dag- of + % G+ ) ‘g:! A + & + const. (4d)
i “i []

16”



’

Similarly, eq.(%.2) vields

i

=Y C':‘CJ‘e +r At i a ey -n T2
< L el

[ORSRs e ~- B ™2

reduces to

[Ay]) + @

In fact, &y ard Ay - (1] are vrown so <1t ulgso —2— dig vrewn. I w1l

v,
te srtown trab, as in tre treatrent of eq.(z:;,
.0 .2 -
[q, -d.,_]: [g" i{.‘]:_[dlc‘l__;l‘, B
¢ d“.‘ s d“.‘, dw. = 0.
Crn tre o-rer rand, -

d=! d-} d-!
12 ) — 1 1y 2 4 P2l RSN N
[C‘ dwk] [(:‘ [1' ]) d“'k] ' [ o ] (‘{6(" ]

ds,
[A] = -ﬁ;J —-¢® -. P - const. arb..

~T e

Ve will new tzie

[T T I I
ZrOovVe Tre Te4r Tnale
o
rc

ERU oLl
_rSae DIt Cen




T

It is rrxowr in

lew us sce wiat this equation will furnisr.
rrimuarils

0
- Il.r‘

- Y¥n
Aoy

1-
o
1.

. . (X4
! taken ty recalling that n
> of z lerivitive tad
LCro, Ve U“ll rind

n, 1s zero /18"

e £
‘en with respect to wy and wo is also

the term in — — which sives

T,
AL N Pl AF . BF L, @F
d=? dzrd\, dz)dag "' ddey TR deidsg ‘“)
or clsc
TR R A
°+2(d-°d{[ 1] dvday 174 d-odzy [34])

, - d
tre sune munrer for é

daoy
’ -

Imis will permit writing what

coomes of cqs.\”) 201 {2) if, on Loth cides, the second-de;ree terms in u are
wod , . , , ~
8 nj! —[T‘] = Acosw,— Bsinu,— n;'[y!] — ni?y?, (7e)
k
: h 8e
3 ! (ﬂy‘] = Asinw,+ Bcosw;-- ni![x!]+ ni* 2}, (8e)
dwj.
ere A and -F are tle r.h.s. of
s.(7e) and

E oar .(22) of Section 155 (p.129), from which
4 (2e) are rezdil; deduced. The following equation will then te

("e) and (8e), ortained ty taking the mean values in eq.(éb'):
d[8:) (=] dia'[=!])
dwy —-(l ]d - dwy T dwy ) (6C')
vith tre aii of eqgs.(Le), (Te), (8e), and (Yc') we will now determine



leils (=] n* [Si]

The equations are not distinct, and we have demonstirated in Chapter XIV <rat /i--

these quantities can bte determined from eqs.(Z2) of Section 154 alore, equiva-
lent to egs.(7e) and (8e).

However, we wish to outline arnother procedure in whick only egs.(Le),
(4c?), and (8e) are used and which more closely rescmiles thre method alwars uccl
in the present Chapter.

It might thus be of interest to demonsirate that eq.(7e) can te derived
from egs. (Le), (b6c'), and (8e). However, for this it is necessary to exurire
in more detail the manner in which eq.(7) can te dedueed from egs.(4.2), (£.2},
and (8) and then make a certain digression which will te the topic of “he followu-
ing Sections.

163. let us return to the protlem and the notations of Section l)u, trese
referrals, unless stated dlffarentlb, will always pertain to thrat Section. At
the beginning of thre present Section, we demongtrabeu that eqgs.(2) are a conze-
quence of egs.(1), (33 (4), and (6). However, one can also raise thre follmm
question: Let us assume that all equations derived from cgs.(1), (3), (4),

(€) rave teen satisfied Lty equating, on toth cides, ull terms independent of o,
all terms in u, in u°, and so on up to terms in p* inclusive. Does it follow
from this that the equations derived from eq.(2) have simultaneously treen catis-
fied ty equating on both sides all wholly known terms as well as the terms in

b, 1, ..., ©*? In other words, we assume that eqs.(1), (3), (4), ani (&) ixe
been satisfied to within terms in u +l, i.e., in such a manner that, after s.i-
stitution of our approximate solution, the difference of tre two sides lecores
divisible bty u’ l; does it follow from this that eqgs.(2) are also satisfied to
within terms in pf*?  If egs.(1), (3), (4), and (£) are satisfied to witiin
terms in p***, this will te the same for the equations ottained therefrom U
differentiation, addition, or multiplication, such as - for example - eas. (=3
and (8). Thus, eqgs.(7) and (8) are still valid tut with the one differerce *:.-,
on the right-hand side, the zero will hlve to be replaced vy a function exrari-

actle in powers of u and divisitle by p° A

We will thus have
d)‘ 3 d' ll}"
ayi far.  dyiy oy
2 dwi \ dr; dt ) H,
1

where H is divisible ty p**'. This then permits the conclusion that 1

v

dF d dy:
dr.- dt

is equal to a furniction of the same form, provided that the determinant of —é%%—

is not divisible by w. However, this is exactly what happens since the determi-
nant reduces to 1 for p = O.
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Conscaqiently, cqs.(2) arc satisfied to within terms in p?*'.
Q.E.D.

let us now pass to the problem in Section 161. The preceding reasoning
wrrlies here without change, but one more question has to be raised in this

) L
I"CSTCCl e

“ecides the equations derived from egs.(1.2), (2), (4), and (6) by equating
cr: tothr sides the coefficients of w’, we also must consider the equations ob-
~ained ry equatirg the mean values on both sides.

e will assume that egs.(1.2), (L), and (6) are satisfied to within terms
F As demoristrated telow, it follows from this that the same holds for

vle will assume, in addition, that the equations obtained in the following
murrer are also satisfied: In eqs.(1.2), (4), and (6), let us equate the coef-
ricierts of ¥ and let us then take the mean values of the two sides. Does it
rollow from tris ‘rat the cquation derived from eq.(2) by the same procedure
will also te satistied?

O'r hipothreses can te expressed as follows: Equations (1.2), (4), and (6)
are rot exzctly satisfied, but the difference of the two sides is a periodic
t.rnion of w and w' which can Le ewpanded in powers of p and is divisible by u°
.1 wrose mean value, taken with respect to w, is divisible by po* .

JJe will desirsnate ty H any function satisfying these conditions. It results
from thig trat trhe sum of the two functions H is a function H and that the de-
~lvative of M owith respect to we or wy is a function H. If, finally, we multiply

2 funetion ¥ operiodic in w and w' and expandable in powers of u, then the

-

;réd;ct will still te a function H provided that, for p = 0, the function K does

»0*% derend on w tit only on w'. Then, we will have /190
2(.‘_’" dvi _ dz dyi\_y
de dwy dwy ?T -
) d)’(_ dF A
& " am
({1‘,’ d}’,‘ dF - dJ‘{ _
do(d ) =M G =t
. dxy dxy . ..
cirnce 3 or ; reduces to zero for pu = O and, consequently, is independent
Wi dwy
or wW.

It results from this that the r.h.s. of eq.(8) will again be a function H.
Since the differentiation of eq.(4) yields

}S d¥ dz;  dF dy;\_ o
dr; dwy + W( (_1“—'5-)_ !
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it follows that

ii};;(d.r‘/ dF —H
g\t — 5) = He

where Hy is a function H; from this,

dri _dF _ 80
dt dy; a
. . dr . L . . .-
where & 1s the determinant of -T;L—, nuturally including there tre aurtitliss
AWy
dv! dy Ay - . L. . .
——ii—, -—L%-, and —1 .. Vith respect to 44, , this 1s orne of the minors cf l.
dwy dwy dwy
For v = O, the determirant & reluces to 1, &;., to 1 or to U tinug, —
is independent of w. Conserquently, we hLave
dri _dF _ g
dt d)’, - Q-E. .

14L. Let us now return to tne hipothescs of Seetion 159. let e adop: e
notations given there and let us arree that 211 referrals will pertuin to t:e
equations of JSection 15v. It is now a question to estatlish that

1) Ecquations (3) can te deduced from eqs.(L), (%), and (£). iris is =
point which we had postulated atoe without nroof tut of wiict: we will now ~Ii-=
a demonstration which will te useful later in the text.

2) If eas.(5) and (é) are satisfied to within terms of the order of ¢ +

with respect to oy and egs.(4) to witkin terms of the order of p + 1, f:on
egs.(3) will also te satisfied to witlin terms of the order p + 1 or, in otior

words, eas.(13) and (14) will tc a concequence of eqs.(7), (2), and (4).

Equations (é), which express that d5 is un exact differential, will . icl.

2 i dv; dt drni\ ,
\dwg dw,; dwy dwy )~ o .
from which, as in Scction 198, we can derive
Ay dng  Lodug
2,’ dwg dt dt dwy - e

Moreover, eq.(%), when differentiated with respect to wy, vields

Eﬂﬁkﬁ@_ )
% dwy U dng dwg ) T°

let us now put



14
i‘—‘cosw; -+ %sin w; = x,‘,

dt

-‘:—E“sinwi+ %OOSW.'= Ya,
;é‘;cosw,- + ;—‘:::sin w; = XY,
;é’;sinw(-k d_i}: cosw; = Y{,

-‘!Ecosw -+ ﬂsinw = A;
d’l,[ (] dei {§ = Ny,

—{F—sinw- -+ ifcosw-— B;
d'l“ [ ds: § = Dy.

In fact, with these new notations, egs.(3) and (4) will respectively /192
read

X(=A(, (6)
v=B (e)
Equation (B) becomes
S(XFY — YEX) =0 (B")
anrd eq.(y) changes into
I(XfB;—YfA) =o. (v')

We state that, from egs.(¢), (B'), and (y'), we can derive eq.(8); in fact,
from egs.(B') and (e), we deduce

S(X¥B; - Y¥X;) =0 (¢)
or, finally,
SYS(Xi—A)=0 (k=1 2, .oay R). (8)

Since the determinant of Y{ is not zero, one can conclude from this that

X‘= Al- Q.EQDO

Let us now assume that egs.(4) are valid to within terms of the order pt+l
with respect to @; and that egs.(5) and (6) are valid to within terms of the

order p + 2.

Then, egs.(2), (B), (y), (B'), and (y') will be valid to within terms of
the order p + 2, and eq.(e) to within terms of the order p + 1. Since the ex-
pansion of X{ starts with terms of the first order, a multiplication of eq.(€)
~y X} will yield an equation which will be valid to within terms of the order

p +2o

It follows from this that egs.(() and (6) are satisfied to within terms of
the order p + 2. We state that, consequently, eq.(6) will also be valid within
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terms of the order p + 1.
In fact, let us put for the moment

a; = Aa

in such a manner that the terms of the order p with respect to @; become di-
visible by A®.

We will then put [l
X;— A= Ap+t C.,

Y4 =22k,

What we wish to establish here is that C; remains finite for A = O.
Since eq.(8) is satisfied to within terms of the order p + 2, we will have
EYH(X,— Ay)= a1l
where H, remains finite for A = 0; hence
£2{C; = Hu.

It follows from this that C; remains finite for A = O provided that the determi-
nant of Z%¥ does not vanish for A = 0.

However, this determinant reduces, for A = 0, to
*a).a)...a,

and thus is not zero. Q.E.D.

165. We will return now to the problem of Section 162. We will prove that
eq.(7e) is a consequence of egs.(L4e), (6c'), and (8e), naturally by assuming, as
had been done above, that egs.(4a), (4b), (6a), (6b), (8a), (8b), (la), and (1t)
had been satisfied beforehand.

These hypotheses can be formulated in the following manner:

To state that egs.(L4a), (4b), and (4e) are satisfied means that we have

F = const + ptH,.

We will denote by H any function expandable in ascending powers of p and

periodic with respect to w and w', while we will call Ho, any function whose mea:r

value vanishes for p = O.

From this, we can derive
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dF d\  dF d\ _dF dy  dF ds,) 'H
Z(am dxdus T @& day T de dug )T

(@)
To state that egs.(la) and (1b) are satisfied, means that yatIn
Z =, (8)
whence, since - vanishes for p = O,
7. (3 — 3)=wn- (8")

Let us now pass to the equations deduced from eq.(6.2).

We will assume that egs.(6a), (6b), (6b') are satisfied, but this is not
all. In fact, to establish eq.(he), we have made use of eq. (6d) or rather of
eq.(6e) which is derived from the former by equating the mean values on both
sides.

Consequently, this equation (6e) is assumed as satisfied. However, this is
not the case for eq.(be') which is derived from the former by changing there wy
into wy.

How can all this be expressed in our new parlance?

Since egs.(%a), (6t), and (be) are satisfied, we will have
F = C‘+ F’H.’

where Cy, for the moment, is to denote the r.h.s. of eq. (6.2). If w, is trans-
formed into wy, we will obtaln, when denoting by C), what becomes of G,

a3 ,
a;—,’- = C'+ F'H.

The mean value of H does not vanish for p = O since eq.(7e') is not assumed to
be satisfied.

On differentiating the first with respect to wh and the second with respect
to wy and performing a reduction, we have

dCy dCy
dw, ~ dwy, — 1 H
Similarly, we would obtain
dC, dC,
Ty~ dwy = W
However, we only would have /195



e, _dcy

l— 'Hl
dwy  dw, ~ !

without having the mean value of H vanish for w = G. Nevertheless, if the equa-
tion is multiplied by nj which vanishes for p = 0, we get

dC,  dCy\_
(dw dw‘) uH.

Thus, we will have

dC dC , {dC dC
o [ma(52s — 22) + (% - )] = e

with the analogous equation that is derived from this by transforming w, into wy .
This permits writing
S (% dor— @ s+ % s~ @ ) =P ()
with the equation derived from this by transforming w, into wy .

Let us put, as in the preceding Section,

fiﬂcosw'i-#- %‘—; sinw; = X;,

dt

fit‘ sinw) — ?;;cos wi=Y,,
g‘:—: cosw) + :—;“ sinw) = X§,
;T:i‘- sinw} — :——;“cosw} =Y,

£¢:osw' aF i=A
d‘t‘ i — d—c‘smw,._. I's

. dF
sinw;+ ——cosw;=B;

daF
dvy dc‘

with other analogous equations where w,, X, Yi{ are replaced by the same primed
symbols.

Equations (@) and (y) then become 194
dF d\ dF dA

27 dos + 75 2o "’x‘B“Y““) uH,, (a?)
dA d\  d) dA

2(Z Zor — T 7o +""‘“—Yt"‘) uH,, (vy")

with other analogous equations in which w,, Xf, Yf are replaced by the same
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primed symbols.

On the other hand, since egs.(8a), (8b), and (8c) were assumed as satisfied,
we obtain

Yg— B" = “’H.'

A combination of all our equations will then yield
d\ (dA dF
g (@ - @)+ Yk Ao=wn,

with another equation in which the terms wy, and Yf are replaced by the same
primed symbols.

This constitutes a system of linear equations from which one can conclude
that

d.
2%—% and X, — A4

For u = O, what becomes of the coefficients of these equations and of their
determinant?

|
vanish except for dh and dA

The derivatives of s dw, dwz

which reduce

to 1. The terms Yi vanish. With respect to

da} . dz!
Y= dT‘L sinwj — -F‘,‘ cos w'

this expression is independent of w; and wz.

The determinant and its minors are thus independent of w for p = 0. In
addition, this determinant does not vanish.

From this it follows that

X;— A;= utH,,

which means that egs.(7a), (7b), and (7e) are satisfied.
QE.D.

As announced above, it remains now to establish that eq.(E) of Section 162
is a consequence of egs.(4), (B), (D), (4a), (4b), (1a), (7a), (8a), (6a), /197
and (6b).
From egs.(4a) and (4b), we deduce
A = utH, (a")

where A is the first number of eq.(x).
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From eqg.(la) we obtain

and
dA (d)  dF)
dwg\@ ~ )=+l (")

Let us now pass to the equations derived from egs.(6.2). Since egs.(6a)
and (6b) are satisfied, it follows that

m = C‘+|.I'H.

Similarly, eq.(ba') is satisfied but eq.(6b') is satisfied only to within a
function of w . In fact, we have deduced eq.(D) from eq.(C) equivalent to
eq.(6b') by reducing there another equation whose two sides are unknown functions

of w'. Therefore, we can now write

ds s .
7“’—,' = Cg+ p*H + pK,

where K is independent of w.

One can deduce from this

3‘% - j—f,: = ptH,
or, since ny is divisible by u,
or, finally /138
C=pH, (v")

wher? C is the 1l.h.s. of eq.(Y) or else still this same side with w, replaced
by Wi e

Equations (7a), (8a), and (D) will yield

do , v
dt de;

A combination of all our equations will then give
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z!i(ié d_"') dy (do;  dF\_ 4
dw\dt — & *m(Tz 7{,)‘*‘ ’

which are linear equations from which, as above, we can derive

de; dF

T — utH.
@ = WH

Q.E.D.

166. After this long digression, let us return to the problem of Sec-
tion 162 where we left off. At that point, it was a question of determining
(o1 ] and [T} ] by means of egs.(Le), (8e), and (6c').

For this, we will assume the two terms of our equations as being expanded
in powers of «@; and, on both sides, equate all terms of the same degree.

Equation (L4e) will start with first-degree terms so that, equating all
terms of the first degree, we will obtain

ZaA (s [af ]+ 0 [<]°]) = ® + const. (4b)

Since the r.h.s. of eq.(6c') starts with first-degree terms, we will first
find

[S1.0] = const.

After this, equating all terms of the first degree, we obtain

dl s].l] = 2[[0,""] f:?" gy n d[1 0] P {CH ‘[1| 0])]

dw) dw’, dwk
or else .
sd[snl_x([ }.] d‘t‘ _[ ‘.] da?" )
' (1 G~ T (68)
=—al '[" .]-‘k Y=k °]= e G2t

In this manner, eq.(4f) will become

O

= ® 4+ const ,

which yields [S;.:] and, consequently, the terms [x;"°].

It then remains to determine the quantities [v+°°] and to satisfy eq.(8f),
obtained by equating all terms of zero degree in eq.(8e) with respect to a .
orously, eq .(4f) is sufficient for this if it is recalled that the terms
[of ] and [ 9] must be consta.nts since the terms op and T, are expandable in
powers of @; cos w; and @, s:Ln w; so that the terms of zero degree with respect
to @y must be independent of wj .
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What is now the function & on the r.h.s. of egq. (4L£)? To obtain this func-
tion, it is obviously necessary to do the follomng. Take the function -Fz; re-
place there A, A, 04, and Ty by Ao, w, o} , and 70; take their mean value, con-
31der, in thls mea.n value, the tenns of ilrst degree with respect to of and to
1’; ; replace there o} and 1’? by o} ‘! and " -1, Thus, % will have the form

EBaf ' + ECift,
where B, and C; are constants. Then, eq.(4f) is written as follows:

ZaA(af' (ol °]— <" [<}°]) = ZBie)' + ECix{"! + const.

If the quantities [01; *°] and [T} %] must be constants, the equation can te
satisfied only by canceling the constant and by setting

= hr (1= e

We state, in addition, that eq.(Bf) is satisfied in this manner since  /2C:
thus also egs.(23) of Section 155are satisfied, of which eq.(8f) is only a
simple comb:Lnat,:Lon obtalned by adding these equatlons after having multiplied
them by +sin wi and -cos wj .

Let us now equate the second-degree terms in eq.(4e), so that
ZaAy(ef [of ']+ <0 [x}']) = & + const. (Leg)
Similarly, on equating the second-degree terms in eq.(6c'!) we obtain

o Tl o e e D = — o ) (6g)

Then, eq.(4g) becomes

Z2A;

= ¢ + const ,

d[S:.4]
dw:

which yields [S;.2] and, consequently, also the [x ' 1.

let us now consider eq.(8g) which is obtained by equating, in eq.(8e), all
first-degree terms. This could also be obtained by setting q =1 in egs. (25) of
Section 155, multiplying the first equation by sin w; and the second by -cos wj
and then adding them. Let us perform this operation by recalling that the con-
stant, denoted by % °° in Section 155, is now represented by @y . This yields

Sn-e d&y‘;‘;] =8y =@ —npo [z} )+ Rt (eg)

Now, [x°'] is known, so that the equation reduces to

Ayl =@+ ntta.

12.1

The quantity ng is determined such that the mean value of the right-hand
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side be zero after which the equation readily will furnish [y}'l] and thus
[o1°*] and [T 1.

'a Q{mtinizing in thislmanner, one would similarly determine the quantities
ng~ %7, [07°%], and [Ty70].

After the terms n;, [0j], and [T} ] have been determined in this fashion,
the other quantities can be calculated by the methods given in Section 162.
Each quantity would have to be determined by a procedure differing from this /201
only by the fact that its index (relative to the degree in p) is less by one
unit.

Naturally, it is necessary to observe the same sequence as in Section 162.

The methods of Chapter XV thus permit reaching the same goal as those of
Chapter XIV. Several of the calculations are somewhat simplified. In addition,
these new methods have an advantage worth mentioning and not exhibited by the
methods of the preceding Chapter, namely, that of inherently containing the
proof of their own feasibility. Thus, these methods can be developed without
having to go over the intermediary of Chapters IX to XIII, not to mention the
numerous changes of variables that had to be made in those Chapters and that are
useful only for demonstration purposes but not for the calculations themselves.
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CHAPTER XVI (202

GYLDEN METHODS

167. The methods to be discussed here possess considerable originality.
Most of them, despite appearance to the contrary, are based on the methods dis-
cussed in the foregoing Chapters. However, some of the new methods go beyond
the former and permit treatment of problems to which the procedures given in
Chapters IX and XV are no longer applicable; thus, they have a more intimate
relationship with the methods to be discussed later in the text.

Naturally, the manner of approach will differ greatly from that employed tx
Gyldén.

The Gyldén methods are actually a composite of several artifices that have
no necessary interconnection and that should preferably be studied separately,
it then being only necessary to effect the synthesis which can be done ty tre
reader himself without any difficulty.

The first of these artifices is the use of a particular independent vari-
able.

let us first assume that the three bodies move in the same plane. In this
plane, let us consider the motion of one of the planets, subject to the action
of a central body whose position we will take as the origin, and subject to tre
perturbing action of another planet.

Ilet r and v be the polar coordinates of the planet under study, w the mass
of the central body, and {2 the perturbing function. The equations of motion
will be

— -d—‘— ;—’=E.

d ’dv) .
(' dt) _de  dir (de\t @ de (1)
di T dv’ dn “’( )

In the case in which Q = O, the motion becomes Keplerian. The first of the /2%
equations of the system (13 is directly integrated and yields (with c being
constant)

dv \
r'—d—‘=ﬁ. (2/‘

If then the quantity v is used as the independent variable and if we put

r=- —%—, the second equation of the system (1) will become

diu ® 2
E’T+u+z=0, ("

which directly demonstrates the elliptical shape of the trajectory.
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Let us return to the general case in which Q is not zero. Gyldén suggested
adopting an independent variable such that the equations of motion assume a form
analogous to that of egs.(2) and (3).

For this, let us put

do Vo, )

where co is a new constant.

When taking v, as independent variable, the first equation of the system (1)
will become

d*v _ rtda
T de (5)
and the second equation (1), again putting r = - -%;,

du dv\* u r2do
7@"’“(77.) e codr

The analogy with eqg.(3) becomes even more evident if it is noted that, in the
calculations given below, v will differ very little from v and if, introducing
into the right-hand side of the equation a very small term being of the same
order of magnitude as Q, we write

%+u+ﬁ=ﬂi’2+u[.—(d"_;)’]. (6)

Co Co dr

The choice of the variable w, despite the fact that it offers obvious /204
advantages, is not without drawback.

In fact, the three-body problem presents itself in two quite different
forms, depending on whether one has to do with two planets whose masses are com-
parable or with planets one of which is much smaller than the other.

In the former case, it is necessary to refer one of the plangts to the in-
dependent variable v and the other to the independent variable vo which is ana-
logous but different and is defined by the equation

dvy _ Ve,
dt — rt’

where r' is the radius vector of the second planet.

This constitutes a source of complications. Therefore, the Gyldén method,
in its original form, is more suitable for the second case, for example in study-
ing perturbations of the minor planets produced by Jupiter.

However, here again difficulties arise.

The motion of Jupiter is known but as a function of t rather than of vo.
To change from the expression as a function of t to the expression as a function
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of vo, it is necessary to substitute t by its value as a function of v, derive:
from eq.(4). This expression of t as a function of v, will differ in each ap-
proximation; therefore, each time it will be necessary to correct the coordi-
nates of Jupiter. These drawbacks are partly compensated by significant ad-
vantages. Another disadvantage is the fact that our equations have lost the
form cf lagrange equations; however, we will be quick in restoring these.

168. Below, we give the form under which the equations of motion appear.

The coordinates u and v of the first planet are expressed as a function of
Vo by egs.(5) and (6), whose left-hand sides have the simple form

do L S
dv} dv} Ce

and whose right-hand sides depend not only on u and on v but also on the corre-
sponding coordinates u' and v of the perturbing planet. 20

The variable vo will be correlated with t over eq.(4).

The coordinates u' and v' of the second planet will similarly be expressed
as a function of a new variable vy by egs.(5') and (6') analogous to egs.(5)
and (6).

The variable vy, for its part, will be defined as a function of t by an
equation (4') analogous to eq.(L4).

let us assume now that, to these equations, one wishes to apply procedures
analogous to those of the old methods of celestial mechanics; then, the followins
is necessary: let us imagine that the approximate values of u and v as well as
of u' and v\ are known as a function of Vv, and as a function of vj.

On the r.h.s. of eq.(5) or eq.(6), let us substitute u, v, u', and v' ty
their approximate values as a function of vo. The right-hand sides will become
known functions of vo and our equations are then easy to integrate by quadrature.

This furnishes the closest values of u and v as a function of vp.

In operating similarly for egs.(5') and (6'), we will obtain closer values
of u' and v' as a function of .

By quadrature, eq.(4) will yield t as a function of v and eq.(4') will
furnish t as a function of vj. Consequently, by comparing these two results,
will be obtained as a function of vo and vice versa.

It will then be possible to express, in a closer approximation, u and v as
a function of vy or u and v' as a function of v,. Since we now have closer
values of u, v, u', and v' as a function of v, and as a function of v, we can
use this second approximation for operating as we had done with the first ap-
proximation, and so on.

It now remains to select the first approximation. For the moment, let us
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attempt to see what mathematicians, imbued with the spirit of the older methods,
would have done for a better understandlng of the improvements that Gyldén had
found necessary to introduce. It is clear that the choice conforming best to
this spirit would be that of taking, as first approximation, the Keplerian
motion.

This will yield /206
v = vy, u=-—-c—':+¢cosv.+psinv.,
V=vy, U=-— Z_":—' + a’cosvy + B'sinv,

where o, B, o', and B' are constants of integration.

So far as the relation between vo and vo is concerned, its form is rather
complicated. We obtain

dv, - _dv, ,

wie Wi/,

which is an equation that can be integrated by quadrature. From this, w can be
derived as a functlon of Vo . On expanding v in ascending powers of the con-
stants o, 8, o', and B' which generally are very small, the first term of the
series whlch is independent of these four constants w1ll reduce to a linear
function of vp.

Thus, the correlation between vh and Vo is complicated from the first ap-
proximation on. This represents a somewhat artificial difficulty of an entirely
new type. It has to do with the choice of independent variables and will disap-
pear only when abandoning the procedures, inspired by the old methods, for the
actual Gylden methods.

We never encountered anything like it in studying the Newcomb methods;
nevertheless, the importance of the fact must not be exaggerated. The expansion
of the perturbing function will always require tedious and lengthy calculations.
However, the series is obtained more rapidly as a function of the true anomalies
than as a function of the mean anomalies. In the Newcomb method, we had assumed
the perturbing function as being expressed over osculating elements of the two
planets and their mean anomalies. To obtain this function, excessive efforts
would be necessary but as soon as it were actually derived all obstacles would
be leveled. Here, conversely, we have expressed (1 as a function of u, v, u',
and v' which is incomparably easier. However, the difficulty avoided in this
manner will of nece331ty reappear for the moment. The complex relation that
connects Vo to v is the first form under which we encounter it. The incon- /207
venience here is the fact that one has to start anew at each approximation and
that this will have to be repeated several times.

Let us now define the pitfalls to be feared in employing these procedures
that mimic the old methods and let us define the artifices used by Gyldén for
avoiding them.
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Equations (5) and (6), after replacing on the right-hand side the terms u,
v, u', and v' as a function of v, will become equations linear on the r.h.s.
and will be easy to integrate.

In the first approximation, these right sides present themselves in the
form of trigonometric series whose terms will depend on the sines and cosines of

(n + mk)o,,

where n and m are integers and k is the ratio of the mean motions. If the r.h.s.
of eq.(5) did not contain known terms or if the r.h.s. of eq.(6) did not contair
terms in sin v or in cos vp, then the values of u and v, derived from eqgs.(5)
and (6), would still have the same form. However, the r.h.s. of egs.(5) and ()
precisely contain wholly known terms, namely, terms in sin v, and cos v, SO
that, in the expression of v, a term in

v
and in the expression of u, terms in

ve COSPy and oqsinv,,

will appear where the independent variable vo will be removed from the trigono-
metric signs.

In the following approximations, it is obvious that, outside of these sirns,
still higher powers of v, will be encountered. Thus, as was easy to predict,
the use of the variable w has changed nothing in the essential character of itre
old methods; therefore, one must resort to another artifice to prevent the vari-
able from leaving the trigonometric signs.

The. only advantage of the choice of vy, aside from the drawbacks mentioned
above, is thus the fact that it imparts a linear form to the equations.

169. To avoid secular terms, i.e., terms in which vo no longer is under tkre
- N - 14 . Iy . ~
sine or cosine sign, Gylden had to invent a new artifice. 2C8

Let us consider one of the equations (5) or (6). let us transfer, to the
left-hand side, that or those terms of the right-hand side whose influence seers
greatest. On the right-hand side, let us replace u, v, u', and v' by their ap-
proximate values in such a manner that the unknown quantities u, v, u', and v
will appear only on the left-hand side. This will yield new equations which can
be integrated by the aid of the new artifices.

Obviously, this constitutes a high degree of arbitrariness. In fact, de-
pending on the individual case, one can center attention on either one or the
other term and transfer it to the left-hand side. This is the prime reason for
the flexibility of the method. Despite the fact that, so to say, this can be
varied ad infinitum, we will enumerate here the forms of equations most often
considered by Gyldén.

Let u;, w, ul, and v§ be the approximate values of u, v, u', and v'. Let

180



us put

. __ 0 ’ ot o'’
u=u -+ 2, v=wn+7, w'=u;+p, vi=vi+7"

The quantity p will be what Gyldén called “evection" and the quantity x will be
called "variation". Ordinarily, one is content to take

V)= Vg, 0 =vo+ Y.

With these new unknowns, egs.(5) and (6) will assume the following form

d?
@i =h (5.2)

dto

2 Tp=8 (6.2)

wrere A and I are functions expanded in ascending powers of p, p', X, and X' and

dx

in addition - at least so far as B is concerned - in ascending powers of T
()

Tre coefficients of the series will be known functions of vo. Then, we will
transfer to the left-hand side some of the terms of A and of B; retaining /209
the urnknowns p and X on the left-hand side, we will replace these quantities by
zero on the right-hand side for a first approximation.

The function B, among other notable terms, will contain also terms of the
form

Cpn, Cpsin()vo+ k),
where C, A, and k are constants.

1) If the second of these terms is transferred to the l.h.s. of eq.(6.2),
we will find

gv_‘;+9[|—Csin(lv.+k)]=Blv (6a)

where B' is what becomes of B when eliminating the term which thus has been
transferred to the left-hand side.

In B', we will then set
p=x=P =Y =0.

Equation (6a) will still be an equation linear on the right-hand side but will
no longer be an equation with constant coefficients.

It is now obvious that, since @ and B are any two very small quantities,

one can just as well write
F-4 57
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ﬂ + p[(1+ a)— C(1+ B)sin(Ave+ k)] = B,

dv}
where
B’ = B'+ ap + CBpsin(Avg+ k)
and where, in addition, we finally will have in first approximation
B°=B'=B

since it has been agreed to cancel p, p', X, and X' on the right-hand side.

This makes it possible to profit in various manners from the indeterminacy
of @ and B.

2) It is also possible to transfer, to the left-hand side, a term in p° /21.
and to write

a
——d,,‘; +p—Cp?=B—Cp?
or

&
T«":’+P(l+a)—09’=3+¢P—CP’v (€e)

and to then set

on the right-hand side.

3) It is clear that A will be a function expandable in the sines and co—
sines of multiples of v and v'. Iet then

Csin(my + no'+ k)

be a term of A; m and n are integers and k is a constant. lLet us replace there
vby vy + X and v' by its approximate value vi, expressed as a function of v,
so that we obviously will have

1 =9+ @,

vy = poo+ ¢,

where ¢ and ¢' are series expandable in the sines and cosines of multiples of
Vo and uvp, while p is the ratio of the mean motions. The complementary terms
¢ and @' are incidentally much smaller than the leading terms vo and wvo .

Then, the expression

Csin(moy+ nvy + k)

can also be expanded in a series arranged along the trigonometric lines of
multiples of vo and uvp, while the main term of the series will be
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Csin(moo + npey+ k).

At the same time, if in the expression

Csin(me + nv} + k),
we substitute v and vi by

vo+ Y+ ¢ and uoe+ ¢,

then this expression will te expandable along the trigonometric lines of /211
multiples of

®ey Po+ ) and §#9,
and the main term of the series will become

Csin(mve + npoy+ my + k).

This is the term which we will transfer to the left-hand side of eq.(5)
which then can be written as

da*y

F —Csin(moq+ npvy+my + k)= A’ (53')

where
A'= A — Csin(mvy+ npvo+ my + k).

Hext, we will set in 4A',

’ ’

p=x=¢=x=o,
in such a manner that A' can be considered a known function of Vo e
Most often, one will be content to take
vi=vs, V)= o,
which somewhat simplifies the discussion of the above procedure.
Equations (6b), (6c), and (5a) are those most frequently used by Gyldén.

Let us note that all have the following form

;:-:- =Jf(p, vo) (a)
or
% =f(x’ v0)- (B)

Consequently, one can reduce them to the canonical form according to what we said
in Volume I, p.12 [eq.(3) of Sect.2].



Vle have assumed that, on the right sides of our equations, we had set /212

’ ’

Tris is actually what is done in first approximation. However, in second ap-
prox1mat10n, it becomes necessary to substitute on the right sides these quanti-
ties p, X, P', and X' by their values derived from the first approximation, and
SO on.

Consequently, these right-hand sides will always be known functions of wvo
and the equations will retain the same form.

1. Reduction of the Equations

170. Equations (5a), (6éb), and (6c) are of the second order. This is due
to the fact that we made certain that only terms depending on X alone were trans-—
ferred to the l.h.s. of eq.(5) and only terms depending on p alone to the l.h.s.
of eq.(6).

If then, on the right-hand side, we set

’ ’

P=7.=P=7.=°'

then eq.(5) will contain only a single unknown X and eq.(6) will also contain a
single unknown, namely, p.

However, this cannot be always legitimate. It might happen for example
that, on the r.h.s. of eq.(5) certain terms depending on p are just as important
as the most influential terms depending on X and that this also has to be trans-
ferred to the left-hand side.

This is the same for eq.(6). Thus, after canceling the terms p and X on
the rignt-rand side, the two equations (5) and (6) will still contain the two
unknowns p and X so that, after elimination of one of these, the resultant equa-
tion will no longer te of the second order but will now be of the fourth order.

Tre order will even be higher if one had been forced to transfer to the
left-hand side all terms depending on p' and x'.

In these cases, Gyldén - to return the equations to the second order - used
a procedure of which we will give the essential principle. /213

Let us first consider a fourth-ocrder equation, for example having the
following form:

d'p d3p dp
Z:p—f-P—G(A-f-B;d‘—FB; dv'+B’d’+B‘d +BOP) (l)

where A and B are known functions of v which are assumed to be finite, while «
is a very small coefficient.
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The equation demonstrates primarily that, if the initial values of p and

of

qv_ are of the order of «, which we will assume here, then p will remain of

the order of «.

Thus, neglecting all terms of the order of o, we could write

d?
d_vF:+P=aA

which would return the equation to the second order.

However, we wish to take terms of the order of o°

into consideration ty
neglecting those of the order of o’

With this degree of approximation, we
g p ’

obtain

d‘p__id’o d*A
sc-‘m— —d_'+¢ dU”

dp _ dp dA
f— c;;-f-!’m’ (2)
d‘f: = -—ap + atA.

This result is obtained on multiply%ng eq.(1l) by o and there neglecting all
terms that have become of the order of o by this multiplication.

Then, eq.(1l) becomes
‘;g+p—aC+de-—+cE9, (3)
where

drA d
C= A+Bl(d'—' )+B;7—+B'
D=B,—B,,
E=B.-—B|+B°.

Thus, the equation has been returned to the second order.

[21

Equation 53) is valid for quantities close to the third order, namely, to
the order of o~ . This will yield, to within quantities of the fourth order,

d""‘p dp dp dp
@ = d,-o—a d‘(C+Dd +Edv') (h)

If then on the r.h.s. of eq.(1l), we replace

d"p a”p d'p
R 7 Al 7 L ]

by their values (4), an equation will be obtained that is valid to within quanti-
ties of the fourth order and which itself will be of the second order.
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And so on.

It is obvious that the same method is applicable to any equation of the form
dya"'f‘—af" (t)

where @ is a very small coefficient, while f; can be expanded in powers of p and

of gs , and fa can be expanded in powers of

ie ) dn—1p d"p

B2 T @t Gon

Consequently, eq.(5) is no longer linear. However, the only difference
resulting from this is the possibility that terms are present of a degree higher
than p and its derivatives, and that these would be allowed for only after tlre
second and third approximation.

171. let us now consider the following equation:

%+p=a(A+prCdv). ()

where @ is again a very small number while A, B, and C are known functions of v.
This equation, when differentiating it so as to ellmlnate the integral sign, /212
would become of the third order. However, Gylden reduced this expre551on to tre
second order by profiting from the smallness of the number o and bty using a
process analogous in essence to that employed by us in simpler examples.

In fact, P and @ are of the first order so that the term

¢prCdv

can be considered as being of the second order. In that case, neglectirg all
quantities of the third order, we ottain

d*p .
e i ta=a A,

anpCdv-a’BfACdo—udePqu, (-)

and, integrating in parts and denoting ty C' and C" the derivatives of C wi:n

respect to v,
dp d>

. n -~ .
In general, tre quadrature ' ACdv can te performed readily, such that

BfACds'=

whence

[
(1)
(8]



can be considered a known function of v and that the integral ijdv will be
reduced to the integral [pC"dv which has the same form.

In general, in the examples that Gyldén had to treat, C has the form

C =Bsin(dv <+ p),

where B, A, and u are constants. It results from this that

C'=—11C,
whence
anpCdv:c'D—chg—s +aBC'p+l'aijCdv.
from which it follows that /216
_ a'D aBC dp aBC’ 8
anPCdv_n—k’—l—k’3;+o—k’9' ( )

If, in eq.(6), we substitute

anpCdv

ty its value (8), which can be done by neglecting all quantities of the third
order, the equation will be reduced to the second order.

If C is a sum of terms of the form

Bsin(ho+p),

:prCdv

then the expression

will be a sun of terms of the form

aﬂpr sin(Av+ p)dv,

and each of these terms can then be transformed by a formula analogous to
eq.(8). Thus, eq.(6) will again be reduced to the second order.

Equation (7) is valid only for quantities close to the third order. If one
does not wish to neglect these quantities, it is necessary to write

anpCdv:z!D—zBf% Cdv + ats,
ty putting, for abbreviation,

o= dev(CprC dv).

Again assuming that C reduces to a single term

C = Bsin(Av + p),
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we can derive from this that

a*D aBC d> aBC' ate
zprCdv: —n  a—nide Ti—m? TR

such that eq.(6), on transferring certain terms to the left-hand side, will /217
become

1p aBC’ dp aBC A atD ats
2 ('_TT')"'?{?FX?"“ BT Ry Ui
In general, one does not retain on the left-hand side all terms that we have
transposed to there but only the most important of these. When bringing the
other terms back to the right-hand side, an equation of the following form will
be obtained:
dip dp

- dp =)
e +EE +Fp=G+Hpr kP 1Ly, (3)

where E, F, G, H, K, and L are known functions of v.

This permits operating as follows: On the right-hand side, let us first
set p = 0 = 0. This will yield an equation linear on the right-hand side whick
can be integrated and will yield a first approximate value of p and, consequen:-
ly, of 0. These values are then substituted on the right-hand side, yielding a
new equation linear on the right side which will yield a second approximation
for p and o, and so on.

It is clear that we could also operate in the same manner if eq.(6) were
not linear and, for example, would contain powers higher than p. From this it
would merely result that the r.h.s. of eq.(9) would contain terms of the form

Bp® and Bpr"dv,

where B and C are known functions of v (n > 1). In these terms which are of thre
order n + 1 at least with respect to @, it is possible without inconvenience - as
in the other terms on the r.h.s. of eq.(9) - to first replace p by O and then ty
its approximate first value, followed by the second, and so on.

So as to render application of this method useful, it is necessary that A
be very close to 1, such that the expression
a
T— At

f~=

will definitely be small but much less so than @. One then admits that the =_:
various terms on the r.h.s. of eq.(8) will be sufficiently large for not beir:
neglected, even in the first approximation.

Otherwise, it would be rather simple to leave the term

zprCdv

188



on the right-hand side and to first assign a value of zero to the term p, fol-
lowed by its various approximate values.

This means that, in most cases, it is a question of transposing only a
small number of terms (and frequently only a single term) to the left-hand side,
having the form

asfpp sin(Ao + p)dv.

The method of reduction to the second order, discussed above, is of advantage
only if A contains no term in sin Av or in cos Av. Without this, the integral

fACdv

would contain a term in v and the variable v, in the expression of D, would be
removed from under the trigonometric signs.

This particular fact never occurred in the applications that Gyldén himself
made of his method; besides, there always is some means of avoiding it.

Let us write eq.(6) in the form of

%+p—aaf90dv=aA. (6.2)

Until now, we have considered A as being a known function of v. However, it can
also be assumed that A depends not only on v but also on p in any manner, linear-
ly or not, directly or over the intermediary of its derivatives or integers of
the fonm‘Idev. Only the terms of A that depend on p are supposed to be /219
smaller than the term

chpCdv

which had been transferred to the left-hand side.

Then, the value p in A will first be replaced by zero and then by its suc-
cessive approximate values. Thus, at each approximation, A can be considered as
teing a known function of v.

Under these conditions, eq.(6.2) is an equation linear on the right side.
If, actually, we put
/pCdv:t,

can be expressed linearly by means of the derivatives of T.

dap

then p and 5
dv

For integrating the equation with a right-hand side, it will be sufficient
to be able to integrate the equation without a right-hand side

drp -
m+p—anpCdv_o.
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This equation has the same form as eq.(6) and can be subjected to exactly the
same method of reduction. Only, since A is zero, the difficulty mentioned
above need no longer be feared.

172. To recapitulate, this is what we have done: Let us suppose that a
term containing a single integral
prdv

will be sufficiently important to have it of necessity brought over to the left-
hand side. Because of the above-discussed transformation, this term can be re-

dp
dv

sufficiently small for being brought back to the right-hand side.

to within terms that are

placed by a sum of terms independent of p and of

Iet us assume now that one had been obliged to transpose to the left-hand
side a term containing a double integral, namely, a term of the form 22C

M=aAfduB(‘/'pCdu)=Afdv(anpCdv),

where A, B, and C are known functions of v. To within terms that can be brought
back to the right-hand side, we will then have

¢prCdv=Dp+E%,
where D and E are known functions of v from which it follows that

M=Aprdv+Af—f:—sEdv:AEp+Afp(D—%)du.

Thus, M is reduced to terms depending only on a single integral and treatable as
done in the preceding Section.

It then remains to explain how these terms, containing single or double
integrals, can be introduced into our equations.

These equations can be written as

d*
?—c:xf=A+BX-+CP+D’

& d
d—0§+p=E+Fp+Ga—z;+Hx+K,

where A, B, C, E, F, G, and H represent known functions of vo, while D and K de-
perd on p' and X' or on higher powers of p, X, and —%%—-.
o

From this, we derive
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a?
Fv—g+P=E'+FP+Gfo_dv.+Gprdv.

+Hffo_dv.dv.+ijdev.dv.+K',

where E' is a new known function of v, easy to form, while

K’=K+Gfde.+Hf[l’)dv.dv.

depends on p', X', and on powers higher than p, X, eee «

It is otvious that we thus have introduced terms of the form /221

Gpr dve. Hfprdv.dvo,

which one could transpose to the left-hand side and transform as stated above.

173. We have reduced our equation to the form

d*o d> _
—‘Iv—:-'. Az;;-f—BP—C,

where A and B are known functions of vp while C contains the unknown functions
and, in particular, p. However, we have agreed to replace there these quanti-
ties first by zero and then by their successive approximate values such that C
can also be considered a known function of vg.

This is an equation linear on the right-hand side which can be further

simplified by causing the term in gso to vanish. For this, it is sufficient
- as is known - to put
=i,
so that the equation becomes
Z% +Bs=C,

where B' and C' are new known functions of w,.

In general, it is sufficient to retain a single term in B' and to transpose
all others to the right-hand side so that the equation will be reduced to the
form of eq.(éa) in Section 169.

174. Up to now, we had assumed that the three-body motion takes place in a
plane. Very little has to be changed in the case in which the inclinations of
the orbits must be allowed for.

In that case, let r, v, and © be the radius vector, the longitude, and the
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latitude of the first planet so that the equations of motion, returning in 222
all other respects to the notations of Section 167, will be

z(r’cos 0 _‘ﬁ’)_ d_Q'

dt dt
dir odv _rdi , B de
a—ﬁ—rcos a0 4"-1‘ _:{7"

:‘ rt ;I‘Q)-w-r’smﬁcosa ;:; = 'ﬁ'
Let us then put
[

U= —->z, s=1tan 0
rcos®

and let us introduce, as in Section 167, an auxiliary variatle v, defined ty tre
equation

dv._ .
—d—‘—-u /L_‘—o.

From this, we deduce first
dtv 1 do

v cout dv’ (1)

which is an equation analogous to eqg.(5) of Section 167, after which we find
similarly

dtu N ~N
d,-r—u_.A—;;cos‘O (2)
dts
d—v:"l'-J:B, (3)

where A and B are combinations of the derivatives of the perturting function.

Then, in B, A, and , one can replace the coordinates of the planets &tz

ds
dv
their approximate values. The right-hand sides of our equations (1) and (3) are

then known and we can calculate v and s. If s and thus also © are known, the
r.h.s. of eg.(2) will also be known and u can be calculated.

Operating in this manner means to remain within the essence of the old
methods. However, Gylden, as indicated above, transposed some of the most im—
portant terms of the right-hand side to the 1l.h.s. of egs.(1l), (2), and (3),
applying, as necessary, the reduction processes of Sections 170 - 173 and /227
thus obtaining equations of the same form as those of Section 169.

2. Intermediate Orbit
175. We have put above

u=u-+p, =9+,
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where u; and v are approximate values of u and v.

The choice of these approximate values, which remains arbitrary to a
certain extent, otviously is of great importance. To keep in line with the old
methods, it would te necessary to take, for u; and wi, the values corresponding
to the Keplerian motion.

Gyldén preferred to come closer to the real orbit from the very first ap-
proximation. However, it is obvious that the subsequent approximations will be
more rapid and in addition - as shown in Section 133 - the case in which the
motion is Keplerian in first approximation presents a special difficulty which
one should try to avoid.

Below, we will show what Gyldén did in this respect.

He assumed first that w = v and that u; is determined as a function of wvo
in the following manner: We have the equation

du (dv)’ p_f_’_dn.

a0y T\ ) T T o dr

d&
dr
very little differing from the mean of the values taken by ‘%%L when varying

by a function cou’9(u) depending only on u and

Let us first replace

(while keeping u constant) v from O to 2m and varying u' and v' such that the
second of the planets (whose coordinates are u' and v') assumes all possible
positions on its Keplerian ortit. Next, let us replace u and v by u; and v

such that gv reduces to
Vo

d9| - dv. _
dve — dv,
Thus, our equation becomes /22
diu, B
——dvz -+ "|+z; = 3(wu). (1)

This equation is easily integrated by quadrature. Interpretation of this
approximate solution is readily possible.

Let us add the following equation to eq.(1):

%:u}/«:—.. (2)

It is obvious that, when considering a fictive star which, at the epoch T,

has - as radius vector and vo as longitude, this star will have a same
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motion as though it were attracted by a fixed mass located at the origin and
oteying a certain law different from the Newtonian law. Nevertheless, this
gravitation depends only on the distance since it obviously is equal to

pui—coulz(u),

and since

= exactly represents the distance of our fictive star from the
1

origin, i.e., from the fictive attractive mass.

The variables t and T, corresponding to the same value of vy, are intercon-
nected by the relation

dt u}
= ur

The variable T, which only serves for this particular interpretation, has
been given the name "reduced time".

The orbit described by our fictive star has bteen denoted as "intermediate
orbit" since, so to say, it keeps the middle between the real orbit and the
Keplerian orbit.

For

o(u)y=hu-3 or hu,

where h is a constant, the integration of eg.(1l) can be done ty elliptic func-
tions.

3 . Absolute Orbit i:::

176. When reflecting on the essence of Gyldén's theories, one will under-
stand that the choice of the variable vo plays no major role here and that fully
analogous results can be obtained by using an independent variable.

The simplest and, in most cases, the most advantageous variable would te
the time t. This has been done by Gyldén himself in one of his papers (Ref.2).

Numerous other choices are also possible. Among others, Gyldén has used i-
some of his investigations a variable whose definition is much more complicated
and which also is denoted by wp. We will discuss this briefly.

The famous astronomist suggested to determine an orbit dev1at1ng very 1littis

from the true orbit and called an "absolute orbit". This orbit again, so to sz:,
will keep the middle between the intermediate and the real orbit.

Let us return to egs.(1l) of Section 167.
On the right-hand side of these equations, let us consider the most import:z::

terms. let Q be the ensemble of the most important terms of r° 'HV' and let P
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such that, in first ap-

be the ensemble of the most important terms of r’ gf_)

proximation, the differences

du dQe
”’—I‘;—Q, r'g—’;—P

can be neglected.

Let Qo be what becomes of Q on replacing there u, u', and v' by their ap-
proximate values as a function of v since subsequently v is replaced by wvo.

let us introduce an auxiliary function ci; by putting

"'d:{/,c—'=Qo (2)
and let us then put
ap,
" =ve. (3)

The function v, defined in this manner, will be our new independent variable;
it will differ little from v since it will satisfy the equation /226

dv,

3 ¥
d(r d‘) _ Qe
dt -

whereas v satisfied the equation

dy
d(" 7:) _ de
dt T dv

which differed from the former only by the addition of certain terms which we
assumed to be very small. Thus, we can put

v = vg+ ¥-
From egs.(2) and (3), we derive
Ve dye = f'-"ﬂ = Qo dbv,. (4)

However, we had assumed that, to obtain Qo , the coordinates u, u', and v' in Q
are replaced by their approximate values as a function of v and then v by v .

It results from this that Qo is a function of vo alone and that eqg.(4) can
be readily integrated by quadrature.

The second equation of the system (1) will then become

d'u 1 dloge, du u<d“)'+ p_rtda

Ti 7 de o T \Tn) TG
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It is obvious, since X is very small, that -%%—- will be close to 1. Conse-
(]
2
3¥ ) can be replaced by 1 in first approximation.
(o]

Thus, provided that u; is the approximate value of u and if we put

quently, the coefficient (

u=u-+p,
we could define u; by the equation
d,u| ] dlogc, dU| u B P.
dvi T 2 dv, dv, et

where P, is what becomes of P when replacing there v by v, u by ui, u' and v'
by their approximate values as a function of vo. /2T

Since P depends only on u; and v and since c; is a function of wp, known
through eq.(4), we will have a differential equation of the second order betwee:
u; and vo .

On transforming this expression by means of the process given in the previ-
ous Section 173, i.e., by putting

e

wy=a(c,) %,

we obtain
dts

v}

= F(vh 3),

which is an equation of the same form as egs.(@) and (B) of Section 169.

and vo of the fictive star

Having thus determined the coordinates

which describes the absolute orbit, we can calculate the corrections p and X
similar procedures, thus yielding the coordinates of the real planet.
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CHAPTER XVII /228

CASE OF THE LINEAR EQJATIONS

177. We now have to do the following:

1) Perform an integration of egs.(6a), (6b), (6c), (5a), (a), and (B) of
Section 169.

2) Establish the manner in which, in forming these equations, it is possible
to distinguish the terms that must be transposed to the left-hand side from
those that must remain on the right-hand side.

let us first investigate the integration of egs.(6a) and (6b), to which the
present Chapter will be devoted.

Equation (6éb) which is the most general, is written as

dT:—f +e[(1+2)— C(1+ B)sin(hoe+ k)] = B,
avy

where B” is considered a known function of v,. This is an equation linear on
the right-hand side whose integration reduces to that of an equation with zero
right-hand side:

g:—‘: +el(1+2)—C(1+ B)sin(Rog+ A)] = 0.

If this equation is transformed by changing the notation and by putting

13
p=n, lv.,+k=gt+;,

;f-,(-+z)=q'. %C(u+?)=q..
it will become

dr

T x(—q*+ q,cos2t).

1. Study of the Gyldén Equation /229
178. let us consider the following equation:

‘gg = r(— q*+ q,cosal). (1)

It was shown above that Gyldén, in his research, had been induced to con-
sider the following equation [see Sect.1l69, egs.(a) and (B)]:
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drr
= =JS(x, 1),
«“ (2)

where f(x, t) is a function that can be expanded in powers of x and which is
periodic with respect to t.

,However, it so happens that, in the applications of this equation made bty
Gylden, the most important terms of f(x, 3 have the form

o(8)+ z(— q?+ gqcosat),

with @(t) being a periodic function of t alone, and that all other terms can te
neglected in first approximation.

Equation (2) can then be substituted by the following:

%}?=9(l)+r(— q*+ qicosal). (2)
This is an equation linear on the right side whose integration, as known, readi-

1y reduces to that of the corresponding equation with zero right side which is
nothing else but eg.(1).

let us now study this equation (1) by first recalling the statements de-
rivable in this respect from the general results given in Vol.I on the subject
of linear equations (Chapt.II, Sect.29, and Chapt.IV, passim).

Primarily, these results show that eq.(1l) admits of two particular integrals
of the form

z=elhto(t), x=-ehig(1),

where ¢ and ¢z are two periodic functions of t with period 7™, and where the [1::
two characteristic exponents h/1 and -h/-1 are equal and of opposite sign.

To go beyond this, we will make use of a general theorem demonstrated
earlier in a paper on groups of linear equations (Ref.l10).

let there be a linear equation of the following form:
| dP dr—t
Tor = 9012 75
¢ - 3
( + 0p-2(7) %’_.—_Yi +...+9,(z)%+9.(z)y. (L,’

The coefficients ¢, (x) are functions not only of x but also of a certain
number of parameters on which they depend linearly.

let us assume, for example, that three parameters exist and let us denote
these by A, B, and C. Then, the function ¢; (x) will have the form
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9:(7) = Agi(z) + Bgi(z) + Cei (2)-

The functions 5 (x), ¢i(x), and ¢ (x) will be continuous, as will be all their
derivatives, at the interior of a domain from which we do not remove x.

After this, let us use the initial values of y and of its p - 1 first de-
rivatives at the point x = O and let us vary x from zero to a certain value x,
bty following a predetermined path. Let y; be the value assumed by y as soon as
x arrives at the point x;. It is clear that y1 will depend on:

1) the initial values of y and its derivatives (on which it will depend
linearly);
2) the parameters A, B, C.

The theorem in question postulates that y; can be expanded in a series in
ascending powers of A, B, and C and that this series will converge no matter
what the values of these three quantities might be; in other words, y» will be
an integral function of A, B, and C.

let us apply this theorem to eq.(1l).

Let F(t) be a particular integral of this equation such that
F(o)=1, F'(o)=o0;

. e . dF
[for abbreviation, we will denote —3— by F'(t)].
let, similarly, f(t) be a second particular integral such that /231

fo)=0, fl(o)=1.

Then, if Xo and xb are the initial values of x and of &~ for t = 0, we will

have
z = 2,F (1) + 7, f(1)

Our theorem thus is that f(t) and f(t) will be integral functions of ¢ and
of qi. This is the same for F'(t) and f'(t).
When assuming, specifically, that
T = Gl,“?|(‘),
we obtain
?1(0) = =, 9'.(0)+th9,(o)=z;

and
elhmo (v) = 2oF (%) + 24 f(%),
el o\ () + thoy(n)] = 2o F' (7)) + z, f'(x).

However, the function ¢ is periodic so that we will have
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ei{0)=o1(x),  @1(0)=9y(%),

whence

eihtr, = z,F (%) + z; f(x),

ehrzy = z,F'(n) + x4 f'(%).
Hence

[F(r)—eh=][f'(r) — eih=] — f(=)F'(r) = 0.
Thus, e!"™ is a root of the equation in S,
[F(r)—S][f'(x)—S8]—f(=)F(x)=0o.
In the same manner, it can be demonstrated that the other root is e T,

Consequently, the sum of the roots is equal to 2 cos hm such that we have
acoshr = F(x)+ f'(x).

It results from this that cos hm is an integral function of ¢ and of ai,
i.e., that cos hn can be expanded in integral powers of q2 and of q; and that
the series is always convergent.

We state now that this series contains only even powers of qi.
If, in fact, we change t into t + %%-, the solutions /222

. z=clhly (1), z=e Moy(t)
will become
z = elhty,(¢), z=e-thty,(t)

where
ih% thx

‘l"(')’—“T?'(‘*—;\’ %(t)=c-_’_‘."(¢+§)

are periodic functions in t. Consequently, the characteristic exponents do not
change.

At the same time, since
k.4
COS!(‘ - :) = — cosal,

eq.(1) becomes

%:_':" = z(— q*— g c052¢),

which means that the characteristic exponents and thus also cos hm do not charge
when qi is changed into -q;. However, this can take place only if the expansior
of cos hmn contains only even powers of q;.

Let us note now that eq.(1l) will not change when changing t into -t. It
results from this that F(t) is an even function of t and that f(t) is an odd
function, i.e., that
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F()=F(—¢), JS)=/(--10).

However, the solutions of eq.(l) can be expanded in cosines and sines of
(h + 2m)t, with m being a positive and negative integer. It results from this
that F will contain only cosines while f will contain only sines. We will then

have

F(t)==SA,cos(h s am)e,
SJ(8) =SB, sin(h+-2m)¢,

since m varies from -» to +». This will yield

F(o)=ZAu=1,

F(x)=ZA,cos(ix +a2mx)=SA,coshr = coshr,
[ (t)=ZEBa(h+am)cos(h+-am)e,

S (0)=2B,,(h+am)=,

f'(x)=ZBu(h+ am)coshn = coshrx.

We thus have /233
F(z)=f'(%) = coshr.
179. Let us now see how one can obtain the expansion of F(T) in ascending
powers of Qqi.

Let us assume that we are searching, in a more general manner, for the ex-
pansion of F(t) and let us put

F(‘)= Fo(‘)+q|F|(‘)+q:F’(‘)+....

For determining F,, F1, Fz, ..., we will have the following sequence of equa-
tions:

-?—“— +7'Fo =0,
eF + q*F, = Fqcosat,
des :
(5)

i2F.
'7’;3 + q*Fy = F,cosay,

In addition, the functions F; must be even; Fo must reduce to 1 and the
other functions F; must reduce to O for t = O.
One can primarily conclude from this that
Fo(t) = cosgt,

_uos(q + 2 + cos(g — )¢
- 2 2

and
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cos(q--2)t —cosqt  cos(q — 2t — cosqt

Fi()=— (g -+1) - B(g—1)

We next obtain

d'F,
dit

-+ qtF, = 314c08(q -- §)t +~ a,c05(q + a)¢

+ @3 COSqGL + 23€08(q --2)¢ +~a,c03(q — §)¢,

where @g, @, @3, @3, and a, are coefficients easy to calculate, from which we
can derive

2 c08(q+ 4t a,coslqg -2)t  ajcos(q—2V!  z,cos(qg— §)¢

Iy = — -_— -
! 8(¢9 +12) f(g +1) - (g —) 8.g—a)
B COsqgl 200891 Aacocql  aycosq! ay? sing?
8(g+2) 4(g+v ilg—n 8lg—n aq
One can also see that a; is equal to —-2—1— The law is manifest, ani /23
we have 8(q° - 1)

Fi(t) = ZB?.[cos(g + an)t —cosqt]+ ¢ 2B} .nn(g +an)t

pb sin

+ 0ZEP]cos(g +an)t+...+ tAZ cos (7 +20)L.

Since the function F; (t) must be even, the coefficient of t*

2p¢

" cos (7+2R)2

will contain only sines if k is odd and only cosines if k is even.
What are the values that the integer n can take?
In the first term

28! u[cos(g +an)t —cosqt],

n will vary from -2i to +2i; in the coefflclent of t, n can vary from -2(i - 2,
to +2(i - 2); in the coefficient of t°, n can vary from -2(i - L) to +2(i - L):

and so on, such that k cannot exceed —Z—

By means of egs . (5), it is possible to obtain recurrence relations betweer
the coefficients BY. a+ For the time being, we will not discuss this further.

When setting t = m, we will have

cos(g +2an)x —cosgr =o

and the first term of F;(t) will vanish, such that

Fi(x)==EB!  singr +=1E3} ,cosgnm+....
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It is known that F; (7)) will be zero if i is odd since it had been known a priori
that the expansion of F(T) must contain only even powers of q.

Tris was the manner used by Tisserand in calculating F(m) and thus also
cos hm. He found

Ar = S ._L__ s
coshw = cosgm '_Slaq'(l-—q’)’q'+"']
. _ = . (15¢*—35¢q*+8)r | ]
’qu"[ g0 —g V' o —gypai—gy T
which we will write here as /235

coshr = g(q, qi1)cosgn+9,(q, q1)sing =,

wnere ¢(qg, q1) and ¢1(q, qu) will te series developed in ascending powers of o
whose coefficients will te rational in gq.

The first question to settle is to know whether h is real or imaginary. If
|coshw]| =|F(x)| <,

then h is real and the solution of our differential equation will be stable, and
F(t) as well as f(t) will remain within finite limits. If, conversely,

[F(=)|>1,

tren h is imaginary and the two functions F(t) and f(t) will have the following
form:

F(t)= ex{(t)+ e MYy(—1¢)
SJ(O)=Aexy(t)— Ae—xy(—1¢) .

where A and @ are real constants and #Etg is a periodic function of t with
period M. It results from this that F(t) and f(t) can increase beyond all bounds
and that the solution of our differential equation is unstable.

If we consider, for the moment, that g and q1 are coordinates of a point in
a plane, then this plane will be subdivided into two regions: one in which
|F(m)| will be smaller than 1 and h will be real and another in which |F(m)| will
t-e larger than 1 and h imaginary. These two regions are separated by the various
segments of the two curves

coshm = +1, coshr = —1.

Therefore, it is of interest to plot these two curves, at least within the por-
tion of the plane that corresponds to the low values of qg;.

For q1 = 0, we have

coshx = cosg.
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Thus, the curve cos hm = +1 denoted here as the curve C intersects the axis of ¢
at points whose absclssas are even integers, while the curve cos hm = -1 denotez
here as the curve C' intersects the axis of g at points whose abscissas are odd
integers.

A1l other points of the g-axis belong to the first region, namely, the /23<
region in which h is real.

Let. us then return to the equation

cosha —cosgn—ql1Fy(n)— q4F(x)-... =0,

which cornects h with g and with g1 . The left-hend side carcels for h = q, _
q1 = O; the equation can be expanded in ascending powers of h - g and also of af};
finally, its derivative with respect to h reduces to -m sin gn for h = q, a1 =

O and thus does not vanish unless q is an integer. Consequently, if we assunme
that g is not an integer, the theorem of Section 30 demonstrates that h can te
expanded in ascending powers of q1 and that the series is convergent provided
that q; is sufficiently small.

Let us now see what happens when q is an integer. In applying his formula,
Tisserand found:

for |q| = 3,
= =(— _ ...
cosAw = ( 1)1[1 5“(1.0_7,),9,«-.“].
for |q| = 2,
_ ., irlq}
COSAT = 1| 4+ 73728
for Iql =1, .
- =g}
coshn = —1— T
and, finally, for |q| =
'qi
coslm:n-———+

In fact, when q is an integer, cos gn becomes equal to +1 and sin
vanishes. However, it happens at the same time that 0 (q, q1) becomes infinite
so that the product

sing ©9,(q, q1),

tends to a finite value as soon as q tends to a whole number. Let us then con-
sider the limit

L =lim sinqnq.(q. q1),

when g tends to an integral value.
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This limit can te expanded in powers of q1, however, in the expansion of /237
¢1(q, a1), the coefficient of q1 becomes infinite for q‘ O or 1 while the co-
efficient of g1 tecomes infinite for |q| =0, 1, or 2, and that of Q; becomes
infinite for |q| =C, 1, 2, or 3. It results from thls that, if g tends to an
integer ni, the expansion of L will start with a tenn in Si .« On the other hand,
the expen51on of w(o, a) - 1 starts with a term in q1. It is for this reason
that, in the expansions of

coshr —(— 1),

Tb'lcained ty Tisserand, the first term is in q"i for |q| =0 or 1 and in q‘i for
aql > 1.

Let us thus consider the equation of the curve C, which can be written as
follows:

1—cosgr —qiFy(")— qtF(=)—...— 0.

Since the curve passes through the point

q = 2n, qi=o0 (n integer),

the left-hand side vanishes for q = 2n, gq; = O; it is also expandable in ascend-
ing powers of q - 2n and of qu. It is easy to prove that this expansion contains
no term of zero degree and no first-degree term but starts with second-degree
terms

=? -
—:— (q —_ 1’!)’4' '\qzi
where A is equal to

—~ for nA=0
and to zero for n Z C.

It follows from this that the point q = 2n, q1 = C is a double point for
the curve C; however, two cases must be differentiated here:

1) If n = 0, the second-degree terms reduce to the sum of two squares and
the two segments of the curve passing through the acnode are imaginary. Conse-
quently, the origin for the curve C is an isolated point.

2) If nZ 0, then A is zero. The two segments of the curve passing through
the crunode are mutually tangent and intersect the axis of q at a right angle.
To define whether these two segments are real or imaginary, it is necessary to
consider terms in (q - 2n)di and in q3.

The coefficient of qﬂ, as demonstrated above, is /238

+ x? or — 5n?
Sia.q*(1— g2 73728’

depending on whether |n| >1 or = 1.
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The coefficient of (q - 2n)d§ will be ottained by taking the derivatives of
®sing
161 —q)’
with respect to q and by setting there q = 2n. This will yield
P ]

uiq(x—q’).

So as to have the segments of the curves be real (assuming |n| > 1), it is
necessary and sufficient that the quadratic form

]
o, _ zy + - »?
3 16g(1 —q2)  S12.9*(1— g*)*

be indefinite. This is beyond doubt only if this form is reduced to a perfect
square; however, this is exactly what happens; thus, we see that our two curve
segments are not only mutually tangent but actually osculate. Nevertheless, for
defining whether they are real, it would be necessary to calculate the terms of
higher order unless we were fortunate enough to have an indirect means for de-
ciding this question, a means which will be discussed below.

In the case of |n| =1, |q| = 2, our quadratic form tecomes

zr* zy 5q1

3 96 73728

and is indefinite. The two curve segments are definitely real.
Let us now plot the curve C' whose equation is
—1—cosgr — q}Fy(xw)...=o0.
The left-hand side cancels for
q=n, g1=o0 (n odd integer),

and its expansion in powers of q - n and q; starts with second-degree terms /232
A(g — n)*+Bgqgl.

If |n| = 1, then A and B are of opposite sign and the two curve segments,
passing through the cusp, are real.

If |n| > 1, then B is zero and the two curve segments are mutually tangert
(and probably osculate). To decide whether they are real, it is necessary to
use the indirect process mentioned above.

The process consists in the following:
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One can ask what will happen when we have

F(®)=coshr = *1.

Here, after what we have seen in Section 29, the most general solution of eq.(1l)
will have the form

$(¢) + ey (2),

where ¥(t) and ¥;(t) are periodic functions of t with period m if F(m) = +1 and
with period 2m if F(m) = -1 (thus, they change sign when t changes into t + 7).
Consequently, we have

F(e)=9(e)+ t4i(0).

If ¥;(t) is not zero, this constitutes a solution of eqg.(1l). However,
F(t) is an odd function; consequently ¥(t) is even and ¥;(t) is odd. Thus ¥;(t)
reduces to within a constant factor f(t), and f(t) is thus periodic.
If ¥;(t) is identically zero, then F(t) is periodic.
Three different cases may occur:
1) Either F(t) is periodic, so that
F'(x)=o.
2) Or else f(t) is periodic, so that
f(x)=o.
3) Or else these two functions are both periodic, so that
F(x)=f(x)=o.

The same result can be obtained in the following manner: We have identi- /240
cally

F(OL(O—F (O f()=1.

If, then
F(x)=F'(x)=*1,

we obtain

F(x)f(5)=o.
Thus, at least one of the two quantities F'(m) and f(m) will be zero.

Similarly, if

F(x)=0¢ or f(x)=o,

207



we will have
F(x)f' (=)=,
and, since
F(x)=/f(x)=cosh=,
we obtain

coshnm = *1.

The various points of the curves C and C' belong thus to the two curves
F(r)=0. f(x)=o,
and vice versa.

Let us note first that F'(7) and f(7) are integral functions of q and of c;.
For g1 = 0, these functions reduce to
sinqn_

F'(r)= — ¢gsingx, f(=)= 7

Thus, if q passes through an integral value different from zero, then F'(w)
and f(m) will vanish when changing sign, and these values of q will be single
zeros for these two functions. It results from this that the points

q=n, gi1=o0 (n integer, n30),

which are double points, sometimes for C and sometimes for C', are single points
for each of the two curves

F(x)=0, f(x)=o0.
If q passes through zero, then F' (1) vanishes without change in sign

(double zero) and f(m) will not vanish. Thus, the origin will be a doutle poixn:
for F'(m) = 0 tut f(m) will not vanish at the origin.

Consequently, four analytically distinct curves exist: /25
F(x)=1, F'(r)=o; F(t+=)=F(¢). (Q)
F(x)=1, flm)y=o0;  f(t+r)=f1o). (2)
F(x)=—1, F'(x)=o0, F(t+=%)=—F(0). (V)
F(n)= —1, Sf(x)=o0,; SJ(t+=x)=—f(1). (Q)

The curve C is then formed from the entity of the two curves (@) and (§)..
Each of these has a single point in

q=1n, Y1 =0,

and it is for this reason that the point is a double point of C. However, the
two segments of C passing through this point thus belong to two analytically
distinct curves and can be nothing else but real.
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There is one exception, for the origin:

q=0, q,=o0.

This point is a double point of @ but does not belong to B. According to our
atove statements, the preceding reasoning thus does not apply; we have also
shown that the two curve segments are then imaginary.

Similarly, the curve C' is formed from the entity of the two curves (@) and
(B); each of these has a single point in

g=2n+1, g =o.

The two segments of C' passing through this point belong to two analytically
distinct curves and consequently are real.

It has been demonstrated above that changing q; into -qg; amounts to exactly

the same thing as changing t into t + —%—.

let us first consider the curve (o)
F(t+n)=F(¢).

We have
F(‘) = F(—‘),

from which it follows that (22
® T ©
F(t+ ;):F(-—t— ;):F(; _c).

The function F(t + —g—) is thus even and periodic, with period m. Conse-
quently, if qi is changed into -qi, then F(t) will change into F(t + —%—) which
again is even and periodic. Thus, if the point (q, q1) belongs to the curve (a)
it must be the same for the point (g, -qi). Therefore, the curve (@) is sym-
metric with respect to the axis of q.

Since the curve C is symmetric on the whole and is composed of (o) and of
(B), we can conclude (which is easy to verify) that the curve (B) is also sym-
metric with respect to the axis of q.

From this, one can conclude that the two curves (o) and (B), at the point
g=2an, g =o0
can only have a contact of odd order.
let us now consider the curve (y):
F(¢+=)=—F(¢).
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We obtain from this
FO+E)=F(—§—4)=—F(§—O.

Consequently, the function F(t + —%) is odd and periodic. Thus, if tte
point (g, g;) belongs to (Y), then the point (g, -q1) will btelong to (6). The
two curves (Y) and (6) are thus symmetric with respect to each other and with
respect to the axis of q.

From this it follows that these two curves, at the point

qg=12n-+1, gi=o
can have only a contact of even order.

Thus, the contact of the two curve segments in q = n, q1 = 0, is of zero
order for n = 1, of first order for n = 2, of second order (at least) for n = 3,
and of third order (at least) for n = 4. After this, it will alternately te of
even and odd order and will always be at least of the second order.

This might induce one to believe that the osculation always is of the /2l
order n - 1; however, we have never been able to prove this.

3 »

94

fommee

p -
™
<Q

Fig.l

Figure 1, contained in the rectangle
q =0, q1=0, qi1=¢, q=‘+‘,

can be used for resuming the above discussion. The hatched region is that in
which h is imaginary.

From the equation yielding cos hm as a function of g and qi, we can derive
various series whose convergence is more or less rapid and which yield h, ar-
ranged in powers of q;. However, we believe it preferable to calculate cos hm
by means of the preceding formulas and to derive h from this over trigonometric
tables.

180. Once h is determined, it will be a question of finding the coefficients
A, of the expansion

F(t)=ZA,cos(h+an)t.
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According to the definition of F(t), we must have
ZA,=1.

On the other hand, it follows that

eltAsemit e—lthramt

F(t)=EA, +ZA, —

However, after what we demonstrated in Section 29, our equation (1) must
admit of two solutions of the form

ellA—2nm)t - e—{th+2a)t

Bu 2 ) &~Ug 2 *.
and F(t) must be a linear combination; this can take place only if /2
n = n=cn-

It results from this that

ZAssin(h-+an)t== % ellA+anit _ 3 %’- e—{tA+amt

will also satisfy eq.(l) and, consequently, that

__ EAasin(h+an)t
S = XA (h+an)

It is obvious that A, is a function of q and qu but that it is no longer an
integral function of these two variables as had been the case for cos hn. This
is not even a uniform function. It is evident that the only singular points of
this function are the points of the curves

coshm = + 1,

for which the functions F(t) and f(t) can no longer be put in the form given to
them before.

How does the function A, behave in the neighborhood of one of these singular
points?

let us assume that the point (g, qu) indefinitely approaches a point M be-
longing to the curve

F'(x)=o,

and that h tends toward an integral value p. Then, F(t) is still periodic at
the limit. For abbreviation, let us put

B=Z2A,(kh+2n),
so that, on combining in F(t) and f(t) all terms in (h + 2n)t and in (h - 2n -
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- 2p)t, we obtain
F(¢)=X[Ascos(h +2an)t + A_s_pcos(h—an —ap)t],
Bf(t)=Z[Aasin(h+2n)t+ A_a_p sin(h—2n —ap)t).
If we then set

A. -+ A—‘—’ = c. A. — A—..' = D;
we obtain

B

F(t)=Z[Ccos(h—p)tcos(an+p)t— Dsin(h—p)tsin(an +p)t).
Bf(¢)=Z[Csin(h —p)t cos(an + p)t + Dcos(h — p)tsin(an + p)i].

When h tends to p, then cos (h - p)t will tend to 1 and sin (h - p)t to O.
However, if D tends to infinity in such a manner that D(h - p) tends to a finite
limit, then the product D sin (h - p)t will tend to Dot where D, is a constant.

If, then, the point M belongs to the curve F'(m) = 0, the expansion of F(t)
must comtain only terms in

cos(an +p)t

and the expansion of f(t), terms in sin (2n + p)t and in t cos (2n + p)t.

Consequently, it is necessary that C tends to a finite limit and D and B,
to zero. Thus, A, and A_;-; will tend to finite limits which are mutually equal.
If p is even, then Ay must tend to zero. It is easy to prove that, if

limA, =limA_,_,,

we will have, as agreed,

limB =1limZA,(h+an)=o.

If, conversely, the point M belongs to the curve f(m) = O, then the expan-
sion of F(t) must contain terms in

cos(an +p)t and tsin(an +p)t,

and the expansion of f(t), terms in sin (2n + p)t.

Thus, it is necessary that C tends to a finite limit while D and B tend to
infinity.

Consequently, A, and A.,-p tend to infinity but their algebraic sum will
remain finite.

However, no matter whether the point M belongs to the curve F'(7) = O or to
the curve f(m) = 0, it still will be a singular point for the function A,. In
fact, when the point (q, @) rotates about M, the function A, will be exchanged
for the function A—;-;, as is done by two determinations of one and the same
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algebraic function.

It follows from this that, if q is not an integer, A, could be expanded in
ascending powers of q; and that the radius of convergence of this series will /246
be the modulus of the closest singular point, whlle the singular points them-
selves will be the points of the curves C and C' that correspond to the value of
q being considered.

This leaves the coefficients of the series to be determined. lLet us assume
that the problem is solved and let

F(t)=ZAjcos(h+2an)t =ZA,cos(q+an+h—gq)t,
or, expanding in powers of (h - q), let

F(t)=ZAncos(q +~2n)t —tEA,(h—gq)sin(g +2n)t
- l‘—” ZAs(h—q)tcos(g +an)t+....

This series, containing the trigonometric lines of (g + 2n)t multiplied by
powers of t, must be identical to that obtained above:

F(e)=Zg{Fi(¢),

Fi(t)=ZBl [cos(g +2n)t — cosqt]+ t23} ,sin(g +an)t +....

Let us note that A,, A,(h - q), A,(h - q)° can be expanded in ascending
powers of Qqp.

Identifying the two expansions, we then obtain
Ae=Zg{Bl.
and
Ae=1—Z2,91(ZaBla)
This gives us the means for calculating the coefficients of the series.

The convergence is usually sufficient, provided that q is not close to a whole
number. If q is close to an integer p, the convergence can be improved in the

following manner:

Since A, and A-,-, are interchanged as soon as one rotates about the
closest singular point, the two functions

(A."‘ A-.—,) and (Au—L‘-’)'

remain uniform in the vicinity of this singular point, but the first of these
functions will remain finite while the second can become infinite of the first
order if the singular point belongs to f(m) = O. However, in that case 1247

(An— A_pp)2f(m)
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will remain finite. Consequently, the expansions of

Au+A_np and (Aa— A_p_p)tf(m)

will converge much better than those of A, and A-,-;. Therefore, it is of ad-
vantage to use these and to derive A, and A-,-, from this by an equation of tre
second degree.

Finally, let us note that a discussion of the slopes of the curves C arnd ~'
in the vicinity of the points

will be greatly facilitated if the expansion of F'(m) and of f(m) is used in-
stead of that of F(m).

What we have stated above constitutes the complete theory of our eq.(1l).
However, it is necessary to discuss the various methods suggested for integra-
tion of this equation and based on an application of the theorems by Jacoti,
Gyldén, Bruns, Hill, and Lindstedt.

2. Jacobi Method

181. The method discussed in detail in Chapter IX can be applied to eq.(1},
with the only difference that the series will definitely be convergent. In fac:,
eq.(1l) re-enters eq.(3) of Section 2 as a particular case. However, we have
seen that this equation of Section 2 can be reduced to the canonical form of tre
Jacobi equations.

Consequently, if we put

- 9 . d:
z =‘/ -‘% siny,, d—': =vyaqgz,cosy,, ya=t, q=pq

and
F=—qz — x4+ pzysinty cosay,,
then the equation
.w_f Ty = t .
i T 9'7 = quzcosa (.

can be substituted by the canonical equations

dyy __dF _ dr _dF dn_dF L
dt = " dzm " At T dyit’ At T ody, T BSNANicosyy,
%=—§=q—psin'y.coszy,.

1

In that case, the problem reduces to an integration of the partial dif-
ferential equation

2L,



s + ds = ;il—s-sin’ €082
‘I;E; g;;—l dy, Pl )1

(2)

to which the method of successive approximations of Section 125 is directly
applicable.

However, there is no great advantage in using it unless eq.(1l) is only an
approximate expression of the postulated problem and unless, after integrating
this equation, one wishes to continue this approximation further by using the
variational method of constants or unless it is to be used as verification.

Let us note, in passing, that an integration of eq.(2) reduces to that of a
differential equation of the first order

:—7’: =g + psinly cosay,.

No matter how this might be, let us see what relation might exist between the
function defined by eqg.(2) and the functions F(t) and f(t) defined in the fore-
going Sections.

For the general solution we will find canonical equations derived from
eq.(1l) by the change of variables that precedes the subsequent expression. We
recall that we had put

F(t) =ZA,cos(h +2an)t.

Using =3, %2, y?, y2 to denote constants of integration, our expression will be-
come

‘/—‘% siny; =29ZA,cos(ht + Ayl +ant +any})
Vagz,cosy, = —z4EA.(h +an)sin(At + hyt+ant+any})

dF
)’g:""‘f:; z:=¢'z+fmd‘.

On eliminating the two constants yi and ys between these equations and on /249
solving with respect to x; and x2, we will have x; and xz as a function of y,
y2, X1, and x2. On the other hand,

xy d)’| -+ :’d)’, =dS
will be an exact differential (see Sect.l9, in fine).

For abbreviation, let us then put

’l‘+h)"= ?'
so that

‘/?qil' siny;= z}ZA,cos(® +2nys)
Vagzicosyy;= — 2 ZAL(h +an)sin(9 +2ny,)

215



where it will be now a question to eliminate ¢ between these two equations.

To perform this elimination, let us note that these two equations can te

written as follows:
‘/aqi'- ‘—':T-{-'- = 0;(y1)cosp + 0;(ry)sing,

Vagz, %‘Z—' =0;(ys)cose + 0,(y;)sino,
1

where © are periodic functions of y» with period W, that are readily expressed
by means of F(t) and f(t). Solving these equations for cos ¢ and sin ¢, we
obtain

-4 Cos® = ( y )COS}’ -+ 7 (r )siny
— (1 h ’
: ? 1 1 2 2 1

—% $ing = n3(y1)cosy;+ na(ys) sinyy,

where the four functions N(yz) are periodic, with period T, and are readily
expressed by means of 6 and thus also by means of F(t) and f(t). On forming
the sum of squares, we will obtain, if we note that x; must be an even furctionr
in Y1,

=z

ke Ro(ra)+ % ra)cosay +...,

where the two functions { are still periodic with period T, and are readily ex-
pressed by means of F(t) and f(t).

)

However, we have 2
dsS

Ty = ——»

d)’l

from which we can draw the following conclusion:

ds
dy:

as well as with respect to yz=; its expansion, as becomes obvious when applying
the method of Section 125, contains terms in cos (2my; + 2nyz) where m and n ca
assume all possible integral values. However, the inverse function

The quantity is a periodic function, with period ™ with respect to

which is also periodic in y; and yz, can contain only terms in

cosanys OF cOs(3y,+ 2ny:),

since obviously 251 is an even function with respect to y1 as well as with

respect to yz.
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If we put

_—‘

&)
then eqg.(2) will yield
du du du . .
q 2 + Zy: = F(d—)’. sinty cos2y; —au snny.cosy,cosay,).

The procedures of Section 125 are applicable to this equation despite the
fact that it contains not only the derivatives of u but also the function u it-

self.
We then find

U=ug+ puy+plug+....

Here, uo is a constant and it is easy to prove that ui, uz, ... have exactly
the indicated form, i.e., that

u;= Z AL cosany, + ZBAcos(ay,+ anys).

It is also easy to derive the recurrence relations which permit determining /251
the constants

Al and Birt,

if A, and B, are known.

3. Gyldén Method
182. Picard demonstrated the following theorem:

If a linear equation has doubly periodic functions as coefficients and if
its general integral has no singularity other than poles, then this 1ntegral can
be expressed by means of "doubly periodic functions of the second kind", i.e.,
by functions that recur multiplied by a constant factor when the varlable in-
creases by one period.

The significance of this theorem is based on the following two facts:

1) It is always easy to see from the equation itself whether the general
integral has no singularity other than poles.

2) Any doubly periodic function of the second kind is expressed simply
by means of Jacobi 6-functions or of Weierstrass o-functions.

Gyldén had the ingenious idea of applying this theorem to the integration
of eq.(1). However, it would be unjust to present matters in this form, without
mentioning the name of Hermite. What Gylden applled is in reality a theorem by
Yermite on the lamé equation which, in turn, is only a particular case of the
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Picard theorem but naturally antecedes this by quite some time.

Our equation (1) can then be written as

dr
d—-::(a+bcos’t)z-, (2)

by putting

a=—q’+%s b=

w2

let us next consider the function

cosamt =cnat  (modk).

It is obvious, from the definition of this function, that cnt will tend to /222
cos t as k tends to zero. Thus, if k is very small, eq.(2) can be replaced ty
the following expression:

%=z(a+bcn't) (3)

and the approximation will be greater the smaller k.

After this, let us define the conditions for which the general integral of
eq.(3) will have no singularity other than poles. The only singular point of
eq.(3) is the point o'
‘_,—'

where w and w'i denote the periods of en’t. In fact, for

t= ’

cnt becomes infinite. It is known that the residue of cnt is
expanding er’t in powers of

-k— so that, o
w'i

— — =u

we will have a series of the following form:

'
~ Fa +ag+ut+...

containing only even powers of u.

The condition stipulating that the expansion of x in ascending powers of u
start by a term in u'"_}_ge readily fulfilled when equating, on both sides of

eq.(3), all terms in u which then are terms of the lowest degree. This
condition is written as

R(R+1)= + l'b_"

whence
‘-I-_— -+ —L.
2.a(n +1) (L:
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If this condition is fulfilled and if n is an integer, then eq.(3) admits of /253
? .
w 1

a particular integral which will have a pole for t =

How does the other integral behave? We learn from the theory of linear
equations that this integral can have no singularity other than a pole in t =

'i
2
powers of u readily shows that, from the instant at which a + ben®t becomes an
even function of u, one need no longer fear that the expansion of the integrals
contains a logaritim. For further details, the reader is referred to the well-
known work by Fuchs on linear equations (Ref.ll) and to the thesis by Tamery
(Ref.12) where this is continued. Thus, if the condition (4) is satisfied,
eq.(3) will admit of two particular integrals of the form

or else a logarithmic point. However, a study of the expansion of x in

0(¢—al)ﬂ(¢—a,) -8(t—a,)
02(¢) ’

denoting, by 6, the integral of the four functions © which vanishes for t =
- w'i
-2
The n quantities a;, az, ..., a, can be readily determined, as demonstrated

in the research done by Hermite on the lamé equation, which has completely
solved the entire problem complex.

Now, we can select an integer n sufficiently large for having the value of
k which satisfies the condition (4) be as small as desired and, consequently,
for having egs.(2) and (3) differ as little as desired.

However, since q; generally is very small, Gyldén estimated that, in the
applications, one could be content with the first approximation and set n = 1.

L. Bruns Method

183. let us return to the equation

j:. + gz = g,z cosat (1)
and let us set there /254
z = efsde,
The equation then becomes
;—d—af-!-s'-o- q?= qicosat. (2)

let us assume now that z is expanded in ascending powers of q; and that we

have
S=S+q15+qls+....
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We will then determine successively

2s, 31, %, 3,

for the sequence of equations

3, =g,
% -+ 2398y = CO0s2¢,
% “+ 2503y = — 3z},

{ ;‘ﬂ"f-".‘;—_-—il]lg: N
a (2)
% + 2593, = — 23,3; — 3},
dse
—d? + 23983 = — 23515, — 13, 3;,

Equations (3) permit calculating the quantities z, by recurrence. If, in fact,
the first k of these equations have been integrated and if thus

Ze %1, By ..., By,

is known, then the (k + 1)th term (for example, using zo = +iq) will be written
as
de: +2igz; = Uy,

where U, is a known function of t.

If 20, 21, Z25 ¢esy 2¢x=1 are periodic functions of t, with period m, 2
this will be the same for U, so that we can write

U‘._—_' zalelnl"

_ ane!nll
"""Ea—i(n +q)

Thus, unless q is an integer, it is possible to equate 2z, with a periodic func-
tion of t.

whence

Then z is a periodic function of t, and we can write

. du
8=l’l+-d—‘t

where ih is the mean function of this periodic function z, while u is another
periodic function. From this, for a particular integral of eq.(1l), we derive

= el“#‘l.
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What we have denoted by F(t) in Section 178 will then be the real part of

elht gu

This method is the simplest procedure if one wishes to expand h in powers of q;.

5. Lindstedt Method

184 . Let us consider the equation

P

an +q'x —q,xcosat=o0 (1)

and its even solution
z=F(t)=ZA,cos(h +an)t.
It is clear that we will have
Anlgr—(h+an)]= L (Aui+ Aua). (2)
Now, the problem consists in determining h and A, in such a mamer that /256

egs.(2) are satisfied and that the series F(t) converges. We can also consider
the second-member equation

dar
E‘:_.-q-qlz—q,zcosu:ﬁcoslt. (3)

This equation admits a solution of the form
z=ZXBycos(A +an)t.

It will also be easy (using the ordinary integration method for equations linear
on the right-hand side) to calculate the coefficients B, once h and A, are known.
However, if they are to be calculated directly, the following equations analogous
to egs.(2) will obtain

Balg?—(A+2ny]= L (B, + B,,). (L)
For n = 0, this equation should be replaced by

Bu(g*— )= L' (B_,+B)+, (4.2)

which again reduces to egs.(2) when setting there A = h, B = 0. Let us then put

91 —
a[g*— (A +2n)1] M.,
where M, will be a function of A.

For n > 0, let us put

=5
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and, conversely, for n < O,

Ba
= Bart’
in such a manmner that
Bl Bl —1 B_,
ay = 5= Qg = = e Ay == — Ay = — ceey
1 B.’ : ] B,’ s 1 B. ’ 3 B—l’

Assuming n > O, egs.(4) will then become

1 1
e = gy —
M. A+ ."

whence /25"

Qg = “‘ M'
* 1—Mgan, — MoMay
1—Ma304s

This leads to the fact that a@; is expressed by the continued fraction

M,
— "
' M; M,
—_— M
M. M.
j——2 3
MaM,

Is this continuous fraction convergent? Let Lo be its nth reduced values, so

n

that we will have

\n
~s

Pa=Pay—PacsMaMasy,  Qu=Qaoy— Qu-sMaM,_, (:
and, moreover,

PaQua—t— PayQu=MIMIM}... M2, M,.

We state first that, when n increases indefinitely, M, will tend to zero
and the series

Mg+MgMg+M'M|+M;M5+... (6)
will be absolutely convergent (except in the case in which one of the quantities
M, is infinite, i.e., in which A is equal to *q to within an integer; this case
must be excluded from the discussion which follows). In addition, starting froc
a certain rank, all terms of this series will be positive.

We now state that P, tends to a finite limit and that this will be the sare
for Q,.

In fact, P, and Q, are defined by the recurrence equations (5). Let us de-
termine, by the same equations, two quantities R, and R such that
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Ry =Ra-i—Rq-3M M.y,
R'. = R'._‘ -— R'...’ M.M.—].

Thus, we can arbitrarily assign any two of the quantities R, and also any two of
the quantities Rj.

Let us consider, in the series (6), the p first terms that follow the /258
nth term:
MMari+ MaeiMaig+.. .+ Mn+p-| Mn-o-p-

Let S,., be the sum of these p terms; we can still take n sufficiently large to
have S,., be positive and smaller than 1.

Let us next consider the recurrence formula
R.,, = Rn -1 Ra-o-p-i Mn +p—1 Mn+p-
This equation demonstrates that, if we have

15 Rayp s >(1—Sp py), .
1> Rasp-2 > (1 — sl.’—i)>br

we will also have
1> Rn+p>(‘_sl-r)' (7)

Consequently, it is sufficient to choose R,,1 and Ry4+2 such as to satisfy the
inequality (7), to have all terms Ry, satisfy it. Thus, Rn4p, is always larger
than 1 - S,., and therefore positive. In addition, the recurrence equation
shows that Rp.p constantly decreases with increasing index n + p. Therefore,
Ru,+p tends to a finite and determined limit. For this reason, let us choose
Rps1 and Rps2, Rhs1 and Risz such as to satisfy the inequality (7) and such that
the determinant

’
RIH-Q Rno: - Rul R,.og

will not be zero.

Then, Ry4p and Ri,p will tend to two finite limits, determined and different
from zero, namely, R and R'.

Since P, and Q, satisfy the same recurrence relations as R, and R! and
since these relations are linear, we will have

P.= | d Ra+ '&' Ra,
Q= l‘»xRa"‘ l‘»; RL,

where B, B', B1, and p} are constant coefficients and where the limit of our /259
continued fraction will be
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R+ 'R’
MR+ R

For certain values of qi, g, and A and thus also for certain values of the
coefficients p, it may happen that this fraction will be zero or infinite; how-

ever, it will never occur in the indeterminate form -8—.

For the case in which q = #(A + 2n) and in which consequently M, = =,
almost nothing need be changed in the above statements. For example, if we had
M, = ®, our continued fraction would become

M,
- M
M,

. MgM,

_ Since the limit of our continued fraction is a function of A, we can denote it
by ¥(A) and write
ay = *()‘).

Similarly, we would find
ay=¢(—1), ag=¢(A+2), a=¢(A+4), ar=+¢(k+2n—12),

ag=¢(2—1), a=¢(an—2—1),

which demonstrates the characteristic property of the function ¥(A), namely, trz*

| a(q’—l’).
MU 7o wry S

After having calculated ¥(A) and ¥(-A), it is easy to calculate all ratios
oy, and a-,. If we then had the value of By, it would be easy to deduce from it
the value of all coefficients B,. However, it is obvious that Bo will satisfy
the equation

Ba(g"— M) = 2484 [4(0) + $(— 1)) + B,
which determines Bo.

For A = h, the coefficient B, must reduce to A, and B must reduce to O.
From this, we obtain the following equation which determines h: /22

g — k=L yh) + p(— ).

Once h is determined (which is generally easier by using one of the methods
discussed above), the values of a, and A, = B, can be calculated as we have jus*
described.
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6. Hill Method

185. let us return to egs.(1), (2), (3), (4), and (4.2) of the foregoing
Section. These equations are linear and, although they are infinite in number,
Hill has had the intrepidity to treat them by the conventional processes. of
solving linear equations of finite number, i.e., by determinants.

Was this unorthodox behavior justified? We made an attempt to prove this
in a discussion published earlier 8Ref.13) of which we will recapitulate here the
main results.

Let us consider a double-entry table of indefinite form:

1 Ay B3y Gy  ceen Bpy  cceean ’

Qg I B3y By -ecn. Bpy cece.n N

13 Gy I [- 7% T [- 7 T »
........... : (5)

Gia G3a . cer @p-g,n 1 Gn+1,m)

.............

In this table, the terms of the main diagonal are all equal to 1.

Iet A, be the determinant formed by taking the n first rows and the n first
columns of the table (5). We state that the table (5) is a determinant of in<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>